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PREFACE. 

This book may be described as a treatise on applied arithmetic, 
the applications being chiefly in physical science. Knowledge of 
the elements of pure arithmetic is assumed, but the more ad- 
vanced methods are explained when their application happens to 
occur. 

The progress of physical science has caused the idea of the 
unit to become more prominent in text-books on arithmetic ; and 
the old form of rule of three has been replaced to a large extent 
by what is called the unitary method, or the method of reduction 
to the unit. That method, in my opinion, very imperfectly 
represents the reasoning process involved. 

The method developed in this work may be called the equival- 
ence method. Each quantity is analysed into unit, numerical 
value, and, when necessary, descriptive phrase. The rate, or 
law, or convention, according to which one quantity depends on 
one or more other quantities, is expressed by an equivalence. 
These equivalences are of two kinds, absolute and relative — the 
former expressing the equivalence of dependence, the latter the 
equivalence of substitution or replacement. Finally equivalences 
are combined according to a form which is a development of the 
Chain Kule. 

The present work is a development of notes which I began to 
take when a student on the subject of units and the reasoning 
processes involved in elementary calculations. My experience as 
examiner has confirmed me in the opinion that an elementary 



vi PREFACE, 

work on the subject is a desideratum. In the carrying out of 
this rather laborious task, I have received much encouragement 
from Professor Tait and from Professor Chrystal, who has 
pointed out the want of a text-book on physical arithmetic in his 
reports as examiner of High Schools. 

The writings which I have studied most in this connection are 
those of Clerk-Maxwell, Sir W. Thomson, Professor Tait, and 
Professor Everett ; while for numerical data I have consulted 
principally the Tables of Landolt and Bomstein. I have gone on 
the principle of comparing the values given by the different 
authorities so as to retain the common figures, and cut off the 
uncertain remainder. As a general rule every one of the figures 
given may be relied on as significant, with the exception of per- 
haps the last. 

The examples have been partly selected from the recent 
examination papers of the several Universities, and partly pre- 
pared by myself either for examinations or to ilhistrate kinds of 
calculation which were otherwise not illustrated. 

ALEXANDER MACFAELANE. 

Edinburgh, 3l8t July, 1884. 
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PHYSICAL ARITHMETIC. 

CHAPTER FIRST. 

FINANCIAL, 

SECTION I.--VALUE. 

Art. 1. — Standard of Value. Every currency is based upon 
a standard of value, that is, a definite quantity of some precious 
substance. Gold and silver are very suitable substances for the 
purpose, consequently they have been adopted in almost all parts 
of the world. Gold may be adopted as the sole standard, or 
silver as the sole standard, or both may be adopted, forming what 
is called a double standard. A double standard is made possible 
by fixing by law the value of silver in terms of gold ; but as the 
commercial value of silver relatively to gold is subject to fluctua- 
tion, it may be necessary to change the legal value from time 
to time, to prevent the metal which is undervalued from being 
exported to other countries. Formerly the standard of this 
country was double, but since 1816 gold has been the sole 
standiuxl. Silver is at present the standard in India. Until 
recently the standard was double in France, the relative value of 
gold to silver being fixed at 15 J to 1; but the adoption by 
Germany in 1871 of a single gold standard has caused France to 
adopt a single gold standard also. 
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Art. 2.— Principal Unit of Value. The principal unit of 
value, in the monetary system of this country, is the amount of 
pure gold contained in the sovereign. The sovereign is 123*27447 
grains in weight, and eleven twelfths of this is pure gold ; the 
remaining twelfth is alloy, which is disregarded in estimatiiig the 
value of the coin. This unit of value is denominated the pound 
sterling. 

The pound sterling was originally a pound weight of silver ; 
the pound used being neither the troy nor the avoirdupois, but 
the pound sterling, which was equivalent to 5400 grains. A 
standard of this pound was preserved at one time in the Tower 
of London, hence the denomination of a "Tower pound." The 
value of the pound was depreciated from time to time, so that 
the term does not now at all agree with its ancient definition. 

Art. 3. — Units of Account. The units in terms of which 
accounts are kept are the pound, the shilling, and the penny. 
The shilling, considered not as a coin, but as a unit of value, is 
the twentieth part of the pound ; the penny, considered as a unit 
of value, is the twelfth part of the shilling so defined, or the two 
hundred and fortieth part of the pound. The farthing as used in 
. accounts is rather a fraction of the penny than a separate denomi- 
nation ; it is not taken account of by public offices, bankers, and 
merchants. The abbreviations L. s. D. Q. are the initial letters of 
the Latin words libra, soliduSy denarius, quadrans. 

Art. 4. — Metallic Currency — Gold Coins. A coin proper is a 
stamped piece of metal, the stamp guaranteeing that the piece 
contains a specified amount of the standard metal. Hence in the 
system of this country the coins proper are of gold — they are the 
five-pound piece, the two-pound piece, the sovereign, and the half- 
sovereign, but the two former are not in general circulation. The 
fineness is the same for all, namely, eleven twelfths pure gold to 
one twelfth of alloy. This fineness may be expressed millesimally 
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as 916-66 parts by weight of pure gold in 1000 parts by weight 
of the coin. The weights of the coins are in proportion to their 
values. 

The substance of a coin is slowly diminished by ordinary wear 
and tear, and it might be greatly diminished for fraudulent 
purpose ; hence in the case of coins proper it is necessary to fix 
the minimum weight at which the coin will be accepted at its full 
value. This is called the lead cwrr&rd weight For a sovereign it 
is 122*60000 grains, which differs from the standard weight by 
•77447 grains. The least current weight for the half-sovereign is 
61-125 grains. The lightness of coin can only be determined 
by weights which have been examined and certified by the 
Board of Trade. When gold coins are tendered at the Bank of 
England each piece is weighed singly, and the light coins are cut 
and returned to the person tendering them, who has to bear what- 
ever they have lost by abrasion during their existence as coins. 

Art. 5. — Silver Coins. The silver coins at present in use are, 
firsts the florin, equivalent to two shillings, the shilling, the sixpence, 
and the threepence ; second, the crown, equivalent to five shillings, 
and the half-crown, neither of which have been struck since 1851, 
and the groat, or fourpence, which has not been struck since 1856 ; 
third, the twopence and the penny, which are only coined for the 
purpose of being distributed (with the groat and threepence) as 
alms by the sovereign on the Thursday before Easter, and are on 
that account called " maundy money." The fineness of all these 
silver coins is the same, and is thirty-seven fortieths by weight of 
pure silver to three fortieths by weight of alloy. The standard 
weight of the shilling is 87-27272 grains, or 66 shillings are coined 
out of 1 lb. troy (5,760 grains) of silver of the standard fineness. 
The weights of the other coins are in proportion to their nominal 
values. 

Art. 6. — Legal Tender ; Token-coin. Silver coin are legal tender 
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for the pajonent of an amount not exceeding forty shillings, but for 
no greater amount. The intrinsic value of a shilling coin varies 
with the price of silver in terms of gold, but it is always consider- 
ably less than the twentieth part of a pound. It is about the 
one twenty-fifth part. Hence the need for the limitation men- 
tioned. Silver is more suitable than gold for coins of less value 
than the half-sovereign, because gold coins truly representative of 
the values would be inconveniently small. As the silver coins are 
not full equivalents of what they pass for, they are called /o^;en-coins. 

Art. 7. — Bronze Coins. The bronze coins (introduced in 1860) 
comprise the penny, halfpenny, and farthing. They are made of 
a bronze alloy, the composition of which is 95 parts by weight of 
copper to 4 of tin and 1 of zinc. A pound avoirdupois of the 
bronze is coined into 48 penny pieces, or 80 hal^enny pieces, or 
160 farthings. Thus 3 pennies, or five halfpennies, or 10 farth- 
ings weigh one ounce avoirdupois. These coins are also made so 
as to serve as measures of length. The diameter of the penny is 
one tenth of a foot, that of the halfpenny is an inch, and that of 
the farthing four fifths of an inch. 

Bronze coins are legal tender for the pa3anent of an amount not 
exceeding one shilling, but for no greater amount. Their intrinsic 
value is very much less than their nominal value, so that they are 
tokens rather than coins. The intrinsic value of the penny is 
about one fourth of a penny. 

There is no least current weight for either silver or bronze 
coins. The light ones are selected when passing through the 
Bank of England, and the loss involved in re-coining is borne by 
the Government. 

Art. 6. — Paper Currency. A bank note is a promise on the 
part of the bank to pay on demand the sum specified on the note. 
Notes for £5, £10, £20, £50, £100, £500, and £1000 are issued 
by the Banks of England, Scotland, and Ireland, and notes for £1 
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by the Banks of Scotland and Ireland. Bank of England notes 
are a legal tender for any sum, except at the Bank and in 
Scotland and Ireland. The issue of notes by a bank is restricted 
by law to a fixed amount depending upon the securities held by 
the bank ; any further issue of notes must be represented by an 
equivalent amount of specie (that is, coined or uncoined gold or 
silver) in the head-ofl&ce of the bank. Of this specie one fifth 
may be silver. 

Art. 9. —Equivalence. The definitions of the units farthing, 
penny, and shilling are usually written in the form 
4 farthings = 1 penny, 
12 pence =1 shilling, 
20 shillings = 1 pound. 
These are not equations, but equivalences. In an equation the 
unit is the same for both sides, and it is not necessary that it 
should be expressed explicitly ; in an equivalence the units are 
different and require to be explicitly expressed. 

An equivalence remains true when both sides are multiplied 
by the same number, or both are divided by the same number. 
Prom this follows a rule for elimination, when one unit is given 
in terms of a second, and that second in terms of a third. Take, 
for example, 

1 2 pence = 1 shilling, 
20 shillings = 1 pound. 
From these two equivalences we deduce the equivalence 
12 X 20 pence = 1x1 pound, 
^.g., 240 pence = 1 pound. 

In the same way, from 

4 farthings = 1 penny, 
6 pence = | shilling, 
2 shillings = -^jj pound, 
we deduce 4x6x2 farthings = 1 x |^ x y^ pound, 
i,e,y 960 farthings = 1 pound. 
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Art. 10. — Chain Rule. The rule may be stated as follows : — 
Arrange the equivalences so that the consequent unit of the upper- 
most shall be the antecedent unit of the second, and the conse- 
quent unit of the second the antecedent unit of the third, and so 
on for any number of equivalences; then the unit on the left-hand 
which does not appear on the right-hand side multiplied by all 
the multipliers on its own side is equivalent to the unit on 
the right-hand side which does not appear on the left-hand side, 
multiplied by all the multipliers on its own side. This rule 
is called the " Chain Kule," and its application is very extensive 
in physical arithmetic. 

Art. 11. — Reciprocal. Each equivalence, such as 
20 shillings = 1 pound, 
has a reciprocal form. That of the equivalence mentioned is 

^V pound = 1 shilling, 
or '05 pound = 1 shilling. 

The number indicated by ^\, namely -05, is called the reciprocal 
of the number 20. The value of the reciprocal rate is the 
reciprocal of the value of the primary rate. 

It has become customary among scientific writers, after the 
example of Stokes, to write the fraction ^j^ in the form 1/20, 
especially when the fraction occurs not in an equation but in the 
text. The slant bar is more convenient than the horizontal bar 
in several respects. 

Art. 12. — Conversion. The simplest kind of reduction is 
called conversion ; it consists in changing from a single unit to 
another single unit. Example : convert £123 into shillings. 
20 shillings = 1£, 
123£, 
.-. 123 X 20 shillings, 
U, 2460 
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Again, to convert 456 shillings into pounds : 
20 shillings = 1£, 

456 Bhillings, 

i.e., 22 -S^. 
The expression is wanted entirely in terms of the pound, not as 
£22 165. 

The Chain Eule applies to calculations of this kind; when there 
is only one odd unit we get a quantity and not an equivalence as 
the result of the reasoning. In a simple application of the Chain 
Rule it is not necessary to repeat the unit the second time ; it 
may be understood. But it is important to arrange each unit in 
strict alternate order. 

Art. 13. — Bednction. In reduction we are given a quantity 
expressed in a plurality of units, and .are required to express it in 
terms of one unit ; or we are given the quantity expressed in 
terms of one unit, and are required to express it in terms of a 
plurality. Example : Reduce £97 I65. b\d, to farthings. 
£97 16 5f 
20 

1956 
12 

23477 

4 

Answer, 93911 farthings. 

Here we have multiplied the pounds by 20 x 12 x 4, the shillings 
by 12 X 4, and the pence by 4. These three operations are com- 
bined, so far as they permit, to expedite the calculation. 
Again, to express the same quantity in terms of the pound, 



4 


3 


12 


5-75 


20 


16-48 



97-824 
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Here we have divided the 3 by 4 x 12 x 20, the 5 by 12 x 20, the 
16 by 20; and the operations have been combined so far as 
possible for the purposiB of accelerating the computation. 

An example of the second kind of question is : Express 84783 
farthings in terms of pounds, shillings, pence, and farthings. 



4 

12 
20 



84783 



21195f 



1766 3f 



£88 6 3f 

This is equivalent to dividing 84783 by 20 x 12 x 4 to get the 
number of pounds, dividing the remainder by 12 x 4 to get the 
number of odd shillings, and dividing the remainder of the re- 
mainder by 4 to get the number of odd pence. 

The laborious processes of common reduction arise entirely from 
the fact that a quantity is expressed, not in terms of one unit and 
its decimal derivatives, but in terms of a series of units related by 
numbers which have no system in themselves, and are not identi- 
cal with or multiples or sub-multiples of 10, the base of the 
notation of Arithmetic. 

Art. 14. — Decimalization of Money. It is very important to 
have a ready rule for transforming any sum expressed in terms of 
/. s. d. into one .expressed in terms of I, alone. This is done by 
taking first the shillings, and second the pence and farthings re- 
duced to farthings. 

First Since 25. =tV^-> ^^^ number of the shillings when even 
divided by 2 will give the number of tenths ; when odd, the num- 
ber of tenths and in addition five hundredths. 

Second. 1 farthing = ^^-q pound 

= (tthto + wit - TTHTTy) POund 
= (l+A)TT,WPO«nd. 

Hence the number of pence and farthings reduced to farthings 
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will be very nearly the number of thousandths of a pound. When 
the number of farthings is greater than 24 (that is, between 24 
and 48), the correction amounts to 1, and 1 is to be added to the 
number of thousandths. 

Example 1. Express 145. 1\d. in terms of/. 
145. = -7/. 
30/ = -031/. 
.-. 145. 7irf. = -73U 
Example 2. Decimalize 155. 2\d. 
155. = -75/. 
ll/. = -01U. 
.-. 155. 2|rf. = -761/. 
The converse rule is easily deduced. Take the number of 
tenths and -6 from the hundredths (if the hundredths amount to 
five), that number multiplied by 2 gives the number of shillings ; 
take the remaining numbers as referring to one thousand, they 
give the number of pence and farthings, but are to be diminished 
by 1 if the number lies between 26 and 50. 

Art. 15. — Proposed Decimal System of Units of Valna The 
Committee on Decimal Coinage in the report which they pre- 
sented to the House of Commons in 1853 recommended a system 
of units of value based upon the above method of decimalizing 
English money. They proposed to retain the pound as the 
primary unit, to retain florin as the name of the tenth part, to 
introduce a new term **cent " for the hundredth part, and a new 
term " mil " for the thousandth part. So that we should have the 
decimal equivalences 

\l = 10 florins = 100 cents = 1000 mils. 
All coins were to be equal to, or simple multiples of, these units. 

The reform failed to be carried at the time. Since then a 
wider question has been raised — that of a uniform international 
system of units of value, or the modification of the primary 
units of value of the chief countries supposed founded on gold of 
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the same fineness, so that they might have simple relations to one 
another. The equivalences 1 pound = 25 francs, 1 dollar = 5 francs, 
1 Austrian florin = 2*5 francs are approximately true ; and if they 
were made exactly true, calculations of exchange would be greatly 
facilitated. 

With a decimal system of units, reduction can be done without 
computation; thus 

12-345;. = 12/. 3/. 4c 5m. = 12345m. 
= 123/. 45m. = 12Z. 34 -5^. 

Here/., c, and m. are used as abbreviations for florin, cent, 
and mil. 

EXERCISE I. 

1. Express 10,000 halfpence in terms of the pound, and 978^. in terms of the 
farthing. 

2. Express 92. 17«. 9>^d, in terms of the shilling alone, and express 1234*56 shil- 
lings in terms of I, «. d, 

3. Decimalize 21. 158. Id, and 8Z. U. 5^d 

4. Express \tlI. 8. d, 121862. and 17*9142. 

5. Express in terms of the proposed decimal units 112. 7«. 6id, and 72. lOs. 9c2. 
and 82. 158. 6d, 

6. Express in terms of the present units 72. 5/. 3<;. 7m. and 452. 3Jl, 9c. Sm, 

7. Express in 2. 8, d. 0142., 1412., 1*4192., 14*1932. 

8. Find the equivalents in the proposed decimal system of (1) crown, (2) half- 
crown, (3) sixpence, (4) fourpence, (5) threepence. 

9. Find the equivalents of 4 mils, 10 mils, 20 mUs, 125 mils, 200 mils. 

10. Express 45*3822. in terms of 2. 8, d, 

11. Express 982. 178. 6ic2. as the decimal of a pound, and 872. 168. 5^. as the 
decimal of a shilling. 



SECTION II.— PRICE. 

Art. 16. — Discrete, Continuons. A commodity may be either 
discrete or continuous. It is said to be discrete when it is com- 
posed of a number of organic or manufactured units, as eggs ; it 
is said to be continuous when it is not made up visibly of units, as 
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butter. A discrete commodity can be counted; a continuous 
commodity must either be weighed or measured. When a dis- 
crete commodity is composed of a great number of units, as wheat, 
it also must be weighed or measured. Weighing is a more exact, 
method of meting out than measuring. 

Art. 17. — Rate of Price. By the jprice of a commoditj'- is. 
meant its value estimated in terms of a recognised unit of value. 
By the rate of price of a commodity (usually called the price) is 
meant the equivalent in the unit of value of a unit of the 
commodity. The values of the rates for the diflPerent kinds of 
commodities which hold for a particular district and interval of 
time are published in the market tables. For example — 

Eggs, - - 14 pence per dozen. 

Butter, - - 16 pence per lb. 

Bread, - - 7 pence per loaf of 4 lbs. 

Wheat, - - 6 shillings per bushel. 

Frequently the unit of the commodity is not mentioned, as the- 
customary unit is well understood. 

A rate is an equivalence. The above prices can be expressed 
as — 



14 pence 


= 1 dozen eggs. 


16 pence 


= 1 lb. butter. 


7 pence 


= 1 loaf of 4 lbs. 


6 shillings 


= 1 bushel wheat. 


is read " for every." 





Here 

Art. 18. — Transformation of Price. The equivalence expres- 
sing a price may be capable of application only within certain 
limits ; that is, it may be true for all quantities of the commodity 
not exceeding a certain amount. The equivalence may have a dif- 
ferent value for quantities of the commodity exceeding that 
amount. But this is not to be considered as invalidating the 
statement that an equivalence is unaltered when both sides are- 
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multiplied by the same quantity ; it is a matter which affects not 
the value of the rate, but its application to a particular case. 

If it is required to transform 15c?. per lb. into I, per ton, the 
process may be arranged as follows— 

U = 20xl2d 
\U, = 1 lb. 
28 X 4 lb. = 1 cwt. 
20cwt. = l ton; 
. • . 15 X 28 X 4 X 201 = 20 X 12 ton, 
le,j 280Z. = 1 ton. 

This arrangement facilitates both reasoning and cancellmg. 

Art. 19. — Barter. From the price-rates of two commodities 
we can deduce the barter-rate between them. We have merely to 
eliminate the common unit of value by an application of the 
€hain Eule. For example — 

Given 14 pence = 1 dozen eggs, 

and 1 lb. of butter =16 pence ; 

it follows that 14 lb. of butter = 16 dozen eggs, 
or 7 lb. of butter = 8 dozen eggs, 
or I lb. of butter = dozen eggs. 

Art. 20. — Price depending on Time. A commodity which is 
•consumed by each of a number of agents in equal quantities dur- 
ing equal intervals of time, may have its value expressed in terms 
of an agent and a unit of time. Thus, for lamps of equal power, 
the price of gas may be stated at M, per lamp per hour. Here we 
have two independent quantities — that is, quantities upon which 
the first-mentioned quantity depends. 

Similarly, when work is performed uniformly by a number of 
workmen, the price of the labour and their rate of pay may be 
expressed in terms of a workman and a unit of time. For ex- 
ample, the wages of a class of workmen may be ^\d. per man per 
hour. 
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A rate of this form can also be expressed as an equivalence ; 
thus — 

2d, = 1 lamp by hour, 
2d, per lamp = I hour, 
2d, per hour = 1 lamp. 

Art. 21. — Price depending on Space. In the case of carrying 
goods, the service rendered is sometimes taljen as proportional to 
the mass (weight) of the goods transferred, and also to the distance 
over which they have been carried. Thus a railway rate for gooda 
carried may be \d. per cwt. per mile. The charge for passengers 
is also proportional to the distance, but only two weights are recog- 
nised — an adult and a juvenile. For ^example, the parliamentary 
fare is \d, per adult passenger per mile. 

When the rate for carrying introduces the distance, there may 
be considerable trouble in its application. There is first to 
ascertain the distance in a given case, and then there is the extra 
calculation involved after the number has been found. Hence the 
great practical convenience of making such a rate as the rate of 
postage independent of the distance the letter has to be carried, 
provided that the distance is within a well-defined region, such as 
the United Kingdom. As regards the other variables, a letter is 
not charged according to its weight, but in accordance with a fixed 
scale of rates. 

For book-post we have the rate 

1 halfpenny = 2 oz.; 
but in application a fraction of 2 oz. is to be considered equivalent 
to an additional 2 oz., and the weight must not be greater than 5 
lbs. The maximum weight is thus 40 x 2 oz., and therefore the 
maximum charge Is. 8c?. Here we have an example of a rate 
which is disconiiniums, that is, proceeds by leaps, and the whole 
range also is limited. 

Art. 22. — Change of Price. Change of price may be expressed 



14 PHYSICAL ARITHMETIC. 

in the same form as the price, or it may be expressed as a per- 
centage on the former price. 
Suppose that the old price is 

» shillings = lb. (1) 

the change may be 

a shillings advance = lb. 
or a shillings reduction = lb. ; 

therefore the new price is 

n± a shillings per lb. (2) 

From (1) and (2) we deduce 

n±a shillings new price = n shillings old price. 
"Suppose that the change given in the form of a percentage is 10 
per cent, advance. 
This means 

10 shillings advance = 100 shillings former price, 
or y^Q shilling advance = shilling former price. 

Hence 

1 + T^y shilling new price = shilling old price ; 
and the new price is 

7i(l + ^^) shilling per lb. 



EXAMPLES. 

Ex. 1 . — Find the value of the wheat crop grown on 89 acres, 
when the average yield is 31 bushels per acre, and the price of 
wheat is 65. M, per bushel. 

25 shillings = 4 bushels, 

31 bushels = 1 acre, 

89 acres ; 

.-. ^^ ^ ^^ I^gg shillings, U, £862/. 35. M. 

Ex, 2. — What do eggs cost per dozen when 12 fewer in a 
shilling's worth raises the price 2c?. per dozen ? 
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Let real price be « pence = 1 dozen eggs, 

12 
.*. 12 pence = —dozen eggs; 

X 

supposed price is 12 pence = ( — - 1 ) dozen eggs, 

12 
or Yo — pence = 1 dozen eggs. 

X 

But supposed price is also a; + 2 pence = 1 dozen eggs. 

Hence -— — pence per dozen = ic + 2 pence per dozen. 

--1 

X 

Here we have an equation in which the unit is the same on the 
two sides; it can therefore be solved on general principles, inde- 
pendently of the unit. It reduces to the quadratic equation 

a;' + 2aj - 24 = ; 
hence a; = 4 or - 6. It is the positive value which is th.e answer 
to our question ; hence the answer is 4 pence per dozen. 

Et^ 3. — A and B together spend a shilling on 65 apples, ^'s 
costing six a penny, and ^'s 20 per cent. more. How many did 
each buy ? 

Price paid by A, 1 penny = 6 apples. 

Additional price by -B, 20 pence additional = 100 pence by^, 
i.«., I penny additional = penny by A, 
.•. price by i?, (1 + 1) penny = 6 apples, 
Le., 1 penny = 5 apples. 

X 

Suppose A bought x apples ; then he spent - pence. And B 

65 — :b 
bought 65 - a; apples ; . •. he spent — -— pence. 

o 

-rr a; 65 - a; - rt 

Hence - + — ^ =12; 

D 

from which x = 30. Hence A bought 30 apples, and B 35. 
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Ex, 4. — If 3 ducks be worth 4 chickens, and 2 geese be worth 
7 ducks, find the value of a goose when a pair of chickens can be 
bought for 35. 9cf. 

2 chickens = 3f shillings, 

3 ducks = 4 chickens, 
2 geese = 7 ducks, 

1 goose. 

... ^-^y^^ shillings, ».«., 8«. 9d 
2 X o X 2 

Ex. 5. — ^There are two coins such that 15 of the first and 14 of 
the second have the same value as 45 of the first and 6 of the 
second. What is the ratio of the value of the first coin to that of 
the second ? 

Let V denote the first coin, and V the second. Then we have 
15 V + 14 V = 45 V + 6 V, 
.-. 8 V = 30 V, 
or 4 V = 15 V. 
Thus 4 of the second coin are equivalent (in value) to 15 of the 
first 

Ex, 6. — Find the cost of electric lighting for 13 weeks, with 
sixty lamps burning on an average eight hours per day, the rate 
of charge being 2\d, per lamp per hour. 

2*25 pence per hour = 1 lamp. 

60 lamps ; 
.*. 60 X 2-25 pence = 1 hour, 
8 hours = 1 day, 
7 days = 1 week. 
13 weeks; 
.-. 60 X 2-25 X 8 X 7 X 13 pence, 
i.g., 98,280 pence, 

t.6., 409Z. 10s. 
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EXERCISE II. 

1. Find the valuo of a steel hammer weighing 225 tons at the rate of 1| lbs. 
for 3d. 

2. Find the value of 1000 lbs. pimento sold at 3^^. per lb. 

3. Three thousand workmen strike because an advance of one halfpenny per 
hour is not conceded. Find the additional sum which would be required weekly 
to concede the demand, taking a working day to consist of nine hours. 

4. A burner consuming 4 cubic feet of gas per hour is used on an average 6 
hours per day during a year. Required the cost at 4». Qd, per 1000 cubic feet. 

5. If, for this country, we have on an average eighteen letters per head per 
annum, find the average number of letters for a month ; and also the revenue for 
the month, taking the average postage at one penny halfpenny per letter. The 
population is 35,262,762. 

6. Find the value of 215 tons 17 cwt. 3 qrs. 9 lbs. of cast-iron at 92. 11«. ^<A, 
per ton. 

7. Calculate to the nearest farthing, by whatever process you consMer the most 
convenient, the cost of 19 tons 19 cwt. 3 qrs. 27} lbs. of merchandise at 192. 
19«. ll\d. per ton. 

8. A farmer sold seven oxen and twelve cows for 2502. He sold three more 
oxen for 502. than he did cows for 302. Required the price of each. 

9. If 21 men in 27 days receive 1412. 15^. in wages, how many men must work 
21 days to earn 1572. lOa. ? 

10. If it cost 612. 188. 5(2. to keep 2 horses for 11 months, how long can 3 horses 
be kept for 592. 2s. l\d. ? 

11. How far ought 4| cwt. to be carried for lis. 10^(2. when the carriage of 17} 
cwt. for 52 miles cost 8«. 4(2. ? 

12. If 64 cwt. carried 40 miles cost 10«. 8(2., what wiU 80 cwt. carried 63 miles 
cost? 

13. A reduction of 20 per cent, in the price of beef would enable a purchaser to 
obtain 6 lbs. more for a sovereign. What is the reduced price ? 

14. What are ashes per 100 loads when 8 more loads for a sovereign lower sthe 
price a penny a load ? 

15. What are eggs selling at when, if they be raised threepence the dozen, one 
would get four fewer in a shilling's worth ? 

16. A reduction of 30 per cent, in the price of eggs would enable a purchaser to 
obtain 54 more for a guinea. What may the present price be ? 

17. A reduction of 10 per cent, in the price of iron would enable a purchaser to 
obtain one hundredweight more for a sovereign. What is the present price ? 

18. " There is not one of those countries where they don't pay 30 to 40 per cent, 
more for sugar than you would pay in England." Find the approximate foreign 
price when the home price is 5d. per lb. 

19. In a mixed excursion train of 1000 passengers, the fares in the three classes 
are in the ordinary proportion of 4, 3, 2 ; and the corresponding receipts are 522., 

B 



18 PHYSICAL ARITHMETIC. 

57/., and 61/. respectively. Bequired the fare and the number of passengers in 
each class. 

20. A gets half of S'fi money, and then B gets half of ^'s ; B then has 20 per 
cent, more than A, What relative sums had they at first ? 

21. How many lbs. of butter at \a. Zld. per lb. must a farmer give to a grocer 
for 8 lbs. of sugar at 5i(2. per lb. ? 

22. A farmer sold on one day 2 oxen and 3 sheep for 34/. 10«., 4 oxen and 5 
sheep for 67/. IO9., and 6 oxen and 7 sheep for 100/. Is it possible that all the 
oxen were sold at one price, and all the sheep at one price ? 

23. 14 tons 3 cwt. copper at 92/. 15«. per ton ; 12 tons 12 cwt. spelter at 359. 
10(2. per cwt. ; 3 tons 5 cwt. tin at 789. 9</. per cwt. Coal consumed, 14 tons at 
14«. 3</. Loss of metal in casting -j^. Labour equal to one man for 31 days at 
As, 9d. Other expenses reckoned at 125/. What is the cost per ton to the 
nearest shilling ? 



SECTION III— PROFIT AND LOSS. 

Art. 23. — Profit and Loss. A merchant both buys and sells. 
Suppose that a grocer buys at the rate of , 

m pence cost = dozen eggs, (1) 

and sells at the rate 

n pence receipt == dozen eggs ; (2) 

from these two rates we deduce a third, viz. : — 

n pence receipt = m pence cost. (3) 

Again, from (1) and (2) we deduce the rate of profit or loss; it 
has three forms depending on the three quantities involved in the 
two rates — 

(n - m) pence profit or loss = dozen eggs, (4) 

(n - m) pence profit or loss = m pence cost, (5) 

{n - m) pence profit or loss = n pence receipt. (6) 

If n is greater than m we have profit, if n is less than m we 
have loss. 

Observe — The sign = in these equivalences means for eveinj. 
When the number on the right-hand side of the equivalence is 1, 
it need not be expressed. 
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Art. 24. — Percentage; Batio. Eate of profit or loss is usually 
given in the form of a percentage, and there is frequently an 
ambiguity arising from the fact that it is not mentioned whether 
it is on cost or receipt. In such case it generally refers to the 
cost. A profit of 12 per cent, on the cost means 
12 pence profit per 100 pence cost; 
or, 12 pence profit = 100 pence cost. 

Any other unit of value may be substituted for the penny, 
because it occurs on both sides of the equation. A rate which 
has the same unit on the two sides is called a ratio-rate ; the two 
units differ only in quality. 

Examples. 

Ex, 1. If by selling at 75. ^d, per yard you lose 10 per cent, on 

the outlay, what do you gain or lose per cent, when you sell at 

85. ^d, per yard ? 

X pence cost = yard, 

90 pence receipt = yard ; 

a - 90 , 

••. pence loss = penny cost. 

Now tVtj pence loss = penny cost, 

a;-90 _ 1 

By solving this equation we get oj = 100, 

100 pence cost = yard. 

Again 102 pence receipt = yard, 

102 - 100 .^ 

— TM — P®^^® profit = penny cost, 

t.e., 2 pence profit = 100 pence cost, 

*.«., 2 per cent, profit on outlay. 

Ex. 2. A publisher sells books to a retail dealer at 55. a copy, 
but allows 25 copies to count as 24. If the retailer sells each of 
the 25 copies for 65. M.j what profit per cent, does he make ? 
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24 X 5 shillings cost = 25 copies, 

27 X 25 
25 copies = — - — shillings receipt ; 

27 X 25 

.-. —^ — 24 X 5 shillings profit = 24 x 5 shillings cost, 

i.e., 13 „ = 32 „ 

^3x100 ^ iQQ 

~~32 " 

ie., 41 - per cent. 

Ex, 3. For a special sale a merchant gave his customers 40 per 
cent, oif the marked price, but the goods had been marked at an 
advance of 60 per cent, on their cost. Did he gain or lose, and 
at what rate per cent, on the price received ] 
1 + y\y£ marked = £ cost, 
1 - T^-^ receipt = £ marked ; 
(1 + T%)(^ - 1%)^ receipt = £ cost, 
Le., 1 - Tou"^ receipt = £ cost ; 

hence tJjf^ loss = 1 -tSu*^ receipt, 

\£ loss = 24£ receipt, 
4'17£- loss = \00£ receipt. 
Thus he lost at 4*17 per cent. 
Ex. 4. An article in passing from the producer to the consumer 
passed through the hands of three dealers, each of whom added 
for his own profit 10 per cent, on the price at which he bought. 
The final price was 365£ ; what was the original price ? 
1 + T^yX charged by 1st dealer = £ paid to producer, 
1 + Tb«^ charged by 2nd dealer = £ paid to 1st dealer, 
1 + tV^ charged by 3rd dealer = £ paid to 2nd dealer, 

365£ charged by 3rd dealer ; 

-£ paid to producer, 



(1 + A)^ 

365x103 
IP ' 
le., 274Z. 4s. 1d.+. 



365 X 103 p 
i.e,, — -— — £ paid to producer 
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Ex, 5. In shipping ice 12 per cent, is destroyed, 45 per cent, of 
the shipped ice melts during the passage, 20 per cent of the 
remainder is lost in landing. At what increase per cent on the 
original price per lb. must the residue be sold in order to yield a 
profit of 142 per cent, on the whole 1 

88 lbs. shipped =100 lbs. bought, 
55 lbs. arrived = 100 lbs. shipped, 
80 lbs. sold = 100 lbs. arrived; 
88 X 55 X 80 lbs. sold = 1,000,000 lbs. bought. 
Let the buying price be x pence per lb., and the percentage of 
profit y pence = lOO' pence paid, then the selling price is 

x(\+ -^ jpence per lb. Hence 

x(\-\- YT7^)^S ^ ^^ ^ S^ pence receipt = 2:1,000^000 pence cost, 
i.e., {l + ~ )88 X 55 X 80 pence receipt = 1,000,000 pence cost. 

•••(1 -mf-mim-' P^°" p-fi*=i--y -«*' 

but —^ pence profit = penny cost ; 



V 100/ 1 



88 X 55 X 80 , 142 



-1: 



,000,000 100 

By solving this equation we get y = 193. The cost price must be 
increased by 193 per cent. 

EXERCISE IIL 

1. A grazier bought a sheep for £1 6«., and sold it for £3, and incurred a loss 
equal to half the cost, plus a quarter of the expense of feeding. What was the 
expense of feeding ? 

2. Formerly newspaper wrappers were sold at the rate of eight for fourpence 
halfpenny, and now they are sold at twelve for sevenpence. What is the per- 
centage increase on the former price ? 

3. A com dealer bought wheat at £2 Is. Sd, per quarter, which he subsequently 
sold at £2 9«. 7d. per quarter, and made a profit of £277 10«. upou the transaction. 
How many quarters did he buy and seU? 
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4. A house costs the Undlord £130 a year for rent and taxes. For one third of 
the year it is let at £6 10>. a week, and for the remainder of the year at £5 a week. 
Find the Landlord's profit, and how mach it is per cent. 

5. A man purchases 80 oxen for £1000, and sells 24 of them at a loss of 3 per 
cent, outlay. At what rate per head must he sell the remainder so as to lose 
nothing on the whole ? 

6. An article is sold for 12«. at a loss of 4 per cent, on cost. At what price must 
it be sold that a gain of 4 i)er cent, may be made ? 

7. A person by selling at 4«. \\d. per lb. an article which cost £21 per cwt., 
cleared 2 per cent, more profit than if he had sold the whole for £162. How 
much was sold of the article ? 

8. If by selling at 209. you lose 16 per cent, on your outlay, at what rate do you 
sell when you gain 16 per cent, on your outlay ? 

9. If by selling at 15«. 6rf. you lose 7 per cent, on the outlay, what do you gain 
or lose per cent, when you sell at 169. 6<i. ? 

10. A merchant buys cloth at 2$. Z\d. per yard, and sells it at 3«. 4^c2. per. yard. 
What is the percentage of profit on the outlay ; and how many yards must he 
sell to gain a profit pf £10 ? 

11. A person bought a lot of land for $10,000. He sold one half of it at a gain 
of 50 per cent., two fifths of it at $40 an acre, and the remainder at a loss of 40 
per cent. He gained 45 per cent, on the whole. Find the number of acres in the lot. 

12. A merchant receives £300 for sales in one day; on £200 he gains 40 per 
cent. What does he gain or lose per cent, on the remaining £100 in order that 
his profit for the day may be £50? 

13. A dealer is paid £23 19s. 2d. for an article. Assuming that it passed through 
the hands of three dealers and that each added 10 per cent, of the price at which 
he bought for his own profit, what did the first dealer pay ? 

14. A man has 1000 apples for sale ; at first he sells so as to gain at the rate of 
50 per cent, on the cost price ; when he has done this for a time the sale falls off, 
so he sells the remainder for what he can get, and finds that by doing so he loses 
at the rate of 10 per cent. If his total gain is at the rate of 29 per cent., how 
many apples did he sell for what he could get ? 
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Art. 25. — Composition. Suppose that a tea-dealer forms a 
mixture out of three kinds of tea, which we shall distinguish as 
Ay B, C. Suppose that he takes a lbs. of A, h lbs. of B, c lbs. of C 
and mixes them thoroughly. The composition of the resulting 
mixture is fully given by the equivalence 
a lbs. of A + b lbs. of ^ + c lbs. of C = a + 5 + c lbs. of mixture. (1) 



MIXTURE. 23 

From this complete equivalence certain partial equivalences may 
be derived ; thus 

a lbs. of-4=a + & + c lbs. of mixture, (2) 

that is, there are a and only a lbs. of -4, in every a + 5 + c lbs. of 
mixture. (3) 

Similarly, h lbs. ofJ5 = a + 5 + c lbs. of mixture, 

and c lbs. of(7=a + 6 + c lbs. of mixtura (4) 

From these partial equivalences three of a different kind can Ic 
derived, namely, 

a lbs. oiA^h lbs. of B, (5) 

5 lbs. ofi? = clb8. of (7, (6) 

and by immediate consequence from these two 

clbs. of C' = albs. of A (7) 

Art. 26. — Price of Mixture. Suppose that the cost price of ^ 
tea is p shillings per lb. ; oi B, q shillings per lb. ; and of C, r 
shillings per lb. Then the cost of the a lbs. of A taken is pa 
shillings ; of the h lbs. of -B, qh shillings ; of the c lbs. of (7, re 
shillings. Hence the resulting cost price of the mixture is 

pa-{-qb-\- re shillings = a + 5 + c lbs. of mixture, 
or pa + qb + rc ^j^.^. ^ ^^ ^^ ^.^^^^^ 

a + o + c 

If the cost price of the required mixture is known, say n shil- 
lings per lb., and the price of each of the components, but not the 
ratios of composition, we have for determining b/a and c/a the 

equation 

pa'i'qh + rc _^^ 
a + b + c 

t.6!., -— _ =71. 

1 + ^+f 
a a 

If there are only two components, then cja = 0, and the equation 
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gives the value of hja. Otherwise the equation is indeterminate ; 
it is then a question of finding the simplest solution. 
For the meaning of the slant bar see Art. 1 1. 

Art. 27. — Sharing. Denote a bankrupt's creditors by A^ By C, 
and their claims by aX, b£, c£, respectively. Then 

a£ of A + b£ of B + c£ of C =a + b + c£ liability. 
From this equivalence partial equivalences may be derived as in 
Art. 25. 

It is a convention in the commercial world, that the assets are 
to be distributed according to the ratios supplied by the above 
equivalence. 

Examples. 

Ex. 1. A grocer mixes four kinds of tea, in the proportions of 
1, 1*5, 2, 2*5 parts by weight of the several kinds respectively. 
Required the number of pounds of each kind in one hundred- 
weight of the mixture. 
2 lbs. 1st + 3 lbs. 2nd + 4 lbs. 3rd + 5 lbs. 4th = 14 lbs. mixture, 
112 lbs. of mixture, 
.• . 112x2 j^g ^^ jg^^ ^ ^^ ^g ^^^^ ^^ ^g^ 
14 
Similarly 24 lbs. of 2nd, 32 lbs. of 3rd, 40 lbs. of fourth. 
Ex. 2. The four kinds of tea in the preceding question, having 
cost the grocer at the rates of 5, 4, 3, 2 shillings per lb. respec- 
tively ; required the price per lb. at which he must sell the mixture 
in order to realize 25 per cent, profit on his outlay ? 
2 lbs. 1st + 3 lbs. 2nd + 4 lbs. 3rd + 5 lbs. 4th = 14 lbs. mixture, 
55. per lb., 45. per lb., 35. per lb., 25. per lb. 
,•. 10 + 12 + 12 + 10 shillings cost = 14 lbs. mixture, 
i.e., 22 „ =7 

Now 1 + J shilling receipt = 1 shilling cost ; 

(1 + J) V shilling receipt = 1 lb. mixture ; 
i-e., ii „ = „ 

or 35. lljd per lb. mixture. 
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Ex. 3. Oranges are bought for half-a-crown a hundred ; some 

are sold at 3a. ^d. a hundred, and the rest at 2s. \0\d. a hundred : 

the same profit is made as if they had all been sold at 3^. 1^. a 

hundred. Of a thousand oranges sold, how many fetch 3s. M. a 

hundred ? 

ic oranges 1st kind + 1000 - x oranges 2d kind = 1000 oranges mixed, 

42 pence per 100 of 1st, 34 5 per 100 of 2nd, 

. 42a; ^34-5 (1000 -») . . .^^^ 

• - tqq + jQQ pence receipt = 1000 oranges mixed. 

But this is equal to 37*5 pence receipt = 100 oranges mixed ; 
therefore we get the equation 

42aj^34-5 (1000 -«) o^r. 

100 ■*■ — ^100 ^ = ^'^' 

which gives x = 400. 

Hence 400 oranges out of 1000 sold fetch 3s. 6rf. a hundred. 
Observe — It is not necessary to give the original price. 

Ex. 4. Out of a cask containing 360 quarts of pure alcohol a 
quantity is drawn off and replaced by water. Of the mixture, a 
second quantity, 84 quarts more than the first, is drawn off and 
replaced by water. The cask now contains as much water as 
alcohol. Find how many quarts were taken out the first time. 
Show that the problem has only one solution. 
X quarts water + (360— a) quarts alcohol = 360 quarts 1st mixture, 
(360 -X" '84) quarts 1st mixture left ; therefore 

(360 - aj - 84) -|g quarts water + (360 - « - 84) J|2j1? quarts ale. 
The second mixture is formed by filling up with water, 

. \ (360 - aj - 84) .^^Z^qrts. alcohol = 360 qrts. 2nd mixture. 
360 

But we are given 1 quart alcohol = 2 qrts. 2nd mixture ; 

hence the equation 

(360 - a; - 84)(360 -x)^ 180 x 360, 

which reduces to the quadratic equation 

a;2- 636a; + 96x360 = 0, 
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the roots of which are ic = 576 and x = 60. Only the latter ia 

possible, for 576 is greater than 360. 

Ex, 5. A creditor received 16.9. M, in the pound, and thereby 

lost 135/. 105.; how much was due to him ? 

16«. = -8^6. 

3(f. = -0125£. 

. •. 81 25£ received = 10000£ due, 

. •. 1 875£ lost - 1 0000£ due, 

1 35-5 X 10000 p . 

1875 ' 

271000^ , 
%.€., Xdue, 

O i o 

ie., 722L ISs. 4d. 

EXERCISE IV. 

1. A vessel is filled with a mixture of spirit and water in which there is 70 per 
cent, of spirit ; 19 gallons are taken out, and the vessel is filled up again with 
water ; the proportion of spirit is now found to be 56 '7 per cent.; find how much 
the vessel contains. 

2. If apples are bought for 4 a penny, and mixed with an equal number bought 
for 3 a penny, and then sold at the rate of 5 for 2 pence ; what is the gain per 
cent, on the outlay ? 

3. If gunpowder is composed of nitre, charcoal, and sulphur, in the proportions 
of 16, 3, 2^ ; how much of each is required for one cwt. of gunpowder ? 

4. An estate is divided into three portions of 250 acres 62 acres 2 roods, and 
19 acres 1 rood 20 poles ; these portions are let at 1^ 5«. 4d,, 11. Is. Sd., and3^ per 
acre respectively. At what uniform rent per acre might the whole estate be let 
so as to bring in the same rental ? 

5. A milk-dealer buys pure milk at ll^d, per gallon. How much water 
must he add that he may sell at 6d, a quart, and obtain a gross profit of 100 per 
cent. ? 

6. A tobacconist pays 4^., Sa, 6d., and 28. 6d. per lb. for three kinds of tobacco. 
He mixes them, and, by selling at 48, per lb., obtains a gross profit of 25 per cent, 
on his receipts. If he omitted the cheapest tobacco from his mixture, keeping 
the others in the same proportion, his profit would be only 2Jd. per lb. What 
was his mixture ? 

7. The estate of a bankrupt pays 4^. i^d, in the £; what loss wiU a creditor 
sustain whose claim is for 337^. 6«. Sd. ? 

8. A bankrupt owes 7,3572. 12«., and his assets for distribution among his credi- 
tors amount to 3.0652. ISs, 4d, How much in the pound will they receive ? 
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9. A bankrupt whose estate is worth 1,8232 188. 9d. owes to three i)er8on8 sums 
of 1,031^. 58., 814Z., and 586Z. 13«. 4d. respectively ; how much can he pay in 
the pound ? 

10. A statement of affairs showed liabilities 14,663^. and assets 8,4642. A com- 
position of 10«. in the £ was accepted. What was the theoretical value of the- 
composition ? 

11. A merchant mixes a lbs. of one kind of tea, h lbs. of a second, and c lbs. of 
a third, the cost prices of the three kinds being respectively jp, q, r shillings per 
lb.; find the percentage of profit in his receipts when he sells at m shillings. 
per lb. 

12. A grocer mixes a lbs. of tea at p shillings per lb., h lbs. at q shillings per lb.„ 
c lbs. at r shillings per lb., and d lbs. at 8 shillings per lb. Required the retail 
price of the mixture in order that he may realize k per cent, profit on his outlay. 

13. An apple-woman, having purchased I dozen of apples at p pence per dozen, 
m dozen at q pence per dozen, and n dozen at r pence per dozen, has to dispose of 
the three lots afterwards at p + ^+r pence per three dozen. Eequired, the con- 
dition that she should just realize her original outlay. 

14. A fruit-dealer found that he had left on hand a quantity of peaches, of 
which he had bought one half at the rate of 5 for a shilling and the other half at. 
the rate of 6 for a shilling, and, thinking to escape without loss, sold them all at 
the i-ate of 11 for 2 shillings, but found that by so doing he had incurred a loss of 
eighteenpence. At what rate ought he to have sold them in order to have made 
a profit of a guinea upon the transaction ? 

15. A grocer can sell coffee at 30 cents per lb., and realize a profit of 25 per 
cent. He, however, mixes the coffee with chicory, which cost him 6 cents per lb., 
and selling the mixture at 25 cents per lb. realizes a profit of 40 per cent. How 
much per cent, of coffee does the adulterated mixture contain ? 

16. How must a grocer mix tea at 28. Qd. per lb. and 3a. per lb. in order to pro- 
duce a mixture worth 2s, 8d. per lb. ? 

17. A sum of 232. 14s. is to be divided between Ay jB, and C; ii B gets 20 per 
cent, more than A, and 25 per cent, more than C, how much does each get? 



SECTION v.— SIMPLE INTEREST. 

Art. 28. — Bate of Interest Interest is money paid for the- 
loan of a sum of money. When the interest is made proportional 
to the sum lent and to the time during which it is lent, it i& 
called simple interest. The rate of interest has then the form 
r£ interest per <£ principal per annum; 
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but -as the interest is a quantity of a lower order than the princi- 
pal, the rate is usually expressed in the percentage form, as for 
example — 

5£ interest per 100£ principal per annum, 
which is equivalent to 

1/20 £ interest per £ principal per annum. 
Expressed in the form of an equivalence, it is — 

5£ interest = IOOjB principal by year, 
or \£, interest = 20£ principal by year, 

or 1£ interest per 20£ principal = year, 

or 1£ interest per £ principal = 20 years, 

or \£ interest per year = 20£ principal. 

When the dependent quantity in a rate and one of the inde- 
pendent quantities are expressed in terms of the same unit, the 
value of the rate is independent of the size of that unit. Thus, if 
" shilling " be substituted for " pound " in the rate of interest, the 
value of the rate remains unaltered. In such cases the size of the 
unit is indifferent, but its kind is determinate; in the case of 
interest it must be some unit of value. 

Art. 29. — ^Amount and Present Value. Interest is an incre- 
ment ; by adding it to the principal we get the amount, that is, 
the new value of the principal If, for one year, 

r£ interest = £ principal, 
then 1 + r£ at end of year = £ at beginning. (1) 

This is called the rate of improvement of money. 

Let t denote any integral or fractional number, then 

tr£ interest = £ principal, (2) 

and 1 + tr£ at end of t years = £ at beginning. (3) 

The reciprocal of (1) is 

£ at beginning of year = £ at end of year, (4) 

1 +r 

and this is the rate oi present value for one year. 

The reciprocal of (3) is 
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- — - £, at beginning of t years = £ at end of t years, (5) 

and this is the rate of present value for the term of t years. 
By division we get 

-i— = 1 - ^r + {try - {trf + etc. (6) 

When tr is small compared to 1, the next term (trf will be 
doubly smaller, and under that condition l-ir may be a sufficient 

approximation to the value of - — -, and the rate of present value 

may be taken as 

1 - tr£ at beginning = £ at end of t years. (7) 

Art. 30. — Discount. From (5) W6 deduce 

1 - - — -£ difference = £ at end, 
\ + tr 

».«., j^jT^ „ = ,, (8) 

This is the true rate of discount, reckoning simple interest 

K the approximation in the previous article is justified, this 
expression reduces to tr. Then 

tr£ difference = £ at end. (9) 

This approximation is called Banker's Discount ; it is commonly 
used in reckoning discount, excepting when the interval of time i& 
long. 

The value of the approximate rate of discount is the same as 
that of interest, only it is applied negatively, while the latter i& 
applied positively. 

A percentage is sometimes deducted from a charge for other 
reasons than the price of money ; such a reduction is more pro- 
perly termed an abatement than discount. 

Art. 31. — Equated Time. Suppose that A owes B a£ due p 
months hence, 6£ due j months hence, and c£ due r months hence; 
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it is required to find at what time the whole of the debts may be 
equitably discharged by the payment of an amount equal to the 
t3um of the debts. 

If the rate of interest is the same throughout the interval con- 
sidered, the values of the several postponements are ap£ by 
month, hq£ by month, wJBby month; hence the total value of the 
postponements is {ap + hq •{■ cr)£ by month. The single sum to 
be paid is (a + & + c)£ ; and as the value of its postponement is 
to be equal to the values of the several postponements, the time 
for its payment will be 

«l'_+_^J-.«- months, 
a + + c 

The quantity here considered would be more appropriately termed 

the Equivalent time. Analogous ideas occur in the subsequent 

chapters of this work. 

EXAMPLES. 

Ex. 1. How much per cent, per annum gives three farthings 
per half-a-crown per month ? 

J penny per 30 pence = month, 
^^ pence per 100 pence =-- month, 
12 months = year; 

— ^ — - pence per 100 pence = year, 

ie,f 30 pence per 100 pence = year, 

or 30£ per 100£ = year, 

or 30 per cent, per year. 

Obsn. If it were stated that the interest was payable monthly 
in the one case, and yearly in the other, the transformation would 
involve compound interest. 

Ex. 2. Find the simple interest on 321£ for 3J years at 4f 
per cent, per annum. 

4-75JB interest = (100£) principal by year, 
3-21 (IOOjC) principal by 3-5 years; 
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3-21 X 3-5 X 4-75£ interest, 
i.e., 53-36625£ interest 

20 



7-325 
12 



3-9 
Answer, — 53Z. 75. ZM. 

Ex, 3. What principal will produce 37/. 55. of simple interest 
in 2^ years, at 3 per cent, per annum ? 

Z£ interest per 100£ principal = year, 
2-5 years ; 
2-5 X 3£ interest = 100£ principal, 
37*25£ interest; 

^3^ principal, 

1490p . . , 
%.e.^ — q'* principal, 

t.e., 496/. 13& id, 

Ex. 4. If 300$ be laid out at simple interest for a certain num- 
ber of years, it will amount to 360$. If the same be allowed to 
remain two years longer, and at a rate of interest 1 per cent, 
higher, it will amount to 405$. Find the rate and number of 
years. 

60$ = 3 X 100$ by a; years; 

:^$ = 100$ by year; 



hence other rate of interest, 

20 



+ 1$ = 100$ by year. 



3 X 100$ by 03 + 2 years ; 

3 (a; + 2)^^^ + l^$ interest. 
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Now this is given to be 105$ interest ; hence the equation 

(* + 2) (^ + l) = 35, 

which reduces to 

a;2 - 13a; + 40 = 0, 
the roots of which are 8 and 5. Hence 8 or 5 years, and 2^ or 4 
per cent. 

Ex. 5. Calculate to. the nearest halfpenny, the true present 
value of a bill for 152/. 8s. payable on December 31, and dis- 
counted on July 17, at 3 J per cent, interest per annum, 
-^lji£ interest =X principal by year 
• l¥k year; 

• • •• (l + 20?7tL)^ ^* '^^ = ^ ^* beginning, 

152-4je at end ; 

Wnrr^ ** begmnmg, 

^ '*"200 X 365 
1524 X 20 X 365 p ^ , . . 
*'^"' 74T69 begmning, 

Le., 149Z. 195. 11^^. 

Hence the true present value is 149/. 195. \\\d. 

EXERCISE V. 

1. What principal invested at 6 per cent, per annum is required to 3neld two 
bursaries, one of the yearly value of 35Z., the other of 172. 10«. ? 

2. A person invests 3,0002. , part at 10 per cent, and the rest at 5 per cent. He 
gets an average of 7 per cent, for his money. How much is invested at each rate? 

3. Find the amount of 5602. in 2^ years at 4^ per cent, simple interest. 

4. In what time will 1,2602. amount to 1,4962. 5s. at 31 per cent, simple interest? 

5. Calculate the interest on 1,5292. for 23 days at 5 per cent. 

6. Find the interest on 3752. 16«. M. for 60 days at 4^ per cent. 

7. A lenda B 2,5002. for 4 months. For how many months should B lend A 
1,5002. in return, the rate of interest being one third higher ? 
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8. At what rate per cent, per annum will 800^. become 9,500^. at simple interest 
in 30 years ? 

9. If 19/. Aa. amount fco 22^. IGs. in three years at simple interest, what is the 
rate per cent, per annum ? 

10. A merchant bought 200 yards of cloth at 69. per yard, payable in three 
months, and sold them one month after at 7«. per yard, payable in four months. 
To pay the purchase money he borrowed for the necessary time at the rate of 6 
X>er cent, per annum. Find his gain or loss on the transaction. 

11. A capitalist borrows 5,0002. in order to complete a sum of 19,O0OZ. he is 
about to lend ; he gains in one year's interest 7952. He borrows in another trans- 
action, at a rate lower by one per cent, than in the previous one, a sum of 
3,5002. to complete a loan of 14,0002.; he gains in this case 6302., lending at the 
same rate as before. At what rates did he borrow and lend in the first 
transaction ? 

12. A man buys a site of 3 acres* 3 roods 15 poles for a house and garden at 
4402. an acre, and spends 3,8082. 15«. in building the house. He lets the premises 
for 3572. 10«. a yesur. What rate per cent, does he get for his money ? 

13. A deduction being made from a debt, 6542. Is, is accepted in discharge of 
6862. 13«. 4d. At what rate per cent, is the deduction made ? 

14. If a sum of 1,0002. becomes due four months hence, what is its present value 
as commonly calculated, and what as correctly calculated, interest being reckoned 
at 5 per cent. ? 

15. A merchant owes a sum of 2,1832. 155. payable in four months from the pre- 
sent time. What sum ought he to pay down in order to satisfy the debt, reck- 
oning interest at 4^ per cent, per annum ? 

16. A sum of 1,9282. 17». is due IJ years hence; what amount should be 
accepted for present payment, reckoning at 3^ per cent. ? 

17. The rate of interest being 7 per cent,, what is the true discount on a sum 
of 1,3562. 13». 4€2. due three months hence ; and what is the interest on the same 
sum for nine months ? 

18. Find the true discount for 259 days on 1002. at 3Jf per cent, per annum, 

19. Calculate the charge for the following : — 

1 cwt. of indigo at 14«. 6c2. per lb. 
1 ton of cloves at 1«, 2d, per lb. 
5 cwt. 3 qrs. 18 lbs. spelter at Ahd, per lb. 
7 cwt. 1 qr, 14 lbs. black tin at 642. per ton. 
Subtract 10 per cent, discount for cash. 

20. Find the difference between the common and the true discount on a bill for 
1002. due a year hence at 5 per cent. 

21. Find the sum payable four months hence, interest being at 2 per cent., 
which will be equivalent to the two following sums : — 4222. 128, 6c2. due three 
months hence at 2} per cent., and 4852. lOs. due five months hence at2|per cent.; 
true discount being employed in all cases. 

22. Goods were bought as follows on Ist April : 6602. on three months, 6002. on 

C 
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4 months, 400^. on 5 months, and 1,1202. on 6 mouths ; find the equated time of 
payment. 

23. At what advance on cost must a merchant mark his goods, so that, after 
allowing 6 per cent, of his sales for bad debts, 7 per cent, of the cost for ex- 
penses, and an average credit of 6 months (money being worth 6 per cent.), he 
may make a clear gain of 15 per cent, on the first cost of the goods ? 



SECTION VI.— COMPOUND INTEREST AND ANNUITIES. 

Art. 32. — ^Bate of Interest. Interest is said to be compound 
when the principal is allowed to grow by the continual addition 
of the interest at the end of a specified interval of time. Hence 
to the specification of the rate an additional specification is added 
— payable yearly, or half-yearly, as the case may be. 

If the rate of interest is given in terms of the year, as, for 
example, 

5j£ interest per 100£ principal per year, 
while the interval at which the interest is to be added to the 
principal is the half-year, we ought first to convert the rate into 
terms of the half-year by dividing by 2. In the above case, 

2-5j£ interest per 100£ principal per half-year, 
or -^xi^ interest per £ principal per half-year. 

Suppose that we have reduced the rate of interest to the form 

t£ interest per £ principal per interval, 
where the interval referred to is the interval between the times 
at which the interest becomes due ; then 

(1 + r)£, at beginning of 2nd interval = £ at beginning of 1st ; 

and _- — £ at beginning of 1st = £ at beginning of 2nd. 

1 -I- r 

Art. 33.— Future and Present Value. Suppose that a sum of 
money is lent at compound interest, for the first interval at 

p£ interest per £ principal per interval, 
for the second at 

q£ interest per £ principal per interval. 
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for the third at 

rJl interest per £, principal per interval ; 
then we have 

(1 +p)£' at beginning of 2nd interval = £ at beginning of 1st, 

(1 + <i)£ at beginning of 3rd interval = £ at beginning of 2nd, 

(1 + r)£, at beginning of 4th interval = £ at beginning of 3rd. 

Hence by rule Art. 10, 

(1 +^)(1 + g){\ + r)£, at beginning of 4rth interval = £ at beginning 

of 1st, 
or (1 +i?)(l +?)(! +r)£ at end of 3 intervals = £ at beginning 

of 3 intervals. 
If the rates of interest are the same, that is, if ^ = ly = r, the rate 
of growth or oifviure value becomes 

(1 + rf£ at end of 3 intervals = £ at beginning. 
And generally for n intervals 

(1 + r)**£ at end of n intervals = £ at beginning. 
The reciprocal rate — the rate of present value — is 

^^£ at beginning of n intervals = £ at end. 

When the period during which the interest accumulates com- 
prises an integral number of intervals and a fraction of an interval, 
the calculation for the fraction of an interval is the same as for 
simple interest. 

Art. 34. — True Disconnt. The rate of increment is — 
{(1 + r)" - 1 } j£ increment = £ at beginning, 
or {(1 + r)" - 1 }£ increment = (1 + r)"£ at end. 

The latter put into the form 



(1 - 7- 1£ discount = £ debt due at end of n intervals 
(1+^)7 
the rate for calculating true discount when compound interest 
ickoned. 

Since (1 + r)- = 1+ «r + ^^^V^ + <ri-\)(n-2)^ _^^^^^ 

1*2 1*2 *«5 
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if we take only the first two terms of this expansion, we get for 
the rate of discount 

( 1 - ]£i discount = £ debt at end of n intervals, 

V 1+nr/ 

which is the same as the rate derived from reckoning interest 

simply. (Art. 30.) 

Art. 35. — ^Annuity, By an Annuity is meant a uniform pay- 
ment made at equal intervals of time, generally a year or a 
half year. It is specified in terms of £> paid per year, with an 
additional specification of payable yearly, or half-yearly, as the 
case may be. We shall suppose that it is payable yearly, but the 
same reasoning applies to any other interval of payment. 

Art. 36.— Amount of an Annuity. To find the rate for the 
amount at the end of m years of an annuity payable yearly, and 
which has been paid at the end of each year in the period. By 
the previous Article, 

(1 + r)""^£ at end of n years = £ paid at end of 1st year, 
(1 + rY~^£> at end of n years = £ paid at end of 2nd year, 
(1 + r)""'JB at end of n years = £ paid at end of 3rd year, 



(1 + rf£ at end of n years = £ paid at end of (n - 2)*^ year, 
(1 + r)£ at end of n years = £ paid at end of (/i - 1)**" year, 
\£ at end of n years = £ paid at end of n^ year ; 

therefore 

1 + (1 + r) + (1 + r)2 + ... + (1 + r)"-2 + (1 + rY'^£ at end of n years 

= £ paid per year, for n years. 
The above terms form a geometric progression, of which (1 + r) is 
the common ratio ; hence their sum is 
(l+r)"-l 
r 
Hence 

i- £ at end of n years = £ paid per year, for n years. 
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The reciprocal rate is 

- — ^^ -£ paid per year for n years = JB at end of n years ; 

(1 + r)** — 1 

from it we find what annuity paid for n years is equivalent to a 

given sum paid at the end of the n years. 

Art. 37. — Beversion of an Annuity. Suppose that an annuity 
will begin to be reaped s years hence, and will continue to be 
reaped for n years. What is its present value ? By the previous 
Article, 

/I . ^\n_ 1 

V 1 £ at end of period = £ per year. 

Now 1£ at present = (1 + /•)"+'£ at end of period ; 

. •. ^ 1 a^^Y^fi ^^ present = £ per year. 

When the present time is the beginning of the period of n years, 
6 = 0, and 

1 i_ 

^ ^—£ at beginning of n years = £ per year. 

T 

Art. 38. — Perpetual Annuity. By a perpetual annuity is 
meant an annuity which is payable for an indefinitely great 
number of years, or half-years, as the case may be. We have 
seen that the value at the beginning of the period of payment is 

1 



1- 



(\ + rY 

^ '-£0 at beginning = £ per year for n years. 



r 

When n, the number of years, is very great 1/(1 + r)* approxi- 
mates to ; hence, for a period containing a very large number of 
years of payment, 

-£ at beginning = £ per year for ever. 

Suppose that the annuity has been paid for a finite number of 
years, the value of the remainder when it begins to be paid is still 

~ £ at present = £ per year for ever. 
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The present value of any permanent property is connected with 
its annual value by the above rate. The value 1/r gives the 
number of years^ purchase. It is considered as so many years, 
which, multiplying the annual income, gives the present worth of 
the property. 

Similarly, according to the preceding article, 
l^(l+r)-" 
r 
is the number of years' purchase for a uniform annual payment 
extending over n years. 

In the following table Q denotes any unit of value. The table 
of entries, though short, is sufficient to give, with the aid of one 
multiplication, the entry for any year up to 59. For example, 
take 36 years. Multiply together the values for 30 and for 6 
by the method of contracted multiplication. (See Example 2 
following.) 



Rate of Impkovement of Money at Compound Interest. 
(1 +r)'» G at end of n years = G at beginning of n years. 



A 


8 per Cent 


4 per Cent. 


6 per Cent. 


6 per Cent. 


0+4)- 


o+i^r 


O-^lfo)" 


0+i^r 


1 


1-030000 


1-040000 


1-050000 


1-060000 


2 


1-060900 


1-081600 


1-102500 


1 123600 


3 


1-092727 


1-124864 


1-157625 


1-191016 


4 


1125509 


1-169859 


1-215506 


1-262477 


5 


1 -159274 


1-216653 


1-276282 


1-338226 


6 


1-194052 


1-265319 


1-340096 


1-418519 


7 


1-229874 


1-316932 


1-407100 


1-503630 


8 


1-266770 


1-368569 


1-477455 


1-593848 


9 


1-304773 


1-423312 


1-551328 


1-689479 


10 


1-343916 


1-480244 


1-628895 


1-790848 


20 


1-806111 


2-191123 


2-653298 


3-207135 


30 


2-427262 


3-243398 


4-321942 


5-743491 


40 


3-262038 


4-801021 


7-039989 


10-285718 


50 


4-383906 


7 106683 


11-467400 


18-420154 
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Given the above table, the calculation of elementary tables of 
the same kind for the other rates of this section is not laborious, 
provided a table of reciprocals is at hand. The exercise is all the 
more valuable because the results can be compared with the 
published tables. 

Examples. 

Ex. 1. — What is the equivalent of compound interest at 2| per 
cent, per quarter, payable each quarter, in terms of per cent, per 
annum, payable each year ? 

1 + -j^o^B at end of 1st quarter = £ at beginning, 
1 + -^js^ at end of 2nd quarter = £ at end of 1st, 
1 + -^^£ at end of 3rd quarter = £ at end of 2nd, 
1 + ,^^£ at end of 4th quarter = .£ at end of 3rd ; 
(1 + -ijsY£, at end of year = £ at beginning ; 
(1 + :jV)* -- ^^ interest = £ principal by year, payable yearly ; 
100{(1 + -^Y - 1 }£ interest = 100£ principal by yeai\ 

Now, (l.,V)^ = 1^4,V-.6-^^.4^3-H^; 

100(1 + ,^,)4 = 10 + i + tJtt + 3,7^^. 
The first approximation to the value is 10, the second lOf, 
the third lO^Vu, and the full value is lO^VsVu- The first ap- 
proximation is equivalent to reckoning simple interest. 

Ex. 2. — Find the amount at compound interest, payable yearly, 
at the end of four years, of 2,345£, the rate of interest for the 
first year being 4 per cent, for the second 5 per cent., for the 
third 6 per cent., and for the fourth 7 per cent. 
2,345£ at beginning, 

1 + Tou«^ at end of 1st = \£ at beginning, 
1 + T^iy-^ at end of 2nd = \£ at end of 1st, 
1 + Tuu'^ at end of 3rd = 1£ at end of 2nd, 
1 + tStj^ at end of 4th = l£ at end of 3rd ; 
hence, 2345 x 1-04 x 1-05 x 106 x 1-07^ at end of 4th. 
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The calculation is as follows : — 
Three places of decimals in the answer are sufficient, 
for a farthing is very nearly the thousandth of a 
pound. Hence, when the decimals amount to 4, we 

begin to apply contracted multiplication. Put the 

2438-80 highest figure of the multiplier under the lowest figure 
1*05 to be retained, reverse the order of the figures of the 
multiplier, and begin the multiplication by a figure at 
the figure of the multiplicand below which it falls. 
By this means we are able to cut off the unnecessary 
figures. 

Ex, 3. — Find the number of years in which 1,000£ 
will amount to 2,400£ at 5 per cent, per annum, com- 
pound interest, payable yearly. Given log 3 = '47712, 
log 5 = -69897, and log 7 = -84510. 
Suppose in n years, then 

(1 1 ^V)"^ *^ ^^^ = £ at beginning, 
1000£ at beginning, 

1000(l+^Vr«^atend. 
But the amount at end is given to be 2400.£ ; 
1000(1 + ^\j)" = 2400, 

.-. n{log3+log7-log5-21og2} =log3 + 21og2-log6, 
^^ log 3 + 2 log 2 - log 5 
log 3 + log 7 - log 5 - 2 log 2* 
All the logs are given directly, excepting log 2. 
Now log 10 = log 2 + log 5, 

log 2= l-log5; 

log 3 - 3 log 5 4- 2 



2345 
1-04 

9380 
2345 



1219400 
243880 

2560-7400 
601 

25607400 
1536444 

2714-3844 
701 

27143844 
1900069 

2904-3913 

B^ decimaliB- 

ing we get 
2,904J. 7». lOd. 



2-47712 
2-09691 

•38021 



log3- 



log 7 + log 5 - 2 
•47712 
-84510 
•69897 

•02119 
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« 38021 ,„ 

Ex. 4. — ^A tenant whose annual rent is 400£, due at the end of 
each year, wishes to pay the whole of his rent in advance at the 
beginning of a nineteen years' lease ; what sum ought he to pay, 
interest being reckoned at 4 per cent per annum ? 
400£ per annum, 

^ 5^^ £ at end of 19 years = £ paid per annum, 

IjB at beginning of 19 years = (1 + i-^y^£> at end ; 
. • . 400 X 25{1 + ^V)^* - 1}(1 + 7^)"^^^ at beginning. 
Le. , 10000 { 1 - (f^)i»} £ at beginning. 

log26 = 1-39794, 
log 26 = 1-41497, 
log Iv =1-98297, 
and 19 log^ = 19 x 1 + 19 x -98297, 
= 1-67643, 
(||)w= -47472. 
Hence the sum is 5252£ + , 

EXERCISE VI. 

L Find the simple and the compound interest on 378^. for three years at 5 per 
cent, per annum. 

2. Find to a penny the compound interest on 377*572. for 3 years at 3} per cent. 

3. Which is greater, and by how much — the simple interest on 20Z. for 3 years 
at 5 per cent., or the compound interest for the same time at 4^ per cent. ? 

4. Find the amount, at compound interest, of 2002. for 3 years at 5 per cent, 
per annum. 

6. A sum of money amounted to 4652. 2*. in 2 years at 5 per cent, compound in- 
terest ; what was the sum ? 

6. Find the amount, at compound interest, at the end of 2 years, of 1232. at 4 
per cent, per annum, payable half-yearly. 

7. In-how many years will a sum of money double itself at 5 per cent, compound 
interest? 

8. A noble Scotch family have retained in their possession since the death of 
the Begent Murray in 1570, 5002. in gold coins. Find to what this sum would 
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have amounted by the present year (1884) if it had been invested at 6 per cent, 
compound interest. 

9. Find to the nearest shilling the present value of 273^., payable after 3 years, 
the rate of interest being 3 per cent, per annum. 

10. Find the compound interest and true discount on 800?. for 3 years at 5 per 
cr.nt. 

11. The present value of a certain debt due 3 years hence is 1122. 10«. In 2 
years' time, if it is not paid, its value will be 1202. 2«. 6(2. What is the debt? 

12. A gentleman leaves his property, worth 4000Z., to be divided between his 
sons, who are aged respectively 15 and 18 years at the date of his death. What 
sums ought his executors to set apart for the sons in order that they may receive 
the same amount on coming of age, taking the price of money at 5 per cent, per 
year? 

13. A ship is valued at 14,7202. What sum should be insured at 8 per cent, 
by a person who owns one sixteenth of the ship, so that in case of loss he may re- 
cover both his share of the vessel and his insurance ? 

14. A gentleman insured his life for 2502. at a premium of 52. per annum ; he 
died after n years, and the insurance office neither gained nor lost in the tran- 
saction. Find 71, reckoning compound interest at the rate of 5 per cent, per 
annum. 

15. Find the present value of an annuity of 502. payable for 12 years, first, 
when the annuity begins to be paid at the end of 1 year hence; and, second^ 
when it begins to be paid at the end of 10 years hence. Money at 3 per cent, per 
annum. 

16. Find the amount accumulated at the end of 3 years by a person who in- 
vests 5002. now, and does the same at the beginning of each succeeding year, at 8 
per cent. comx>ound interest. 

17. A county borrows 150,000 dols., to be paid off, principal and interest, in 20 
equal annual instalments. Find the annual payment, interest at 6 per cent. 

18. A cargo of goods was insured at 3^ per cent, on the price they were ex- 
pected to fetch abroad, which was 20 per cent, over the price paid at home. The 
insurance came to 1172. 10^. Find the cost price of the goods. 

19. How many years will it take 1002. to accumulate to 5002., at 4 per cent, 
compound interest ? 

20. What is the rate of interest corresponding to 16 years* purchase ? 

21. The reversion of a freehold estate worth 2002. per annum to comn^ence 
4 years hence is to be sold. Ascertain its value at 5 per cent, compound interest. 

22. Required the commutation for a perpetual pension of 4,0002. per annum, 
taking money at 4 per cent. 

23. What is the number of years* purchase when 3 per cent, consols are bought 
at 96? 
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SECTION VII.— SHARES AND STOCKS. 

Art. 39. — Shares. By Shares is meant the equal sums of 
money by which the capital of a public company is at first brought 
together. The original or nominal value of a share is the amount 
of money subscribed to the undertaking by a person for each, 
share he receives; it is expressed in the form m£ nominal per 
share. Generally a portion of the value of a share is paid on. 
application therefor, another portion on allotment, and tho 
remainder may be called up at intervals as required by the state 
of the company. Hence besides the nominal value of a share wa 
may have its paid-up value. 

Art. 40. — Premium, Par, Discount. A person who has in- 
vested money in the shares of a company, may afterwards wish ta 
exchange his shares for cash ; the price received for a share will 
depend on the degree of prosperity of the company. Suppose 
that he sells at n£ per share. If n is greater than m, the shares 
are said to sell at a ^f^emium^ the rate of premium being 

{n - m)£ premium per share. 
If n is less than m, the shares are said to sell at a discount, the: 
rate of discount being 

(m - n)£, discount per share. 
If n is equal to m, the shares are said to sell at par. 

Art. 41. — Stock. So long as the shares are not fully paid up,, 
the capital of the company is sold only in shares ; but when that 
has been done the shares are blended into one stock, and any 
integral number of pounds of the stock can be sold. The price of 
the capital of the company may then be no longer quoted at sa 
much per share, but' at so many £ cash for 100£ stock. 

The portion of the profit accruing in the course of a year or a. 
half year which it is thought safe to distribute is called the yearly 
or half-yearly dividend. It is divided among the shareholders in. 
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proportion to the number of shares, or the amount of stock, held ; 
hence we have rates of the form 

d£ dividend per share, 

d£, dividend per 100£ stock. 

Art. 42. — Government Stocks or The Funds. When the Gov- 
•emment borrows a sum of money temporarily, it gives notes to 
the persons who advance the money acknowledging the amount 
received, and agreeing to pay interest at so many pence per cent, 
per diem until the money is repaid. These notes are called 
Exchequer Bills, and they may pass from one person to another. 
Before the Revolution of 1688, it was customary to pay off tem- 
porary loans by raising a special fund ; but since then it has 
frequently been the practice of the Government not to pay off the 
lenders, but to give them the right to a perpetual annuity 
equivalent to the sum advanced. This is now called funding the 
debt 

The annuity which is commonly offered is 

3£ per annum per 100£ debt. 
If, on converting a temporary loan into a permanent loan, 3£ per 
annum per 100£ debt is not considered a full equivalent, the sum 
lent is changed to a correspondingly-increased amount in the 
register of fund-holders. This changing of the amount of debt 
so as to keep the value of the annuity constant has been done 
with the view of facilitating the calculation of the sums due to 
the different fund-holders. 

The amount of money upon which the annuities are reckoned 
is called Government Stock, the Funds, or the National Debt. It 
consists of several classes of stock, as the " 3 per cent. Consols," 
so called because various stocks were consolidated into one uniform 
«tock; the "3 per cent. Reduceds," so called because several stocks 
paying higher annuities were reduced to 3 per cent, etc The 
annuities are payable half-yearly, and the total sum paid is spoken 
of as the half-yearly dividend. 
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The Government reserve the right to pay off any amount of 
stock by an equal amount of cash ; but a fund-holder cannot^ 
on his own motion, get cash for his stock unless by selling it 
to a third party. Government stock is sold at the rate of so- 
many £ cash for lOOX stock. 

Art. 43. — ^Brokerage. The purchase or sale of stock is usually 
made through a middleman called a stock-broker. The commis- 
sion which he charges is called brokerage ; it is usually at the rate 
of \£ per lOOje stock bought or sold. 

Brokerage is charged both from the seller and from the buyer, 
so that the gain to the stockbroker, provided the two prices are 
the same, is at the rate of 

\£ per \00£ stock bought and sold. 

Art. 44. — Equivalent Amounts of Stock. Let us consider 
two kinds of stock, distinguishing them as A and B, Let their 
rates of dividend be 

3^ dividend per year = lOOje of A stock, 
4<£ dividend per year = 100i> of B stock ; 
the reciprocals of these rates are 

^ X 100£ oi A = £ per year, 
and \ X 100£ oi B = £ per year ; 

hence i£ of B = -}£ of A, 

or 3£ofB = i£ofA, 

or 75£oiB = 100£of^. 

Here the equivalence is in respect of producing the same amount 
of income. Thus, having given a number of stocks, we can 
select a given amount (say £100) of one of them, and find the 
amount of each of the others which produces an equal amount of 
income. 

The price of a stock (other things being equal) is in proportion 
to the income which it brings in. Hence 76£ of B will fetch 
the same amount of cash as 100£ of A ; and the rate connecting 
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the prices which will fetch equal amounts of the two stocks will be 

100£ cash for B = 75£ cash for A. 
This rate of equivalent prices is the reciprocal of the previous rate 
of equivalent stocks. 

Examples. 

Ex.\, A man buys 650Z. stock in the 3 per cents, at 90, and 
invests £400 in the 4 per cents, at 110; find the whole sum 
expended, and the annual income secured. 

90£ paid = 100-£ stock, 
650£ stock ; 

65 X 9£ paid, i.e., 585£. 
Hence the whole sum expended is 985£. 

Again, 3£ per year = 100J& stock, 

650£ stock ; 

3 X 6-5X per year. 
Again, 4£ per year = 100£ stock, 

100£ stock = 110£ invested, 
400X invested ; 

4 X 400 « 

.-. -jj^£ per year, 

t.6., 14*54£ per year. 

Hence the total income is 34-045.£ per year, 

i.6., £34 05. \\d. per year. 

Ex, 2. A person invests 1,271£ in the 3 per cents, at 93; how 
much will he gain by selling out at 94 J ? 

93£ paid = 100£ stock, 
94 J£ received = 100£ stock; 
.-. 94J£ received = 93£ paid, 
1J£ profit = 93£paid, 
l,271£paid; 

1,271 x9p^^^fl. 
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ie., -^^ profit, 

o 

i.e,, £15 75. 6d profit. 

Ex, 3. Which is the better investment — bank stock paying 10 
per cent, at 319, or 3 per cent, consols at 96 1 
In the first case, 

10£ per year = 319£ cash, 
ie., 1/31 ^X per year = £ cash. 
In the second case, 

Z£ per year = 96£ cash, 
/, 1/32 per year = £ cash. 
Hence the former is better by 



(3^9 '^2)^^''^""'===^^*' 



which is about - -£ per year = 100£ cash. 

Ex. 4. A person has $20,000 invested in stock paying 6 per 

cent, which he sells and invests in stock paying 7 per cent, at 

87 J. If the increase in his income be $40, what is the price of 

the first-named stock ? 

$20,000 stock, 

6$ income = 100$ stock ; 

1,200$ income. 

Again, 20,000$ 1st stock, 

X $ cash = 100$ 1st stock, 

100$ 2nd stock = 87-5$ cash, 

7$ income = 100$ 2nd stock; 

a;200 x 7^. . 
:!____$ mcome, 

i.e,y 1 60;$ income. 

Now, it is given that 

16a;- 1200 = 40; 
«=77J. 
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Ex. 5. A,B, and C went into a joint-stock business, in which A 
invested 60^.; j5, 60^.; and C, 80£. B withdrew his money after 
10 months, but A and G continued in the business for 6 months 
longer and then wound it up. The total profit was found to be 
335£. How much should each receive ? 

A, 800£ by month, 

B, 600£ by month, 
(7, 1,280^ by month. 





Total, 


2,680£ by month. 


Hence 


335£ dividend = 2,680je by month. 


i.6., 


\£ dividend = 8£ by month. 


Hence A gets 




100£ dividend, 


J? gets 




75£ dividend, 


(7 gets 




160^ dividend. 

EXERCISE VII. 



1. How much 4 per cent, stock at 96 can be bought for 1,0002. ? AVhat annual 
income wiU it produce ? 

2. Find the income of a person who invests 10,098Z. in the 3 per cents, at 93|, 
I>aying his broker | per cent. 

3. What sum must be invested in the 3} per cents, at 104 to obtiiin an income 
of 3292. ? 

4. A person invests 1,0002. in the stocks at 92}. At what price must he seU out 
to clear 502. ? 

5. A person buys 1,0002. 3 per cent, stock at 961 ^''^^ ^^ out at 88}. How 
much does he lose thereby? If he reinvests his money at 4 per cent., find the 
alteration in his income. 

6. I sell out 5,0002. four per cent, stock at 108, and with the proceeds buy five 
par cents, at 120 ; what is the change in my income ? 

7. What must be the price of a 6 per cent, stock in order that money invested 
in it may yield 4} per cent. ? 

8. If a person were to transfer 29,0002. stock from the 3} per cents, at 99 to the 
3 per cents, at 90g, what would be the difference in his income ? 

9. A proprietor of 3 per cent, consols receives his half-yearly dividend and lays 
it out in the purchase of more consols at 90. His next half-year's dividend is 
4572. 108. By how much does this dividend exceed the former? 

10. What must be the price of consols in order that, after deducting income-tax 
of 5(f . in the £, there may remain a dear return of 3| per cent, on the cost ? 
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11. A stock is paying 5 per cent, dividend, but after seven years the dividend 
is to be reduced to 4 per cent. What ought to be paid per 100^. share, the value 
of money being 4 per cent. ? 

12. A person invests 5,445$ in stock paying 6 per cent, vrhen at 90|, and on the 
stock rising to 91 transfers to another stock paying 7 per cent., which is selling at 
97} ; how much is his income increased ? 

13. A man invests 3,600^. in 3 per cent, stock at 90. He sells out at 80, and 
lends gths of his money at 4 per cent., and gths at 5 per cent. How long must 
the loan last, so that when he re-invests his money in 3 per cents, at 90, his gain 
on interest (simple) may exactly equal his loss upon principal? 

14. A person has an income derived from 3,360Z. which was originally invested 
in the four per Cents, at 96. If he now seUs out at 94, and invests one half of the 
proceeds in railway stock at 82^, which pays a dividend of 3 per cent., and the 
other half in bank stock at 164}, paying 8} per cent, dividend, what difference 
will he find in his income ? 

15. A certain 3 per cent, stock is at 91}, and a 4 per cent, stock at 123. One 
person buys 1,0002. stock in each, and another person invests 1,0002. in each ; 
compare the respective rates of interest obtained by the two on their whole 
investments. 

16. The capital of a trading company consists of 4,000 A shares of 802. each and 
2,000 B shares of 252. each ; in dividing the profits 5 per cent, of the amoimt of 
each share is first paid, and then the remainder, if any, is divided equally 
amongst the shareholders. The profits of the undertaking in one year were 
34,8532. 128. 6Jc2. How much would be paid to the holder of an A share and how 
much to the holder of a JB share ? 

IT, A buys 1002. of 3 per cent, stock at 90, and B buys 1002. of 4} per cent, 
stock at 135 ; what return per cent, will each get for his money ? 

18. A man has 1,5832. 17^. lid, in 3 per cent, stock, and 9822. 128. M, m 3} per 
cent, stock ; he transfers a certain sum from the former to the latter when the 
stocks are at 91 and 98 respectively, and thus makes the income derived from 
each the same. How much has he finally in 3 per cent, stock ? 

19. A dividend is announced at the rate of 6} per cent., free of income-tax. 
What is the rate, not free of income-tax, when the rate of the tax is fivepence 
per£? 

20. The Chancellor of the Exchequer proposes to reduce the 3 per cents, to 2| 
per cents., giving the fund-holder the option of being paid at par or of receiving 
1022. of the new stock for every 1002. of the old. What percentage of gain or loss 
in his income does a fund-holder sustain who chooses the latter alternative? 

21. It is proposed to issue a new 2} per cent, stock at 1082. Find the percentage 
retmm to be obtained by investing in it. 

22. A man invests 1,0002. equally in shares of two banks. The shares of the 
one are at 3 per cent, discount, and of the other at 5 per cent, premium ; the 
price of stock in the former suddenly rises 7 per cent., and that in the latter falls 

D 
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6 per cent, lower than when the purohase wm made. If the man now sells out 
what will he gain or lose ? 

23. The expense of constructing a railway is 1,000,0002., of which 40 per cent, 
is borrowed on mortgage at 6 per cent, and the remainder is held in shares ; what 
must be the average weekly receipts so as to pay the shareholders 5 per cent., the 
working expenses being 65 per cent, of the gross receipts? 

24. A company with a capital of 200,000/. paid 7 per. cent, to the shareholders ; 
afterwards a new issue of stock was ordered, and the profit to be divided became 
six times as much as at first, yet the company could pay only 3 per cent, divi- 
dends ; find the amount of new stock issued. 

25. The total amount of the three categories of three per cent, stock is 
612,000,000/. By how much would the National Debt be increased by the con- 
version of the whole of this stock according to the proposal of Question 20? 



SECTION VIII.— EXCHANGK 

Art. 45. — Foreign Money. The units of value in use in the 
principal countries of the worid are given in the accompanying 
table, together with their approximate equivalents in sterling 
money. It will be observed that several Monetary Unions have 
been formed. 

Art. 46.— The Latin Union. The Latin Union was instituted 
by France, Belgium, Switzerland, and Italy in 1865 ; since then 
it has been joined by Greece, Spain, Koumania, and Servia. The 
units are the franc and the centimey which is the one hundredth 
part of the franc ; there is also the dedm^y the tenth part, but it is 
not much used. These units have been adopted by all the coun- 
tries mentioned, but in some cases under different names. Some 
of the latter countries have not yet adopted the standard of the 
Union. 

The standard is gold ; and the standard fineness is 900 parts by 
weight of pure gold in 1,000 parts by weight of the alloy. The 
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gold coins are the 20-franc piece called a Napoleon, 100-franc 
piece, 50-franc piece, 10-franc piece, and 5-franc piece. The 
weight of the 20-franc piece is 6-45161 grammes, and that of any 
of the others is in proportion to its indicated value. 

The silver coins are 5 francs, 2 francs, 1 franc, \ franc, \ franc. 
The millesimal fineness of the 5-franc piece is 900 ; that of the 
others is 835. A silver 5-franc piece weighs 25 grammes ; it is at 
present legal tender for any amount, thus making the standard in 
a manner double. The other silver coins are only token money. 

The bronze coins are — 
10 centimes, having a weight of 10 grammes and diameter of 30 

millimetres. 
5 centimes, having a weight of 5 grammes and diameter of 25 

millimetres. 
2 centimes, having a weight of 2 grammes and diameter of 20 

millimetres. 
1 centime, having a weight of 1 gramme and diameter of 15 

millimetres. 

Art. 47. — United States. The units of value in American 
States were founded on the old Spanish silver dollar, the value of 
which fluctuates between 35. 6d and 45. M, sterling, according to 
the price of silver. 

In the United States the standard is practically the single gold 
standard. The fundamental unit of value is denominated the 
eagle. The eagle is 258 grains in weight, and its fineness is 900 
grains of pure gold in 1,000 grains of the coin. 

The unit of account is the dollar, defined as the tenth part of 
the eagle. It is equivalent to 10 dimes, or 100 cents, or 1,000 
mills ; but only dollars and cents are used in accounts. 

The gold coins are (besides the eagle) double-eagle, half -eagle, 
3-dollar, 2|-dollar, dollar, all of the fineness of the eagle, and 
having a weight in proportion to their indicated value. 
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The silver coins are dollar, half-dollar, quarter-dollar, 10-cents, 
5-cent8. 
There is a nickel 5-cents and a copper-nickel cent. 

FOREIGN AND COLONIAL UNITS OP VALUE. 



Latin Union — 
France, - - \ 
Belgium, " - f 
Switzerland, . ) 

Italy, 

Spam, - . - 
Greece, - 
Roumania, 
Servia, - - - 

Scandinavian Union — 
Denmark, - *| 
Sweden, - - > 
Norway, - - j 

Germany, 

Austria, - - - 

Netherlands, - 

Russia, - 

Turkey, - 

Portugal, 

Brazil, 

Dollar Countries— 
United States, 
Canada, 
Mexico, 
Chili, - 
Peru, 
Japan, - - - 

India, - - - 
China, - - - 

Australia, - ) 
South Africa, - > 
British West Indies, '' 



1 franc - 100 centimes, ...... 

1 lira- 100 centesimi, 

1 peseta - 100 centesimos, - - . . 

1 drachme - 100 lepta, 

lleu-lOObans, 

1 dinar - 100 paras, 

1 krone - 100 orer, 

1 mark - 10 groschen - 100 pf ennige, - 

1 gulden - 100 kreutzer, . . . . 

1 guilder - 100 cents - 20 stivers, - 

1 rouble - 100 copecks, 

1 medjidie = 100 piastres, - - . . 

1 milrei - 1000 reis, 

1 milrei - 1000 reis, 

1 dollar - 100 cents, 

1 dollar - 100 cents, 

1 dollar » 100 cents, 

1 peso - 100 centavos, 

1 sol - 100 centesimos, 

1 yen - 100 sen, 

1 rupee - 16 annas =■ 64 pice - 192 pie, - 

1 tael - 10 mace » 100 candareens » 1,000 cash. 



1 pound sterling » 20 shillings - 240 pence. 



Approx. 
equiv. 



«. d. 

9^ 



1 n 



Ollf 


1 ii4 


1 


8 


3 


2 


8 





4 


5 


2 


2h 


4 


^ 


4 


!■ 


4 





3 


9 


3 


114 


4 


1 


1 


lOi 


5 


2 



" Milliard '» - 1,000 miUion francs. " Lac " - 100,000 rupees. 
* * Crore " - 10,000, 000 rupees. * * Conto " - 1,000 mihreis. 



Art. 48. — Germany. One system extends over the different 
States of the German Empire. It was established in 1876. The 
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standard is gold ; 900 parts fine in 1,000 parts of alloy. The 
cold coins are 20-mark pieces, lO-mark pieces, 5-mark pieces. 
The weight of the 10-mark piece is 3-982477 grammes ; the others 
have weights in proportion to their values. The silver coins are 
5-mark, 2-mark, 1-mark, 50-pfennige, 20-pfennige. Their mil- 
lesimal fineness is 900, and they are legal tender up to 20 marks. 
The " thaler " silver pieces have not yet been demonetized ; they 
continue to be legal tender for three marks. 

Art. 49. — The Scandinavian Union. The standard of the 
Scandinavian Union is also gold. The gold coins are lO-kroner 
and 20-kroner, having a millesimal fineness of 900. The weight 
of the former coin is 4*480286 grammes. The krone itself is 
represented by a silver coin which is legal tender up to 20 kroner 
only. This Monetary Union was instituted in 1875. 

Art. 50. —Par of Exchange. By the par of exchange is meant 
the rate connecting the unit of value of one country with the unit 
of value of another country, the intrinsic value only of the units 
being considered. When both units are defined in terms of gold 
of a constant fineness, the value of the rate is invariable ; but 
when one of the units is defined in terms of gold, and the other 
in terms of silver, the value of the rate fluctuates with the price 
of silver. 

Example of the first case : To find the par of exchange between 
the jpownd and the franc 

1 pound = 123*274 grains of standard gold, 
12 grains of standard gold = 11 grains of pure gold, 
15*432 grains = 1 gramme, 
9 grammes of pure gold = 10 grammes of standard gold, 
1,000 grammes of standard gold = 3,100 francs ; 

12 X 15*432 X 9 pounds = 123*274 x 11 x 31 francs, 
which, when reduced, becomes 

25*222 francs = pound. 
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Obsei-ve — The third equivalence is true universally, but all that 
is required for the reasoning is that 

15*432 grains of pure gold = 1 gramme of pure gold. 
Example of the second case : To find the par of exchange be- 
tween the pound and the rupee^ when silver is at 5$. per oz. of 
standard fineness (37 parts pure in 40 of standard). 
A rupee contains -J- oz. of silver, \^ fine. 

1 rupee = f oz. of standard silver, 
12 oz. of standard silver = 11 oz. of pure silver, 
37 oz. of pure silver = 40 oz. of standard silver, 
1 oz. of standard silver = ^Od, ; 

12 X 37 X 8 rupees = 3 x 11 x 40 x 60 pence, 
which reduces to 

. 22*3 pence = rupee. 

PARS OF EXCHANGE. 
(Extracted from Tate's Modem Cambist). 

BOTH STANDARDS GOLD. 



Commercial Centres. 


Par of Exchange. 


Common Value. 


Paris and London, 


25-2215 francs = £ 


25-22 


Amsterdam 




12-1071 florins = £ 


12 


Berlin 




20-42945 marks = £ 


20-42J 


New York 




4-866564 dols. = £ 


4-86f 


Lisbon 




53-285 pence = milreis 


63A 


Copenhagen 




18-15952 kroner = £ 


m 


Vienna 




10-215 florins = £ 




St. Petersburg 




38-177 pence = rouble 




Montreal 






4-86| 



ONE STANDARD SILVER. 

Price of silver taken at 55. per oz. of standard fineness. 
Calcutta and London, 22-3 pence = rupee 
Shanghai „ 70-95 pence = tael. 
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It will be observed that the rate it sometimes expressed in the 
reciprocal form. The reciprocal is in these cases the customary 
form. The independent unit is called the fixed price, and the 
dependent quantity the variable price. 

Art. 51. — Deduction of Approximate Batea. We have found 
that 25*22 francs = 1 pound, 

or 2522 francs = 100 pounds, 

or, dividing by 2, 1261 francs = 50 pounds. 
As the numbers 1261 and 50 are prime to one another, it is 
impossible to simplify the fraction further. But a series of ap- 
proximations can be derived, and the process for deriving them is 
as follows : — 

50)1261(25 
100 

261 
250 

11)50(4 
44 

"6)11(1 
6 

1)6(1 
5 

1)5(5. 
The greater number is divided by the less, the less by the re- 
mainder, and so on until there is no remainder. From the 
division we derive 

^261 = 25+ 1 



50 , 1 

; — j" 
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The first approximation is 25, 

The second approximation is 25 + J « 101/4, 

The third approximation is 25 + — - = 126/5, 
The fourth approximation is 25 + — « 227/9, 



4 + 



-J 



the fifth being the full value. Hence the approximate pars, 
beginning with the roughest, are 

25 francs = 1 pound, 

101 francs = 4 pounds, 

126 francs = 5 pounds, 

227 francs = 9 pounds. 

The above process is called the process of continued fractions, 

and the several approximations to the given fraction are said to 

be convergents to it 

Art. 62. — Course of Exchange. By the course of exchange is 
meant the rate connecting the units of value of two countries, 
according to which bills of exchange for the time being are nego- 
tiated. A bill of exchange is a written order for the payment of 
a specified sum of money. The credit and debit accounts of two 
countries can be settled by means of bills, without the transference 
of coin, provided the credit and debit are equal In general there 
will be a diflFerence, and the existence of this diflFerence affects 
slightly the rate of exchange. In the country to which the 
balance is favourable, the exchange for its unit of value will be 
somewhat higher than the par amount ; in the country to which 
the balance is unfavourable, the exchange for its unit of value will 
be slightly less than the par amount. This is owing to the rela- 
tive abundance or scarcity of bills of exchange. The course of 
exchange never exceeds the par of exchange by more than the cost 
of sending coin or bullion. 
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Wlien the bill is not payable until the expiry of some months, 
the coarse of exchange is further afifected by the deduction of in- 
terest due to deferred payment When the course of exchange 
involves interest it is said to be long ; when it does not involve 
interest it is said to be short. 

Suppose that the course of exchange between Paris and Lon- 
don is 

25-50 franc = £. 
Since the par of exchange is 

25-22 franc = ^, 
we deduce 25*50 - 25-22, i.e., '28 franc premium = £. 

If the course of exchange is less than the par, for example, 
25-15 franc = £; 
then 

•07 franc discount = £, 
When the course of exchange is equal to the par of exchange, the 
exchange is said to be at par. 

Art. 53. — Indirect or Arbitrated Bates of Exchange. The 
indirect rate of exchange between two places is the rate deduced 
from the direct rate of each with respect to a third place. There 
may be more than one intermediate place. 

For example. — The direct rate of exchange between London 
and Berlin is 20-66 marks = ^, and the direct rate between Berlin 
and Paris is 81 marks = 100 francs; deduce the indirect rate of 
exchange between Paris and London, 

20-66 marks = £, 
100 francs = 81 merks ; 
.-. 2066 francs = £, 
le., 25-50|^ francs = £. 

Examples. 

Ex. 1. Convert 10,000 francs into sterling money, when exchange 
is at 25 francs 20 centimes per £ sterling. 
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25-20 francs « £, 
10,000 francs ; 
10,000p 
25-20 ' 
i.«., 396£ 165. 6<f. 

^a;. 2. Express 1,000 dollars in francs ; given that 1 dollar is 
equivalent to 4^. 1^., and one franc to 9|d 
1,000 dollars, 
49*5 pence = 1 dollar, 
1 franc — 9-5 penny; 
... 1.000; 495 f^^^ 

99,000 

i.e., 5,210 francs 53 centimes. 
Ex, 3. The fineness of English silver coin is 37 parts by weight 
of silver to 3 parts by weight of alloy ; express its fineness in 
milli^mes. 

Let M denote any unit of weight (see Art 54), then 
37 M silver + 3 M alloy =: 40 M standard ; 
H 1^ silver = 1 M standard ; 

37_xlOO 1^ gjj^^j. = 1000 M standard, 
4 
*.«., 925 „ =1000 „ 

EXERCISE Vm. 

1. A Grerman 20-mark piece is worth -979^.; find to the nearest farthing the 
value in English money of 3725*39 marks. 

2. Given that the United States doUar is equivalent to 48. \\d.; find the equi- 
valent in American money of the several current British coins, 

3. Beduce 40,000 dollars to pounds sterling and to francs, taking par of ex- 
change. 

4. From the tahle of pars of exchange deduce the par of exchange between 
Paris and New Tork, and between Berlin and Paris. 

5. Exchange 78/. 6«. 8(2. into francs at25*24i. 

6. Exchange a milliard into pounds sterling at 25*22. 
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7. Exchange 1,000 marks into pounds sterling at 20*45 marks per £. 

8. Exchange 1,000 miheis into sterling money at 52(^. per milreiB, 

9. Exchange £100 into roubles at 26(2. per rouble. 

10. Exchange 10,000 dollars into pounds at 4S§ dollars per £10. 

11. The direct exchange between St. Petersburgh and Berlin is 215 marks = 100* 
roubles, and that between Berlin and Vienna is 175 marks = 100 florins ; what is. 
the arbitrated rate between St. Petersburgh and Vienna ? 

12. A money-changer buys francs for 9^. each, and sells them at the rate of 
25 for a sovereign. How much money must pass through his hands in this way 
in order that he may gain £150? 

13. A Canadian Company borrows in Paris 294,000 francs for which it pays an 
annual interest of 2,920 dollars. This loan is transmitted through London when 
exchange in London is quoted at 25*30 francs, and sterling exchange is 109§.. 
Find what rate of interest the Company pays on the money actually received. 

14. Aquantityof sugar, valued at 42, 134 dollars Spanish gold, was enteredfor duty^ 
at 30 per cent. In consequence of Spanish gold having been taken at par, whereas, 
it was only worth 92} cents on the dollar, a refund of duty was afterwards claimed. 
Calculate the amount. 

15. The full weight of the sovereign is 123*274 grains ; its fineness is 22 carats.. 
What is the weight of gold in a sovereign ? 

16. The value of an ounce of the gold of which sovereigns are made is 3Z. 17«. lOjd,, 
What is the weight in pounds troy of 46,725 sovereigns? 

17. How many " Napoleons'' are required to weigh a kilogramme? 

18. At New York a bill of exchange on Dublin for £720 cost 3,472 dollars; fin<t 
the course of exchange. 

19. A Glasgow merchant ships to his Montreal agents for sale goods for which 
he pays £616 sterling in Glasgow. He pays an ad valorem duty of 12 per cent, 
upon the goods, and a commission of 7 per cent, to his agents for their services. 
The goods realize in Montreal 7,800 dollars. Find the merchant's net gain, a 
pound sterling being equal to 4*86 dollars. 



CHAPTEK SECOND. 

GEOMETRICAL. 

SECTION IX.— LENGTH. 

Art. 5i, — (Jeneral Unit. The idea of length is one of the 
fundamental ideas of exact science. We shall denote, following 
Clerk-Maxwell in the choice of a letter,^ any unit of length by the 
capital letter L It denotes any unit of length in the same way 
as n denotes any number. We have chosen a bold and simple 
fonn of the letter in order that there may be a clear contrast be- 
tween it and any italic letter used to denote a numerical value. 

Art. 55.— Imperial Standard of Length. In the Imperial 
System of Weights and Measures ^ the standard unit of length is 
-determined by means of a bronze bar, constructed in 1845 and 
now deposited in the Standards Department of the Board of 
Trade in the custody of the Warden of the Standards. In a 
•small hole near each end of the bar there is a gold plug, and 
across each plug there are drawn three transverse lines. The 
•distance between the centres of the middle transverse lines, when 
the bar is at the temperature of 62** Fahrenheit, is the standard 
yard. The previous standard yard, constructed in 1760, was lost 
in the fire which destroyed the Houses of Parliament in 1834. It 
had been defined as bearing at 62* Fahr. the proportion of 36 

^ Electricity and Magnetism, vol. 1, p. 3. 
3 Weights and Measures Act, 1878. 
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inches to 39-1393 inches, the length of a pendulum vibrating 
seconds in a vacuum in the latitude of London and at the level of 
the sea. On the recommenda- 
tion of a scientific commission, 
this provision for its restora- 
tion was repealed, and a new 
standard constructed from 
authentic copies. To provide 
for the restoration of the new 
standard, should it be de- 
stroyed, four copies (called 
parliamentary copies) were 

constructed, and distributed 

to the Royal Mint, the Eoyal 

Society of London, the Royal 

Observatory at Greenwich, and 

theNewPalaceat Westminster. 

The recent Act provides for 

the construction of a fifth par- 
liamentary copy. From these 

copies are derived the Board of 

Trade standards, and from the 

latter the local standards for 

testing measures used in trade. 
The oldest standard yard 

now existing is the exchequer 

yard of Henry VII. It falls 

short of the existing standard 

by only the one hundredth 

part of an incL It is repre- 
sented in the accompanying 

illustrations. In form it is 
an end-measure, the present 
standard being a line-measure. 
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Art. 56.— Derived Units of Length. The other units of 
length in the Imperial system having a special name, such as the 
inch, the foot^ the mi/e, are defined as a multiple or submultiple of 
the yard. Originally, no doubt, they were defined independently 
of one another, but the definitions were rough. The "foot" 
meant the length of a man's foot, the "yard " the length of a man's 
arm, and the "inch" the breadth of a man's thumb ; and three feet 
were equivalent to one yard, and 12 inches to one foot, with the 
«ame amount of accuracy. The present legal definitions owe their 
unsystematic character to the fact that they are ultimately based 
upon these rough equivalences. In the table appended I have 
:given all the special units defined by or under the Act; a denomina- 
tion within parentheses is not an Imperial denomination. The 
Act also allows a length to be specified in terms of any Imperial 
•denomination and its decimal multiples and submultiples. 

Art. 57. — The P.P.S. System. For scientific purposes the foot 
is the principal unit of length ; and it is exclusively adopted in 
what is called the British system of absolute units. In that 
system the foot, pound, and second are used to define all the 
other dynamical units. Hence, for shortness, it is sometimes 
•called the F.P.S. system. 

Art. 58. — ^Metric Standard of Leng^. In the metric system 
of weights and measures, instituted in France in 1795, the stan. 
dard unit of length is the distance between the ends of a rectangular 
bar of platinum called the metre des Archives preserved at Paris, 
the bar being at the temperature of melting ice. That standard 
•distance is denominated the metre. Originally, the metre was 
defined as the ten-millionth part of a quadrant of the earth's 
meridian through Paris. To determine that length the arc from 
Dunkirk to Barcelona (9° 40' 45") was measured in terms of the 
then existing French standard of length, called the toise of Peru, 
and it was found to contain 551,584-72 toises. The meridian is 
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not an exact circle, but an ellipse with the polar axis for the 
shorter axis. From measurements previously made the ellipticity 
was taken to be ^^; and by computing from these data the 
length of the quadrant was found to be 5,130,740 toises. The 
platinum bar was constructed to equal the ten-millionth part of 
5,130,740 toises, when at its standard temperature of melting ice. 
Another standard metre was deposited in the Observatory at 
Paris, and twelve iron copies were distributed to other countries. 




Former French Standard, called the " Toise of Peru.'* 

The tolse de Perou was so called from its having been constructed 
to measure an arc of the meridian in Peru. The breadth, thick- 
ness, and ends of the measure are represented in the illustration. 
The toise is given by the distance on the bar between the points 
of the arrows a and b. 



Art. 59.— Belation of the Standard Metre to its Primary 
Definition. According to Colonel Clarke's determinations of the 
size and figure of the earth, which are at present the most authori- 
tative, the length of a quadrant of the meridian through Paris is 
10,001,472 metres, and thus the standard metre is slightly less 
than the distance upon which it was founded. A difference of 
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that order does not impair the practical utility of the relation of 
the metre to the quadrant, but it shows that it is the material 
metre which is now to be considered as the ultimate standard. 

According to the same authority the length of the polar axis is 
600,482,296 inches; and Sir John Herschel pointed out that to 
define the inch as the five-hundred-millionth part of the polar 
axis would involve a correction which would be inappreciable in 
ordinary measurements, and sensible only with the nicest scientific 
instruments. 



Art. 60.— Derived Metric Units. The great excellence of the 
metric system lies in the mode in- which the subsidiary units are 
defined. Each is a decimal multiple or sub-multiple of the stan- 
dard unit, and the scale of units is thus in harmony with the 
decimal nature of the notation of Arithmetic. The prefixes for 
multiples are derived from the Greek, and those for sub-multiples 
from the Latin. 



Prefix. 


Meauing as used. 


Derivation. 


Abbreviation. 


Myria- 


ten thousand, 


jUt^/KO(. 




Kilo- 


one thousand, 


X^Xtot. 


k- 


Hecto- 


one hundred, 


iKarbv, 


h- 


Deka. 


ten, 


Una. 


da- 


Deci- 


one tenth. 


decern. 


d- 


Centi- 


one hundredth, 


centum. 


c- 


Milli- 


one thousandth, 


mille. 


m- 



The abbreviations given are those authorized by the Comit6 
International, which has for its object the development of the 
metric system. The abbreviation for metre is m, ; hence hm, for 
kilometre, mm, for millimetre. 
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Art. 61.— Comparison of Yard and Metre. The metric system 
has now been adopted over the greater part of Pifir.i. 
Europe and has begun to spread over America. 
Its use in contracts was legalized in Britain in 1864, 
and it has also been legalized in the United States. 
A careful comparison of the yard and metre was 
made by Captain Kater, who gave as his result 

1 metre = 39-37079 inches. 
This equivalence was adopted in the Act of 1864. 
A more recent determination by Colonel Clarke 
gives 1 metre = 39*37043 inches. 

Recently, Professor Stoney ♦ has deduced a con- 
venient equivalent 

1 yard = '9144 metre, 
which agrees with the above, so far as they do 
agree, and cuts off the uncertain difference. 

These are determinations for the platinum metre 

at 32" Fahr., and the bronze yard at 62° Fahr. With 

a brass metre correct at 32° Fahr., but used at an 

ordinary temperature such as 62° Fahr., the 

equivalence is 

1 metre = 39-382 inches. 

A sufficient approximation for ordinary purposes is 

1 metre = 39f inches ; 
while a rougher approximation, easily remembered, 
is 1 decimetre = 4 inches. 

In Fig. 1 the decimetre is compared with 4 
inches. 

Art. 62. — The C.O.S. System. The British Association, through 

their Committee on Electrical Standards, have extended the metric 

system and developed it so as to suit the measurement of electrical 

quantities. This development of the metric system is commonly 

called the Centimetre-Gramme-Second system, or by abbreviation 

* Nature, vol. xxix., p. 278. 
E 
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the C.G.S. system. The standard of length is the metre, but the 
primary unit of length is not the metre but the centimetre. This 
system was adopted as the basis for electrical measurements by 
the International Congress of Electricians, which met at Paris in 
1881. 



IMPERIAL ICEASURES OF LENGTH. 



1 inck = 1/36 yard 

1 foot = 12 inches = 1/3 yard 

1 YABD 

1 poUy rod, or perch, - 5 J- yards 
1 chain = 4 poles = 22 yards 
1 furlong = 220 yards 

1 mile = 8 furlongs = 1760 yards 

1 ' fathom ' = 2 yards ; 100 
1 'hand' = 4 inches; 1 *eir = '45 inches; 1 'pace' = 5 feet. 



= 25-4 millimetres. 
= 3 048 decimetres. 
= '9144 metres. 

= 20-12 metres. 

= 1-609 kilometres, 
links ' = 1 chain ; 



METRIC MEASURES OF LENGTH. 

1 myriametre = 10,000 metres. 

1 kilometre = 1,000 metres. 

1 hectometre = 100 metres. 

1 dekametre = 10 metres. 

1 METRE = 39-371 inches. 

1 decimetre = '1 metre. 

1 centimetre = -01 metre. 

1 millimetre = -001 metre. 

1 micron = -000001 metre. 



Art. 63. — Change of Length. When a straight rod is changed 
in length uniformly, the rate of expansion is expressed by 

a L increment per L original length ; (1) 

and the ratio of the expansion is expressed by 

1 + a L expanded length per L original length. (2) 
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The reciprocal of (1) is 

•= L original length per L expanded length ; (3) 

and the rate of diminution is 

(l - j L decrement per L expanded length; (4) 

t.g., - — L decrement per L expanded length. 

When a is a small quantity, 1 - a is a sufficient approximation for 

- — (Art 29), and then (3) becomes 

(1 — a) L contracted length per L original length ; 
and (4) becomes 

a L decrement per L original length. 
Here we have the same ideas as in the change in value of a sum 
of money discussed under simple interest. 



EXAMPLES. 

Eq^ 1. Convert 123 kilometres into miles. 
123 kilometres, 
1,000 metres = 1 kilometre, 
39 '370 inches = 1 metre, 
1 yard = 36 inches, 
1 mile =r 1,760 yards; 
. 123 X 39370 .^ 
•• 36x1760 "^'^''^ 
41 X 3937 ., 

^•^•' i2-irm ^^«' 

I.e., 76*43 miles. 
Ex. 2. Eeduce 5 francs per metre to pence per yard, when ex- 
change is 25 fr. 22 c. per £. 

240 pence = 1 pound, 
I pound = 25-22 francs. 



68 PHYSICAL ARITHMETIC. 

5 francs = 1 metre, 
'9144 metres = 1 yard ; 
240 X 6 X -9144 pence = 25-22 yards, 
109728 , , 

^•^•^ "2622" ^^^® " ^^^^ 

t.6., 43J pence = 1 yard. 



EXEBCISE IX. 

1. Reduce 80 metres to yards, and 40 yards to metres. 

2. Beduce 321 miles to kilometres. 

3. Find the reciprocal of '66 feet - link. 

4. One metre contains 3*2809 English, and 3*1862 Flrussian feet. By what 
fraction of an English inch does the Prussian exceed the English foot? • 

5. Determine the height of Mont Blanc in old Parisian feet, its height being 
given as 15,784 in English feet, and the ratio of the English to the old Parisian 
foot being as 1*0297 to '9662. 

6. Taking a centimetre at two fifths of an inch, find the number of centimetres 
in 30 yds. 3f inches. 

7. Pliny says that the side of the base of the Great Pyramid was 883 pedes. If 
the pea is equivalent to the semi-cubit, what was the side of the Pyramid in 
English feet ? Assume 1 cubit - 207 inch. 

8. Three per cent, of the length of a wire is 4 inches too long for a certain pur- 
pose, and 3 feet 9 inches is ten per cent, too short. What is the length of the 
wire? 

9. Beduce is, 6c?. per yard to francs per metre when exchange is at 25 francs 
22 c. per £. 

10. Find the successive convergents to the ratio of the metre to the yard, taking 
1 yard - '9144 m. 

11. The scale of a map is six inches to the mile ; express the scale in terms of 
nch to incl^. 



SECTION X.— ANGLE. 

Abt. 64. — Sexagesimal Units. The circumference of the 
circle is divided into four equal parts called quadrants, and also 
into six equal parts called sexf-ants. The sixtieth part of a sextant 
is denominated a degree ; the sixtieth part of a degree is denomi- 
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nated a minute; and the sixtieth part of a minute is denominated 
a second. The sixtieth part of the second is. denominated a thirds 
but it is now the practice to divide the second decimally. This 
sexagesimal system of units has been in use ever since the time 
of the Egyptian astronomers. 

An angle is not specified in terms of one of these units, but in 
terms of the series of units ; thus 24* 35' 46"-5, where ° ' " are 
abbreviations for degree, minute, second. 

It is to be observed that an angle so specified is generally an 
ordinal quantity ; the expression does not denote merely so much 
angle, but an angle of the specified amount measured from a fixed 
line of reference. 

Art. 65. — Centesimal Units. The French reformers, when 
elaborating the metric system, introduced a centesimal division of 
the quadrant They divided the quadrant into 100 equal parts, 
called gradeSy the grade into 100 minutes, and the minute into 100 
seconds. This system, though intrinsically superior to the sexa- 
gesimal, has not been adopted even in France itself. Had the 
system proceeded upon a centesimal division of the degree instead 
of the quadrant it would have had a greater chance of being 
accepted. 

Art. 66. — Binary System. The binary system is principally 
ordinal in its nature ; that is, the terms are used to specify direc- 
tion (Fig. 2). It is used in the mariner's compass. 

The circle is first bisected by a north and south line ; these 
directions are denoted by N, and S, The two semicircles are 
bisected into four quadrants, and the two new directions are 
denoted by E, and W, By bisecting each of the quadrants, four 
intermediate directions are obtained ; each is denoted by means 
of the directions of the sides of the quadrant which it bisects, 
namely, NE,, SE., SW,, NW. By bisecting each of the octants 
^^ght more directions are obtained ; each of these is also denoted 



70 



PHYSICAL ARITHMETIC, 



by the directions of the sides of the angle it bisects, namely, 
NNE., ENK, E8E., SSK, 8SJF., WSW., WNW., NNW. By a 
further bisection, sixteen more directions are obtained ; these, as 
shown in the diagram, are denoted on a slightly different plan. 




The angle resulting from the five bisections is denominated a 
potn^. We evidently have 32 points = 1 revolution, 1 points llj 
degrees. The system is carried still further by subdividing the 
points into halves and quarters. 

Art. 67. — Oircular Measure of an Angle. The ratio connect- 
ing the circumference of a circle with its diameter is 

V L arc per L diameter, 
where t denotes the incommensurable number 3*141593 —.* For 
exact calculations 3*1416 L arc = L diameter 

*x = 3*141592653589793238462643383279 + . 
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is generally a sufficient approximation; while rougher conver- 
gents are 22 L arc = 7 L diameter, 

355 L arc = 113 L diameter. 
These convergents may be derived from 3*1416 by the method of 
continued fractions explained in Art. 52. 

The above is a ratio-rate, for the units on the two sides are the 
same. The value of the rate is in consequence independent of the 
size of the unit. 

As the radius is half the diameter, we deduce 

27r L arc = L radius. 

Any angle may be specified in terms of L arc per L radius, the 

value of one revolution being 27r. It has become customary to 

denote this ratio-unit L arc per L radius by the single word radian, 

1 radian = 57*2958 degrees, 

1 degree = *0174533 radians. 

Art. 68.— Nautical Uhits of Length. The sea-mile or knot is 
defined in terms of the circumference of the earth. As the earth 
is not an exact sphere, it is necessary to choose a particular 
circumference, or great circle, as it is called. The Admiralty 
knot is the length of a minute on the equatorial circumference. 
It is estimated to be equivalent to 6,086 feet, but its regulation 
equivalent is 6,080 feet. The common knot is the length of a 
minute on the mean meridian circumference ; it is estimated to be 
equivalent to 6,076 feet. 

1 league = 3 knots ; 1 degree = 60 knots. 

The following system of sub-units is coming into use : — 
1 knot =10 cables = 1,000 fathoms ; 
the fathom so defined differing slightly from the common fathom, 
which is equivalent to two yards. 

The geographical mile is the same as the nautical mile. 

Art. 69. — Composition of a Vector in a Plane. By a vector 
is meant a finite straight line having a specified direction. When 
our attention is restricted to a plane, it is necessary to specify one 
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angle only. Let AB be a vector of length r L, and direction 6'". 

The two sides of any triangle 
which has AB for its third side 
are called the components of 
AB] as, for example, AC and 
CB. The direction of AB may 
be denoted by alongy'oi AC hy 
adjacent, and of CB by opposite. 

A vector is equivalent to the sum of its components, thus 

r L along = a; L adjacent + y L opposite. (1) 

Art. 70.— Sine and Cosine^ Secant and Cosecant. From the 
above complete equivalence certain partial equivalences can be 
derived, as in the case of Mixture (Art. 25). Thus 

xjr L adjacent = L along, (2) 

and y/r L opposite = L along. (3) 

When the two components are at right angles to one another, the 
former rate (2) is called the cosine; and the latter (3) is called the 
sine. In that case the values are related by the equation 

(')■* (f)*= '■ 

When the components are inclined at an angle a>°, the relation is 

x^+ y^-h 2xy cos a> = r^. 
The reciprocals of (2) and (3) are 

rjx L along = L adjacent, (4) 

and rjy L along = L opposite. (5) 

When the components are rectangular, the former is called the 
secant, and the latter the cosecant. 

Art. 71.— Tangent and Cotangent From (2) and (3) we 
derive an equivalence between the components, namely, 

yjx L opposite = L adjacent, (6) 

with its reciprocal xjy L adjacent = L opposite. (7) 

When the components are rectangular, the former is called the 
tangent, and the latter the cotangent. 
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These are ratio-rates in the sense of their value being independ- 
ent of the size of the unit of length ; but the unit of length has a 
different direction in the two members of the rate. 

Art. 72. — Oradieni By the gradient of a road is meant the 
rate connecting the amount of rise with the amount of advance. 
It is usually expressed as 1 in 100, 1 in 250, etc. This means 
1 ft ^^ = 100 ft. advance, 
1 do. = 250 do. 
It is the second number which is made the variable number. 

The idea corresponds to that of sine, only the first direction is 
necessarily that of the vertical. 

Art. 73. — Composition of a Directed Quantity in Space. When 
we consider tri-dimensional space, the components of a vector along 
mutually perpendicular directions are three in number. The 
partial equivalences of the first kind are called the direction-cosines 
of the vector. They may be, for example, 
I L east = L alon^, 
m L north = L along, 
« L up = L along. 
The values I, m, n, are connected by the condition 

^2 + m2 + 7l2 = L 
Each rate has its reciprocal form, and by combining any two we 
derive a rate of the tangent kind. Thus there are three rates of 
the tangent kind, with their three reciprocal forms. 

Art. 74. — Curvature and BadiuB of Curvature. By the cur- 
vature of a curve lying in a plane is meant the rate at which the 
direction of the curve changes in passing along the curve. It is 
expressed in terms of 

radian per L curve. 

When the curve is a circle, the value of this rate is constant ; 
hence the value may be deduced from the fact that in going once 
round the circle the direction changes by 360 degrees, that is, by 
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2ir radians. If, then, the length of the circle is c L, its curvature is 

2ir/c radian per L curve. 
But if we are given the radius of the circle as r L, then its circum- 
ference is 27rr L, and the rate of curvature is expressed as 

1/r radian per L curve. 
A portion of any curve, throughout which the curvature does not 
change sensibly, coincides with a portion of the arc of some circle. 
Hence, if the radius of that circle is r L, the curvature for that 
portion of the curve will be 

1/r radian per L curve. 
The radius of the equivalent circular arc is called the radius of 
mwature. 

Examples. 

Ex, 1. Express 12"* 34' 56'" in terms of radian ; and 3 radians in 
terms of deg. min. sec. 

1 degree = '0174533 radians. 
12 



•2094396 

1 minute = 0-002909 radians. 
34 



11636 
8727 



•0098906 

1 second = '0000048 radians. 
66 



288 
240 



•0002688 
•0098906 
•2094396 



•2195990 
Answer — '2196 radians. 
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Second part — 

1 radian =s 67-2958 degrees. 
3 



171-8874 
60 

63-2440 
60 



14-6400 
Afmoer—nO'' 53' 14"-28. 

Ex. 2. OaJculate from the primary definition of the metre, and 

the relation of the metre to the mile, the length of the diameter 

of the earth in miles. 

40,000,000 metres circumf., 

113 metres diam. = 355 metres circumf., 

315 inches = 8 metres, 

1 yard = 36 inches, 

1 mile = 1760 yards; 

40,000,000x113x315 .^ ,. . 
' ^ * ^^ — Ti:nrR — 7^— miles diameter. 
355 X 36 X 1760 x 8 

7-60206 2-55022 

2-05307 1-55630 

2-49831 3-24551 

-90309 



12-15344 



8-25512 8-25512 



3-89832 
Answer — 7912 miles diameter. 

Ex, 3. How much must a rail 6 ft. long be bent in order to 
fit into a curve of half a mile radius ? 

360 degrees = 7r X 1760 yards arc, 
2 yards arc ; 

360 X 2 degreefl 
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9x7 J 
-22^22 ^'^'''' 

Ex, 4. The radius of the earth's orbit subtends an angle of 
four-tenths of a second at 61 Cygni; how far is the star from the 
sun? E TxzA, 




Here the dependence of ES upon 80 is given by the tangent 
of the angle ECS^ that is, of 4". For so small an angle the value 
of the radian is equal to the value of the tangent with sufficient 
accuracy for the present calculation. 

•01745 mile arc per mile radius = 1 degree, 

1 degree = 3600 seconds, 
•4 seconds ; 





- mile arc = mile radius, 




9152 X 10* miles arc ; 


• • 


9152xlO*x9xlO»xlO»^l^ 
1745 


Le,y 


^\^n.'l ^ " 10''' miles radius, 
1745 


ie.f 


472x10" miles radius, 


or 


4-72 xlO« miles radius. 



Observation, — It is more common to put the point after the first 
figure, so that the index of 10 may be the mantissa of the 
logarithm of the number. 

EXERCISE X. 

1. Express ^ of a right angle in degrees and also in grades. 

2. The angle which is subtended by an arc equal to the radius is 206,264*8 
seconds., Beduce this to grades and decimals, and thence deduce the value 
of l/ir. 
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S. A circle has a circumference of 123 yards. What is the length of its radius ? 

4. How many radians are there in an arc of 114° 35' 30'' ? 

5. Express 45 degrees in terms of radian ; and 4*5 radians in terms of degree. 

6. Express NW. by N. and SW. by W. in degrees, reckoning east from north.' 

7. How many points and degrees are there between N, by E, and SSB, t 

8. If the length of ^^ of the earth's circumference be 69^^ miles, find its 
diameter, taking diameter to circumference as 7 to 22. 

9. From the primary definition of the metre and its relation to the statute mile 
deduce the average number of miles in a degree of latitude. 

10. The cotangent of the angle of a roof is 1*5 ; what is the ratio of rise to span? 

11. A railway line has a gradient of 1 in 80 for a distance of 3 miles ; what is 
the total rise or faU? 

12. The sines of two angles of a triangle are % and -f-^y and the side opposite to 
the former is 10 yards ; required the side opposite the latter, and the third side. 

13. The base of the Great Pyramid is a square 764 feet in the side, and the 
perpendicular height is 486 feet ; required the length of the slant side of one of 
the triangular faces. 

14. A man 5 feet 4 inches in height standing at a distance of 52 feet from the 
base of an electric-light tower casts a shadow 8 feet long on the pavement. What 
is the height of the tower? 

15. The difference of longitude between two places is 5 degrees, and the latitude 
of both is 45 degrees ; find the distance between them along the parallel of lati- 
tude. (Take the radius of the earth to be 4,000 miles.) 

16. The length of a railway curve which has a uniform curvature is one mile, 
and the change of direction is 30 degrees. Find the value of the curvature and 
of the radius of curvature. 

17. Express the sea-mile in terms of the kilometre. 

18. Compare the nautical-fathom with the common fathom. 



SECTION XI.— SURFACE. 

Art. 75. — General Unit of Surface. The general unit of surface 
is appropriately denoted by S. It can be defined by means of 
the unit of length, and the mode commonly adopted is as follows : 
—The unit of surface is the area of the square which is formed 
with the unit of length as the side. When S is so defined, 

we have 

1S = L2, 
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Flff.5. 






where ]J denotes square L Such a unit of surface is called a 
systematic unit. When S is not so defined we have 

where h denotes some number, integral or fractional 

In what follows S is commonly restricted to being systematic. 

A.RT. 76.— Imperial Units of Surface. In the imperial system 
the principal unit of surface is the area of the square formed by 
the yard, and denominated the sqmre yard. Of the other units of 
surface some are derived systematically from the corresponding 
linear unit ; and two, the acre and the rood, used in the measure- 
ment of land, are defined in terms of the square yard. 

Since 3 feet long = 1 yard long, 
and 3 feet broad = 1 yard broad, 

it follows that 

3 fb. long by 3 fL broad = 1 yd. long by 1 

yd. broad, 
or 32feet2 = l yard^; 

i.e., 9 square feet = 1 square yard. 
This is also evident from an inspection 
of the figure, where the longer side 
represents a yard and the shorter side 
a foot. 

In science and the arts the square foot and the square inch are 
commonly used. 

Art. 77. — Metric Units of Surface. In the metric system the 
unit of surface is derived from the area of the square formed by 
a unit of length. The natural unit is the area of the square 
formed by the metre, but it is an inconveniently small unit for 
the purpose of measuring land. Hence the special name of are 
was given, not to the area of the square formed by the metre, but 
to the area of the square formed by the dekametre, which is 100 
times the former. Prom the are are derived, as will be seen from 
the table appended, the usual decimal multiples and submulti- 



X 











sq. yd. 




sq.ft. 







ft' 



yd. 
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pies. Tliis set of units is used in the measuring of land, and the 
hectare is the unit principally used. 

For scientific purposes it is more convenient to use the square 
units given in the second colunm, in which uny unit is equivalent 
to 100 of the next lower unit. 

The authorized ahbreviation for square is the index 2, as in 
mm.2 for square millimeter. That for are is a., giving ha, for 
hectare. 

In the C.6.S. system the primary unit of surface is the square 
centimetre. 

Imperial Measubes of Surface. 

1 sq. inch =1/1296 sq. yd. 

1 sq. foot =1/9 sq. yd. 

1 SQUARE YARD =0-8361 sq. metres. 

1 sq. pole or perch = 30J sq. yds. 

1 sq. chain = 484 sq. yds. 

1 rood = 40sq. poles = 1,210 sq. yds. 

1 acre =4 roods =4,840 sq. yds. =0*4047 hectares. 

1 sq. mile = 640 acres =3,097,600 sq. yds. = 259 hectares. 

Metric Measures of Surface. 
1 hectare = 1 sq. hectometre = 10,000 sq. metres. 
1 dekare = 1,000 sq. metres. 

1 are =1 sq. dekametre = 100 sq. metres. 
1 deciare = 10 sq. metres. 

1 centiare = 1 SQUARE METRE = 1*196 sq. yds 

1 milliare = '1 sq. metre. 

1 sq. decimetre = '01 sq. metre. 

1 sq. centimetre = '0001 sq, metre. 

1 sq. millimetre = -000001 sq. metre. 

Art. 78.— Area of a Bectangla When the unit of surface S is 
defined as the area of a square the side of which is L, the area 
of any rectangle is given by the rate 

1 S per L long per L broad. 
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This rate may be written in the form of an equivalence in three 
ways — IS = L long by L broad. 

1 S per L long = L broad. 
1 8 per L broad = L long. 
For example, in the case of a web of cloth, the number of yards 
in the breadth is the same as the number of square yards per 
yard of length. 

Art. 79.— Signs for "by'* and "per.'* The sign x is in use 
to denote hy. Its use in connecting units is in harmony with its 
use in connecting numerical quantities. Accordi];ig to recent 
scientific usage (Art. 11) the sign / is the appropriate sign for 
yevy and that usage agrees with the expression % for per cent. 
For example, take the particular case of the rate for a rectangle— 
1 square yard / yard long / yard broad, 
1 square yard = yard long x yard broad, 
1 square yard / yard long = yard broad, 
1 square yard / yard broad = yard long. 
Art. 80. — Area of a Parallelogram. In a parallelogram the 
breadth is not in general perpendicular to the length ; the compon- 
ent of the breadth which is perpendicular to the length is called 
the altUvde (Fig 6). Hence 

Fiff.6. 1 Sp^r Llong = alt.(l) 

-^If 6'* denote the angle 
between the length 
and breadth, then 
Sin^Lalt=Lbrdth(2) 
If we eliminate the 
altitude between (1) 
and (2) we obtain 
E ~Uti^ B Sin^S = Llg.byLbd. 

Art. 81. — ^Area of a Triangle. The area of a triangle is half 
that of the corresponding parallelogram ; the area of ABD is half 
that of ABCD. Hence for a right-angled triangle 
^8 = L long by L broad. 
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This equivalence is of great importance in physical reasoning, as 
will be seen in subsequent chapters. 
For a triangle of included angle 6* 

?^=LlongbyL broad. 

Examples. 
JUx, 1. Express 20JL per acre in terms of franc per hectare, tak- 
ing the rate of exchange at 126 francs = 5£. 

126 franc = 5je, 
20^ = acre, 
1000 acres = 405 hectares ; 

i.g., ., — — francs = hectare, 

ie., 1244*44 francs = hectare. 
Ex. 2. The height of the great pyramid was 486 feet. As- 
suming that its square was 8 Egyptian acres, the acre being the 
square of 100 royal cubits ; required the length of the royal cubit. 
4862 foot2 = 8 Egyptian acres, 
1 Egyptian acre = 1002 cubit^, 

... 3i^,foot2 = cubit2; 

••• 27Srioo^^^'=^^^^*' 

i.e., 1 -215 X J2 foot = cubit, 
1-4142 
6121 



1414 

283 

14 

7 



1-718 
Answer — 1*72 feet = royal cubit. 

F 
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Ex. 3. The area of a rectangle is 2,592 square feet. If the 
hreadth were increased and the length diminished by 3 feet, we 
should have a square. Find the length and breadth. 
For a rectangle 

1 square foot = foot long by foot broad, 
2592 square feet; 
2592 foot long by foot broad, 



Now 



2592 
X feet broad, /. — -^ — feet long. 



a. + 3feet = ?^-3feet, 

X 



which reduces to the quadratic equation 
a;2 + 6a;- 2592 = 0; 



a;=-3± ^/9 + 2592; 
hence a; = 48 is the possible solution. 

Answer — 48 feet broad, 64 feet long. 
Ex, 4. A farm in the form of a square contains 400 acres ; 
what is the length of a side expressed in terms of the mile ? 
1 mile^ = 640 acres, 
400 acres ; 

I mile^, 
i.e., ^ mile^, 

i.e., Jj/ _ mile, 
4 

Le.y -79 mile. 

Ex. 5. Find the cost of papering the walls of a room 22 feet 6 

inches long, 18 feet 9 inches wide, and 11 feet high; 99 square 

feet not requiring to be papered ; the paper being 2 feet 9 inches , 

wide, and costing M. per linear yard. 

For a side I 

1 square foot = foot long by foot high, I 

22-5 ft long by 11 ft. high ; 

22*5 X 11 square foot. | 
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Hence for the two sides 2 x 22*5 x 11 square feet, 

and for the two ends 2 x 18*75 x 11 „ 

Hence 2x11 (22-5 + 18*75) - 99 square feet of paper, 

1 foot long = 2*75 square feet, 

1 penny = 1 foot long ; 

2x11 (22*5 + 18*75) -99 

275 ^ ^^' 

ie., £1 is, 6d. 



EXERCISE XI. 

1. The areas of England, Scotland, Ireland, are 58.311, 30,463, 31,754 square 
miles respectively ; express these areas in terms of the square kilometre. 

2. A square, whose side is 146 feet, contains 1980*25 square metres. Find the 
nmnber of inches in a metre to three decimal places. 

3. Give that a metre equals 3*2809 ft. ; find how many square metres there are 
in 1,000 square yards. 

4. How many persons could be seated in an area ten miles square, each person 
occupying half a square metre ? 

5. What is 2L per acre in terms of franc per hectare, when exchange is at 25 
fr. 20 cts. per I. ? 

6. A plot of land is sold at 1,200^. per acre. What is the price in francs per 
square metr^, taking li. = 25 francs ? 

7. Seventy-five per cent, of the area of a farm is arable ; of the remainder, 
eighty-five per cent, is pasture, and the rest is waste ; the area of the waste is 
3 acres roods 20 poles. What is the area of the farm ? 

8. Find the number of granite blocks required to pave a street which is 1 mile 
long and 16 yards wide, the block being 4 inches broad and 12 inches long. 

9. Two rectangular fields are equal in area. The one is one third of a mile 
long by 990 feet wide ; the other is exactly square. Find the length of its side. 

10. The sides of a rectangular piece of land are in the ratio of 2 to 7. What is 
the length of each side if the area contains 341,373,816 square feet ? 

11. The length of a rectangle is to its breadth as 4 to 3. If we increase the 
length by 3 feet and the breadth by 4, we increase the area by 287 feet. Required 
its dimensions. 

12. The length of a rectangular piece of ground is twice its breadth ; its area 
ia 30,479*805 square feet. Find its length and breadth. 

13. Find the length of the side of a square which contains 1 acre. 

14. Calculate to the nearest integer the number of feet in each side of a square 
field 4 statute acres in extent. 
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15. If 640 acres go to a square mile, what is the length of each side of a square 
piece of huid which contains 100 acres ? 

16. Find the length of the side of a square field which contains 7 acres 3 roods 
15 perches. 

17. A room 21 feet long required 49 yards of carpet J of a yard broad. Find the 
breadth of the room. 

18. The number of yards of paper required to cover the four walls of a room 
54 feet wide and 90 feet high is 880, and the breadth of the paper is J of a yard. 
Required the length of the room. 

19. The first of two pictures is 1 ft. 6 in. by 2 ft., the second 2 ft. by 2 ft. 6 in., 
and they are to be framed in the same way ; if the glass and frame of the former 
cost 7s. 6(2. and that of the latter 11«. 2c2., what is the price of the glass per square 
foot, and of the frame per foot of length ? 

20. A merchant buys cotton (27 inches in width) at 5 cents per square yard. 
He pays a duty of 2 cents per square yard, and 15 per cent, ad valorem. For 
what price per yard should he sell it in order to gain 25 i>er cent, on his outlay ? 

21. Of two squares of carpet, one measures 44 feet more round than the other, 
and 187 square feet in area. What are their sizes ? 

22. A square field of grain containing ten acres is to be cut down by a reaper 
working round and round; the cut of the reaper is 6 feet. How many rounds must 
the reaper take before the field is half cut ? 

23. A square plot of ground, 21 yards in the side, is sold for the greatest num- 
ber of sovereigns which can be placed flat upon it. Find the price, the diameter 
of the sovereign being seven eighths of an inch. 

24. AVIiat length of fence is required to enclose 100 acres; /r<^, when the land is 
in the form of a square ; second, when in the form of a rectangle, having length 
2} times breadth ? 



SECTION XIL-SUEFACE, Contmued. 

AiiT. 82.— Area of the Sector of a Circla Consider any 

sector of a circle ABC; draw the 
chord BC (Fig. 7). The area of 
the triangle ^4-6(7 is a first approxi- 
mation to the area of the sector 
ABC. Bisect the sector by the 
line AD; join BD, DC; the sum 
C of the areas of the triangles ABD 
and ADC is a second approxi- 
mation to the area of the sector. 
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Bisect each of these again ; the sum of the areas of the four 
triangles will be a third approximation to the area of the sector. 
When the bisection has been continued a large number of times, 
the altitude of each of the triangles will not differ sensibly from 
the radius of the sector, and the sum of the lengths of the bases 
Avill not differ sensibly from the arc of the sector. Hence the 
area is given by the rate 

J S = L arc by L radius. (1) 

If the angle of the sector is 

^ L arc = L radius, (2) 

then, by multiplying these two equivalences together, L arc ap- 
pears common to both sides, and may therefore be eliminated, and 
we obtain 

^ S = (L radius)2. 

Art. 83. — ^Area of a Circle. For a complete circle 6 becomes 
Stt ; hence for a circle 

TT S = (L radius)^. 
Since 2 L diameter = L radius, 

.*. by squaring each side, 

4 (L diameter)2 = (L radius)-; 



and 



^ S = (L diameter)-. 



A good approximation for^ is \\, 

Art. 84. — Area of an Ellipse. The circle described with the 
major axis A A' for diameter is called the auxihary circle (Fig. b;. 
The area of that circle is given by 

2 S = (L major axis)^ 

The breadth of the ellipse is everywhere, as at Pilf, derived from 
the corresponding breadth of the circle, as QM, according to the 
ratio by which the minor axis BB' is derived from the diameter 
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of the circle DZ)'. Hence the area of the ellipse itself is given by 



or 



J S = L major axis by L minor axis, 

IT S = L semi-major axis by L semi-minor axis. 

Fig.8. 

'^ Fiff.9. 





Art. 85. — Surface of the Common Cylinder. The flat portion 
of the surface consists of two equal and parallel circles (Fig. 9). 
If the curved surface were cut parallel to the axis, unrolled, and 
flattened out, it would form a rectangle having the circumference 
of the cylinder for length and the axis for breadth. Hence the 
area of the curved surface is given by 

1 S = L circumference by L axis. 
The dependence of the circumference on the radius of the cylinder 
is given by 

27r L circumference = L radius ; 

27r S by L circumf. = L circumf. by L axis by L radias, 
Le,, 27r S = L axis by L radius. 
Art. 86. — Surface of the Common Cone. The flat portion of 
the surface is a circle (Fig. 10). If the curved surface were cut 
along the slant height, unrolled, and flattened out, it would form 
a sector of a circle, having the slant height for radius and the 
circumference of the base for arc. Hence {Art. 82) the area of 
its curved surface is given by 
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I 8 = L circumference by L slant height ; 
or IT S = L radius by L slant height. 

Piff.lO. Flff.U. 





Art. 87. — Surface of a Sphere. The area of a spherical zone 
(Fig. 11) is given by 

27r S = L radius of sphere by L height of zone. 
Hence, as the height of a hemispherical zone is equal to the 
radius of the sphere, we have for a hemispherical surface 

2ir S = (L radius of sphere)^. 
Hence, for the area of a spherical surface, 
47rS = (L radius)2. 
Art. 88. — Solid Angle. Just as a linear angle can be specified 
by means of the rate connecting the circumference of a circle with 
its radius (Art. 67), so a solid angle can be specified by means of 
the rate connecting the area of a surface of a sphere with the 
square of its radius. Thus a solid angle is specified in terms of 

S per (L radius)2 ; 
and the unit-rate 8 per (L radius)^ is sometimes called a steradian, 
that is, a solid radian. 

To deduce the dependence of the area of a spherical lune on its 
spherical angle, iw S per (L radius)'-* = 360 degrees ; 
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Art. 89. — Change of Snrfaca Suppose that the length of a 
plate expands according to the rate 

a L increment per L original length, (1) 

and its breadth according to the rate 

P L increment per L original breadth, (2) 

then the ratios of expansion are — 

1 + a L expanded length = L original length, (3) 
1 + )3 L expanded breadth == L original breadtL (4) 
Hence, if the included angle remain constant, 

(1 + a)(l + P)\J expanded surface = L^ original surface, (5) 
and 

{(1 +a)(l +)3)-l}U increm. of surface = L' orig. surface. (6) 
The reciprocal of (5) is 

/I rr; — 7^ L' original surface = L' expanded surface, (7) 

(l+a)(l+)3) ^ ^ » \ / 

and the rate of diminution, 

/l - — . \\J decrement = L' expanded surface, (8) 

V (l + a)(l+)3)/ 

When a and P are both small, the value of (5) is 1 + a + /? ; 
of(6), a + /3; of(7), l-a-jS; and of (8), a + /?. 

When P is equal to a, the value of (5) is (1 + a)\ and its 
approximation is 1 + 2a ; the value of (6) is 2a + a\ and of its 
approximation 2a ; and so on. 

Examples. 

Ex, 1. The sides of a rectangle are 16 feet and 10 feet respec- 
tively. Find, to four places of decimals, the length of the diagonal 
of a square, whose area equals that of the rectangle. 
16 feet long by 10 feet broad, 

1 (foot side)2 = foot long by foot broad, 
2 (foot diag.)2 - 1 (foot side)^ ; 
16 X 10 X 2 (foot diag.)2, 
^ /, 8 Jb feet diag. ; 
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i.e,y 8 X 2*236068 feet diag., 

U, 17-888644 

Anstoer— 17 'SSS5 feet. 
Observe — To get four places exact it is well to carry on the 
extraction of the root to six places. 

£x. 2. The diameter of a circle is 650 cm., what is its area ? 
11 sq. cm.»14 (cm. diam.)^ 
650 cm. diam. 

14 
ie., 331,964 „ 

ie., 332 X 103 ^^ 

Bx, 3. How much will it cost to cover a circular plot of ground 
130 feet in circumference with gravel at 4d. per square yard ? 
130 feet circumference, 

1 foot rad. = 2ir feet circumference, 
TT sq. foot = (foot rad.)2, 
1 sq. yd. = 9 sq. feet, 
4(f. ==*sq. yd. 
Because we have (foot rad.)^ the square of the preceding multi- 
pliers must be taken, hence 

(130)»x^x4 
(2,r)«x9 P*°'^' 
. (65)' X 4 

«•«•, 9:r " 

22 
Taking ir = — , we find that the value is very nearly 600 pence, 

that is, £2 10s. 

Ex. 4. Calculate the area of that zone of the earth's surface 
which lies between latitude 30° and latitude 45**, assuming the 
earth's radius to be 4,000 miles, and ir to be 3*1416. 

27r sq. miles =s mile radius by mile altitude. 
For 45' we have 

1 



— .^ mile vertical = mile radius. 
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and for 30' 


\ mile vertical = 


= mile radius; 


hence / 


— ^ - J) mile altitude = 
4,000 miles radius ; 


= mile radius; 



4,000 (-Ah - i)niile altitude. 



Hence 



V2 



2 X 3-1416 X 4,000 x 4,000(JL - 1) eq. miles, 

i.e., 3a416 X 16,000,000 x ( ^2 - 1) 

•41421 
61413 



124263 

4142 

1657 

41 

25 

1-30128 
16 



780768 
130128 

2082048 
^im^^— 2*082 X 10"^ square miles. 
Ex, 5. With reference to a certain map it is known that a 
square inch represents 284^ acres. What is the scale of the map ? 
2,560 acres = 9 inch^, 
1 mile^ = 640 acres ; 

9 X 64 



V. 



256 ., . , 
mile = mch ; 



f9x64 
».e., ^ mile = inch, 

t.e., 2 mile = 3 incL 
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EXERCISE XII. 

1. Find the area in acres of an isosoeleB right-angled triangle, the perpendicular 
from the right angle on the hypotenuse being 1,000 feet. 

2. Find in hectares the area of a square of which the diagonal is 10 chains, 
assuming that a square metre is 1*196 of a square yard. 

3. A rectangular enclosure is one acre in extent, and its perimeter is 322 yards. 
Find the lengths of its sides. 

4. The diagonal of a square is 20 chains. Required the area in acres. 

5. Find the area of a field which has the form of an equilateral triangle, and 
has one side 350 yards in length. 

6. Calculate the area of the triangle whose sides are 11, 60, and 61 feet. 

7. The two diagonals of a quadrilateral are 30 and 40 chains, and the angle 
between them is 30^. Required the area in acres. 

8. A field is in the form of a trapezium, the two parallel sides being 6 chains and 
4 chains ; a third side is 5 chains, and is inclined to a parallel side at 60°. Calcu- 
late the area in acres. 

9. A square bowling-green, 50 yards in the side, has a uniform slope round it, 
the slant height of which is 2 yards, and the angle which the slope makes with a 
horizontal plane is 30°. Find the. cost of turfing the green and slope when the 
work is done at the rate of \d. per square yard. 

10. Find to the nearest square foot the number of square feet of lead required 
to cover a pyramidal roof, the base being a square of 19 feet in the side, and the 
height 6 feet. 

IL The diameter of a circle is 135 mm. What is its circumference, and its 
area? 

12. The circumference of a circle is 600*04 cm. What is its diameter and its 
area? 

13. The area of a circle is 55,155 area. What is its diameter and its circum- 
ference ? 

14. Express 36 circular inches in terms of square inches ; and 63 square inches 
in terms of circular inches. 

15. A penny and a halfpenny have diameters of one-tenth of a foot and of an 
inch respectively. If a halfpenny lie wholly on the top of a penny, what amoimt 
of the upper surface of the penny will be left uncovered? 

16. An elliptic plot is described in a garden by means of a string 20 feet in 
length, and passing round two pegs distant by 5 feet. What is the area of 
the plot ? 

17. Calculate the area of an elliptical pond, the major axis of which is 250 feet, 
and the minor axis 150 feet. 

18. Find the area of an ellipse whose axes are 25 chains aijid 22 chains 25 
links. 

19. Berlin is ir 3'5' east of Paris. Find the area of the portion of the earth's 
*Qrface between their meridians ; the earth's radius being taken as 3,963 miles. 
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20. On a certain map a square inch represent! 4,000 acres. Wliat is the linear 
scale? 

21. The yertical scale of a drawing is 40 feet to an inch, and the horizontal 400 
feet to an inch. What is the scale for the area ? 

22. On a map it is found that 100 acres are represented by 369*48 square 
inches ; but the scale not being attached, it is required to calculate -what it is. 
Give the scale in the form of a ratio, and also in terms of foot per mile. 



SECTION XIII— VOLUME. 

Art. 90.— General Unit of Volume. Any unit of volume may- 
be denoted by V. The systematic unit is the volume of a cube 
whoee side is the unit of length, and in such case we have 1 V = L^, 
where L^ denotes the same as cubic L. When the unit is not 
systematic we have some other number instead of 1. 

Art. 91. — Imperial Units of Voluma In the imperial system 
we have cubic units and units of capacity. The base of the cubic 
unit is the cubic yard, and the relations to it of the cubic foot and 
the cubic inch follow from the relations of the linear foot and 
the linear inch to the linear yard. 

The primary unit of capacity is the gallon^ which involves in its 
definition the standard of mass. It is the volume of ten imperial 
pounds of distilled water at the temperature of 62° Fahr. Fur- 
ther, the mass of the water is to be determined by weighing in 
air against brass weights, the air also being at the temperature of 
62* Fahr., and the barometer standing at 30 inches. 

In the original definition of the gallon, the volume defined as 
above was stated to be equivalent to 277*274 cubic inches; but 
when a more accurate determination of the density of water was 
made, the alternative part of the definition was repealed. Ac- 
cording to the most recent determinations^ the gallon is equiva- 
lent to 277*123 cubic inches. The brass gallon, marked "imperial 

^ Rankine's BtUes and Tables, p. 99. 
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standard gallon," constructed when the gallon was originally de- 
fined, is not the ultimate standard, but pure water taken in con- 
junction with the standard of mass. 

The other units of capacity are defined by means of the gallon. 

Art. 92. — Metric Units of Volume. In the metric system we 
have three series of units of volume. The stere and its derivatives 
are for solid measure, as for example the measuring of wood ; the 
litre and its derivatives are for fluid measure or measiu:e of capa- 
city ; while the cubic series is the best adapted for calculations 
and for science generally. The stere is by definition equivalent to 
a cubic metre, and the litre to a cubic decimetre. Their deriva- 
tives are decimal ; while those of the cubic series are millesimal. 

The authorized abbreviation for cubic is the index 3, as in cm,'^ 
for cubic centimetre. That for stere is 5., and for litre /. 

In the C.G.S. system the primary unit of volume is the cubic 
centimetre. 



IMPERIAL MEASURES OF VOLUME. 
CUBIC. 



1 cubio inch 
1 cubic foot - 1,728 cubic inches 



• 1/46656 cubic yard 
= 1/27 cubic yard 
1 CUBIC YARD - 7645 cubic metre 



\pint 
1 quart 

Ipeck 
Ihushd 
1 quarter 
lehaklron 



- 2 pints 



- 4 pecks 

• 8 bushels 

• 36 bushels 

4 "giUs" 



CAPACITY. 

-* 1/8 gaUon 
» 1/4 gaUon 

1 GALLON 

» 2 gaUons 
- 8 gaUons 
=° 64 gaUons 
>- 288 gaUons 
= 1 pint 



- •568Utre 
- 1-136 Utres 

- 4' 544 Utres 

- '3635 hectoUtre 



FOB SALE OF DRUGS. 

1 " mmim " - 1/480 "fluid ounce" 

I "fluid drachm" - 60 minims - 1/8 fluid ounce 

1 fluid ounce 



1-8 cb. in. = -0284 litre 
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HETKIC MEASURES OP VOLUME. 
SOLID. LIQUID. CUBIC. 

1 kilostere - 1 cb. dekametre « 1000 cubic metres 

1 hectostere = 100 cubic metres 

1 dekastere - 10 cubic metres 

1 stere - 1 kilolitre - 1 cubic metre - 1*308 cb. yd. 

1 decistere •= 1 hectolitre -*1 cubic metre 

1 centistere - 1 dekalitre - *01 cubic metre 

1 litre - 1 cb. decimetre - *001 cubic metre - *22 gallons 

1 decilitre » '0001 cubic metre 

1 centilitre = "00001 cubic metre 

1 cb. centimetre « *000(K)1 cubic metre 

1 cb. millimetre - 'OOOOOOOOl cb. metre 



Art. 93. — ^Volume of a Parallelepiped. For a rectangular 
parallelepiped, V being defined as U, 

1 V == L long per L broad per L thick. 
When V is not defined as L', we have some number instead of 1. 
This rate may be written as an equivalence, 

1 V = L long by L broad by L thick. 
When S is defined as U, we have (Art. 78) 
1 S = L long by L broad; 
.'. 1 V = S surface by L thick, 
or 1 V per S surface = L thick, 
or IV per L long = S cross-section. 

For example, in a rectangular slab the number of feet in the thick- 
ness is the same as the number of cubic feet per square foot of 
surface. In the case of a rectangular rod, the number of square 
inches in the cross section is the same as the number of cubic 
inches per inch of length. 

When the parallelepiped is not rectangular, let the length and 
breadth be inclined at an angle of 6", and the thickness be inclined 
to the base at an angle of </>"*, then 

sin sin ^ V = L long by L broad by L thick: 
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Examples. 



Ex, 1. Given the rate of exchange 25*22 francs per £, and that 

4*54 litres are equivalent to 1 gallon; deduce the relation of francs 

per litre to £ per gallon. 

25-22 francs = 1£ 

4*54 litres = 1 gallon; 

.". dividing the one equivalence by the other, 

2522 

-— ^ francs per litre = 1£ per gallon, 

».«., 5*55 francs per litre = £ per gallon. 

Ex. 2. A schoolroom is 40 ft. long, 26 ft. 6 in. broad, and 19 ft. 
3 in. higL If 80 cubic feet of space and 8 square feet of floor 
must be provided for each scholar, what is the maximum number 
of scholars which the room can provide for ? 
40 ft. by 26-5 ft. by 19-25 ft., 

1 cubic ft. = ft by ft. by ft., 
1 scholar = 80 cubic feet ; 
... 40 X 26-5 X 19-25 ^^^^j^^^ 

80 
i.e,y 255 scholars. 

Again, 
40 ft. long by 26*5 ft. broad, 

1 sq. ft. = ft. long by ft. broad, 
1 scholar = 8 sq.ft.; 
5 X 26 '5 scholars, 
i.e., 132 scholars.. 

Hence the greatest number of scholars provided for is 132. 

EXERCISE XIII. 

1. Express the litre in terms of the cubic foot. 

2. An imperiAl gaUon is 277*274 cubic inches ; a Winchester bushel 2150*42 
cubic inches ; how many \yinchester bushels are equal to 100 imperial bushels? 

3. Reduce 85 litres to gallons, and 54 gallons to litres. 

4. By how much does a quart exceed a litre 7 
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5. Reduce 234 hectolitres to bushels, and 432 bushels to hectolitres. 

6. What is 1*05 dollars per bushel in terms of shilling per quarter ? 

7. What is one shilling and sixpence a gallon in francs per litre, taking exchange 
at 25 francs per £ ? 

8. A gas stove bums 7 cubic feet per hour, and the cost of the gas is 4«. per 
1,000 cubic feet. Find the hourly cost. 

9. A rectangular block of stone is as broad as it is long, and contains a cubic 
feet. If it were as broad as it is high the bulk would be h cubic feet. Find the 
length. 

10. If a wall, 42 feet long, 10 feet high, and 2\ feet thick, contains 12,800 
bricks, how many bricks of the same kind will be required for a wall 112 feet 
long, 6 feet high, and 2 feet thick ? 

11. If 81 gallons of water will fill a cistern 4 feet 4 inches long, 2 feet 8 inches 
broad, and 1 foot 1^ inch deep, how many cubic inches are contained in a pint ? 

12. The price of wheat is 36«. 6(2. per quarter; express it in terms of francs per 
hectolitre, the rate of exchange being 25*30 francs - £. 

13. The price of brandy is 52 centimes per litre ; express it in pence per gallon, 
the rate of exchange being 25*80 francs - £. 

14. By taking the decimetre as equal to four inches, what percentage of etror 
is introduced, jirstf in linear measure ; second^ in square measure ; thirds in cubio 
measure. Take the legal equivalent as the true length of the metre ? 

15. Find the length of the side of a cubical vessel that shaU contain twice as 
much as one whose side is 8 inches. 



SECTION XIV.— VOLUME, Contmued. 

Art. 94. — ^Volume of a Cylinder, a Cone, a Pyramid. The 
volume of a cylinder is given by 

1 V = S base by L altitude, 
where V denotes L^ and S denotes L^. 

In the case of a cone the altitude is variable, but it can be shown 
that the average altitude is ^ of the greatest altitude. Hence 

^ V = S base by L greatest altitude. 
In a pyramid the altitudes vary in the same manner as in a cone. 
Hence -^ V = S base by L greatest altitude. 

Art. 95. — ^Volume of a Sphere. A sphere may be considered 
as made up of a great number of pyramids having their bases on 
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the surface of the sphere, and their apices at its centre. Hence, 

from ^ V = S base by L altitude, 

and iir S surface = (L radius)^ 

since the surface and the bases, and the radius and the altitude 

coincide ultimately, we deduce 

~ V = (L radius)8. 

Hence ^ V *= (L diameter)^ 

for which, approximations are 

11 V = 21 (L diameter)3, 
and 377 V = 720 (L diameter)^ 

and 4-1888 V = (L diameter)^. 

Art. 96. — Volume of an EllipBoid. The volume of an ellip- 
soid is given by 

^ V = L long diameter by L broad diameter by L thick diameter. 

In the case of a spheroid, two diameters are equal. If the two 
equal diameters are each greater than the third, the spheroid is 
said to be oblate^ and 

^ V = (L long diameter)* by L thick diameter. 

If the two equal diameters are less than the third, the spheroid is 
said to be prolate, and 

^ V = L long diameter by (L broad diameter)^. 

Art. 97. — Change of Volume. A volume may expand in 
three independent directions. Suppose that the several ratios of 
linear expansion are 

1 + a L expanded length = L original length, 

1 + ^ L expanded breadth = L original breadth, 

1 + 7 L expanded depth = L original depth ; 
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then, if the included angles remain constant, 

(I + a) (1 + ^) (1 + y)[J expanded vol. = L^ original vol., (1) 
and 

{(1 + a) (1 + j9) (1 + y) - 1 } L^increment = \J original voL (2) 
The reciprocal of (1) is 

(l+a)(l+^)(l + y) ^^ original vol. = L^ expanded vol; (3) 
and the rate of diminution 
1 - ' TTi — TTT-T vL^ decrement = [J expanded vol (4) 

If a, )8, y is each a small fraction, the value of (1) may be taken 
asl+a + ^ + y; of (2)asa + ^ + y; of(3)asl-a-^-7; and 
of (4) as a + ^ + y. 

Wlien, further, a = ^ = y, the values of (2) and (4) become 3«, 
that is, 3 times the value of the linear rate of expansion. 

Examples. 

Ex, 1. Calculate the volume of a granite monument, consisting of 
a right cylindrical shaft 8 feet high, surmounted by a right cir- 
cular cone 5 feet high, the common radius of the cone and 
cylinder being 2\ feet. (Take ir = |f f .) 
For a circular cylinder, 

TT cubic feet = (ft. rad.)* by ft. high, 
(2-5)« (ft. rad.)» by 8 ft. high ; 

TT X (2-5)* X 8 cubic feet. 
For a circular cone, 

^ cubic feet = (ft. rad.)^ by ft. high, 

(2-5)2(ft. rad.)^ by 5 ft. high ; 

^ X (2-5)* X 5 cubic feet 

Hence the total volume is 

7r(2-5)2(8 + f) cubic feet, 
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i.e.. g^<f>;-^nubicfeet. 

Take logs of the upper factors by themselves and of the lower 
factors by themselves, add each column, and subtract 
2-55023 2-05308 

0-39794 0-47712 

0-39794 

1-46240 2-^3020 

4-80851 
2-53020 

2-27831 

Answer — 189-8 cubic feet. 

Ex, 2. A circular plate of lead, 2 inches in thickness and 8 
inches in diameter, is converted without loss into spherical shot 
of the same density, and each of -05 inch radius. How many 
shot does it make ? 

As the density of the plate and of the shot is the same, we require 
to consider the volume of the materials only. 

For the plate, 

TT cubic inch = (inch rad.)* by inch thick, 
16 (inch rad.)^ by 2 inch thick ; 

327r cubic inches. 



For the shot, 



Itt cubic inch = (inch rad.)^, 
•05 inch rad. ; 
•. f ^(yV)^ cubic inch = 1 shot, 

327r cubic inch ; 

4 
t.e, 192,000 shot 
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EXERCISE XIV. 

1. Find the volume of a cone -whose altitude is 2 feet, and the diameter of the 
base 1 foot 6 inches. 

2. Find the surface of a sphere which is one yard in diameter. 

3. Find the radius of the sphere the volume of which is equal to the sum of the 
volumes of two spheres, whose radii are 3 feet and 4 feet. 

4. The area of the base of a cylinder is 2 square feet and its height 30 inches ; 
find the height of a cylinder the solid content of which is three times as great, but 
whose diameter is only two thirds of the given one. 

5. If the volume of the first of two cylinders is to that of the second as 10 to 8, 
and the height of the fijrst is to that of the second as 3 to 4, and if the base of 
the first has an area of 16 '5 square feet, what is the area of the base of the 
second ? 

6. Determine the volume of the earth, supposing its diameter to be 8,000 
miles. How many masses of the size of the earth would make up one of the size 
of the Sim, the diameter of which is 880,000 miles ? 

7. Two spheres, A and B, have for radii 9 feet and 40 feet ; the superficial area 
of a third sphere (7 is equal to the sum of the areas of A and B. Calculate the 
excess in cubic feet of the volume of C over the sum of the volumes of A 
and B, 

8. A cone and hemisphere being supposed to have a common base and to lie 
at opposite sides of it ; required, the ratio of the altitude of the cone to the 
radius of the hemisphere, in order that the volumes of the two solids should 
be equal. 

9. Determine approximately the length of the radius of the sphere whose 
volume is 400 cubic feet. 

10. A sphere and a cube have an equal amount of surface ; what is the ratio 
of their volumes? 

11. If a model is made on the linear scale of 1/40 inch to the foot ; what 
is the scale for surface and for volume? 

12. The altitude of a common cone equals the circumference of its base. 
Calculate the volume and the area of the whole surface of the cone, the radius 
of the base being 6 inches. 

13. The interior of a building is in the form of a cylinder of 30 feet radius 
and 12 feet altitude, surmounted by a cone whose vertical angle is a right 
angle. How many cubic feet of air will it contain ? 

14. The long axis of a spheroid is 10 inches, and each short axis 6 inches. Find 
its volume. 



CHAPTER THIRD. 

KINEMATICAL. 

SECTION XV.— TIME. 

Art. 98. — Sidereal Units. The idea of time is fundamental. 
Tlie general unit is appropriately denoted by T. 

The standard of time adopted by all civilized nations is the 
time occupied by the earth in making one rotation about its axis. 
This interval is marked out by the successive transits of a par- 
ticular star across the meridian of a place, and it is on that 
account denominated a sidereal day. The sidereal day is divided 
into 24 sidereal hours, the sidereal hour into 60 sidereal minutes, 
and the sidereal minute into 60 sidereal seconds. The sidereal 
units are used principally by astronomers. 

Art. 99. — Mean Solar Units. By a year is meant the constant 
interval occupied by the earth in making a revolution round the 
sun; it is marked out by the sun leaving and returning to a 
certain position among the stars. The transit, of the centre of 
the sun across the meridian of a place marks out an interval called 
the apparerU solar day. This apparent day is not completely 
constant ; its length goes through a cycle of small changes in the 
course of a year. Its average length for the course of a year is 
called the mean sola/r day. This interval of the mean solar day is 
measured out by clocks and chronometers, corrected by observa- 
tion, on the part of astronomers, of sidereal time. 
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The mean solar day is divided into 24 mean solar homs, each of 
which is divided into 60 mean solar minutes, each of which is 
divided into 60 mean solar seconds. When the terms "hour," 
" minute," " second " are used without qualification, " mean solar " 
is understood. In science the " second " is the unit principally 
used ; it is chosen for the unit of time both in the British system 
of units and in the C.G.S. system of units. 

1 mean solar day = 1 -00274 sidereal day. 
I mean solar second = 1*00274 sidereal second. 
Art. 100.— Relation of Mean Solar Day to Tear. The interval 
occupied by the earth in making one rotation has not a simple rela- 
tion to the interval occupied by the earth in making one circuit 
round the sun. Hence the equivalence of the year to the mean 
solar day involves a complex number. It is 

1 year = 365*2422 mean solar days. 
The first approximation in use is 

1 year = 365 days ; 
it is called the common year, and is sufficient for all ordinary 
calculations. But it is not sufficient for the purpose of arranging 
the calendar, so that a given date of the month shall always fall 
on the same season of the year. Tor this purpose a second ap- 
proximation was introduced under the authority of Julius Caesar : 
4 years = 4 x 365 + 1 days, 
i.e,, 1 year = 365*25 days. 
This equivalent is called the Julian year. 
A third approximation is 

25 X 4 years = 25(4 x 365 + 1) - 1 days, 
or 1 year = 366*24 days. 

A fourth approximation is 

4 X 25 X 4 years = 4(25(4 x 365 + 1) - 1} + 1 days, 
or 1 year = 365*2425 days. 

This equivalent is called the Gregorian year, because the approxi- 
mation was applied to the calendar under the authority of Pope 
Gregory. 
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The mode in which the Gregorian equivalence is applied is as 
follows ; — 

A year whose number is not divisible by 4 contains 365 days. 
A year whose number is divisible by 4, but not by 25, 

contains 366 days. 
A year whose number is divisible by 4 and by 25, but not 

by 4 again, contains 365 days. 
A year whose number is divisible by 4 and by 25, and by 4 
again, contains 366 days. 

Art. 101. — Epoch and Era. When we come to specify time as 
an ordinal quantity we require to choose an origin from which to 
reckon. The dvU day is reckoned from mean midnight to mean 
midnight ; the nautical and the astronomical from mean noon to 
mean noon. The two latter differ in this respect, that the number 
for a civil day is by the nautical reckoning given to the interval 
between the preceding noon and the noon of the civil day; 
whereas by the astronomical reckoning it is given to the interval 
between the noon of the civil day and the succeeding noon. 
Astronomers reckon the hours up to 24, and this mode of reckon- 
ing is sometimes found more convenient on extensive railway 
systems. 

By the epoch of an era is meant the particular year from which 
the years are numbered, that of the Christian era being the year 
of the birth of Christ. 

Art. 102. — Local Time and Standard Time. The civil day is 
reckoned from mean noon, but each meridian has its own mean 
noon ; hence the same instant is not denoted by the same number 
at places on widely different meridians. The connection between 
difference of time and difference of longitude is given by 
24 hours later = 360 degrees of longitude west, 
or 1 hour later = 15 degrees of longitude west. 

In the British Islands the legal origin for the civil day at a 
place is the mean midnight at the place ; but it is found more 
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convenient to ase one standard of time throughout Great Britain, 
and the standard naturally adopted is the time for the meridian 
of Greenwich. 
A ship reckons time from its own varying mean noon. 

Art. 103. — ^American Standard Time. Eecently the problem 
of how best to arrange the origin of the civil day was brought 
into prominence in North America owing to the construc- 
tion of the Pacific Eailways, which cross many degrees of longi- 
tude. The problem has been solved as follows : — The whole of 
North America has been divided into five broad belts running 
north and south, each extending over 15 degrees of longitude. 
In each belt one standard time will be maintained, the difference 
of one hour existing between two contiguous belts. 

COMPABATIVE TiMB. 



Later than Greenwich. 

H. M. S. 

Oxford, 5 2 

Liverpool, 12 17 

Edinburgh, - - - - 12 44 

Madrid, 14 45 

Glasgow, 17 11 

Dublin, ----- 25 22 

Lisbon, 36 35 

Madeira, 1 7 36 

Rio de Janeiro, - . - 2 52 41 

Buenos Ayres, - - 3 53 84 

Halifax, N.S., - - - 4 14 24 

Santiago de Chili, - - 4 42 42 

Quebec, 4 44 49 

New York, - - - 4 55 57 

Washington, - - - 5 8 12 

Chicago, 5 50 27 

San Francisco, - - - 8 9 45 

Fiji Islands, - - - - 11 52 



Earlier than Greenwich. 

H. M. s. 

Cambridge, - - - - 23 

Paris, 9 21 

Brussels, 17 29 

Rome, 49 55 

Berlin, 63 35 

Vienna, 1 6 31 

Cape Town, - - - - 1 13 55 

Constantinople, - - - 1 55 57 

St. Petersburg, . - - 2 1 13 

Cairo, 2 5 2 

Jerusalem, - . - - 2 20 59 

Moscow, 2 30 17 

Madras, 5 20 29 

Calcutta, 5 54 

Pekin, 7 45 52 

Tokio, 9 18 40 

Sydney, 10 4 47 

Wellington, N.Z., - - 11 37 16 
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Abt. 104.— Sate of Working ; Besistance, Facility. In the 
solation of problems on the time required to accomplish 
a piece of work, several assumptions are made. It is assumed 
that for each workman or kind of workman there is a definite rate 
of working which is independent of the number of hands engaged, 
and is also uniform, though the length of the working day varies. 
Without constant or approximately constant rates of working to 
reason from, nothing can be concluded. 

Suppose that the piece of work is reaping a field of grain, each 
hand working independently. Suppose that a man could do it in 
p hours, working uniformly, though not necessarily continuously. 
Then the resistance which the reaping of the field offers to a 
man is 

j> hours = field of grain. 
Here we use " field of grain " as an expression for the temporary 
unit " reaping the field of grain in question." 

His facility of working, which is the reciprocal of the resistance 
of the field, is 

- field of grain = hour. 

Art. 105. — Collective Facility, Resulting Resistance. Let the 
resistance of the field of grain to a woman, boy, girl be respectively 
q, r, s hours = field of grain. Suppose a men, b women, c boys, d 
girls set to work simultaneously, then the collective facility will be 

- + - + -+- field of grain = hour : 
p q r s 

and the resulting resistance^ which is the reciprocal, will be 

1 /(? + ^ + ^ + ^) hours = field of grain. 
I^jp q r s^ 

When water flows at constant rates into or out of a cistern, we 
have the same kind of ideas ; only if a current inwards is reckoned 
a positive facility towards filling the cistern, a simultaneous cur- 
rent outwards is a negative facility. 
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Similar ideas are encountered when we consider the fiow of 
electricity. 

Examples. 

Ex. 1. Washington Time is 5h. 8m. 12s. later than Greenwich 
Time ; what is the longitude of Washington relatively to Green- 
wich ? 

15 unit of angle = corresponding unit of time, 
5h. 8m. 12s., .-. 15 (5^* 8' 12") j 
i,e., ir 3' W. 
Ex, 2. A besieged garrison has sufficient provisions to last 
it for 23 weeks at the rate of 18 oz. per man per diem, but re- 
ceiving a reinforcement of 40 per cent, upon its original number, 
the allowance is reduced to 15 oz. per man per diem; how many 
days will it be able to hold out ? 

18 oz. per man per day, 
23 X 7 day, 
23 X 7 X 18 oz. per man ; 
n men, 
.-. 23x7 X 1871 oz. (1) 

15 oz. per man per day, 
w(l + 1) men, 
n(l + 1) 15 oz. per day, 
p /TV 23 X 7 X 1871 1 
•■• ^™°^<l> n(l + |)15 ^^y^' 
i.e., 138 days. 
Ex. 3. A can perform a piece of work in 12 days, £ in 15 days, 
and C in 18 days, when working separately. Find the time 
in which they could perform it when working together. 

Eate of working of A, -^ piece of work = day, 

A, B, and C, ^V + tV + tV „ ^ » 

1 piece of work ; 
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le,, VV day, 
Le.j 4-86 working daj^s. 
^ic. 4. Suppose that every hour per day that a student works 
requires 30 jiays of rest during the year ; how many hours per 
day must he read so as to do the greatest amount possible ? 
Suppose hours of work = day of work ; ( 1 ) 

a;30 days of rest = year, 
.• . 365 - a;30 days of work = year. (2) 

Therefore from (1) and (2), 

a;(365 - a;30) hours of work = year. 
The question now is, what number is «, when a;(365-a;30) is 
greatest. The number 5 is a common multipKer, therefore we 
have to consider a;73 - x^Q only. 



When X is 4, 




xlZ-xH is 


196 


M 5, 




)j 


215 


6, 




>» 


222 


7, 




>> 


217 


From which it appears that 6 


is 


the number. 


Hence, 6 hours 


per day. 








EXERCISE XV. 





L Given the length of the sidereal day 23h. 56m. 4*09s., and the length of the 
mean solar day 24h.; find the length of the year. 

2. A person, on being asked what time it was, answered that the time past 
nooD was three-fifths of the time tiU midnight. What was the time ? 

3. What time is it at Pekin, Calcutta, Home, Washington, Sydney, when it is 
6*30 p.m. at London (Greenwich) ? 

4. A fortress was originally provisioned for 60 days, but after 20 days 15,000 
additional troops were driven to take shelter in it ; in consequence of which the 
provisions held out for only 10 days subsequent thereto. What was the number 
of the original garrison ? 

5. If 24 boys or 15 men can do three quarters of a piece of work in 7^ hours, in 
what time will 10 men and 12 boys do the remainder ? 

6. Two men A and B working together can do a piece of work in 10 days ; but 
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if A stops working after 4 days, B can finish the work in 14 days more. Gomjmre 
their rates of working. 

7. A cistern is supplied from two taps, by one of which it can be filled in 39 
minutes, and by the other in 52 minutes. In what time will it be filled by both 
together ? 

8. What time would 36. men, working 10^ hours a day, require to build a wall 
which 24 men, working 9^ hours a day, can build in 9 days ? 

9. A cistern is fitted with three pipes, one of which will fill it in 48 minutes, 
the second in an hour, and the third in half -an-hour : how long will it take to fill 
the cistern when all three pipes are open together ? 

10. Assume that 6 men can do as much work in an hour as 7 women, and 8 
women as much as 11 boys, and that 5 men can do a certain piece of work in 10 
hours : how long will it take 1 man, 2 women, and 3 boys together to do the same 
piece of work ? 

11. If B and C working together take p days to a piece of work, for which C 
and A together take q days, and A and B together take r days ; find how long 
each would take by himself. 

12. Assume that 4 English navvies can do as much work in a day as 5 French 
navvies, that 4 French navvies can do as much work as 7 negroes, and that 13 
English and 12 French do a piece of work in 3 days : how long will it take 10 
negroes to do that piece of work ? 

13. Compare the time of a place T SO' 1^" west of Greenwich with Greenwich 
time. 

14. Find the successive convergents to the difference between 365 days and the 
true solar year. 



SECTION XVI.— SPEED. 

Art. 106. — Speed and Velocity distinguished. It is impor- 
tant to distinguish between sjpeed and velocity, or at least to dis- 
criminate between two different ideas, which these words may be 
used to fix. Velocity may be defined as rate of change of 
position with respect to time ; while speed may be defined as the 
rate, with respect to time, of change of distance measured along 
a specified patL The elaborating of this distinction is due to 
Tait (Mechanics, Ency, Brit., voL xv., p. 681). Speed thus 
defined does not involve direction in its conception, while 



velocity does. 
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Both are expressed in terms of L per T ; but, in the case of 
speed, L denotes a length merely ; whereas, in the case of velocity, 
it denotes a vector (Art. 69). When our attention is restricted 
to motion along a definite path, it is not necessary to specify the 
direction of the velocity; it is sufficient to state whether it is 
backwards or forwards. 

The idea which is reciprocal to that of speed is dovmess. It 
is expressed in terms of T per L 

Art. 107. — British Units. According to the common usage 
of this country, we may have any of the units of length for L, 
and any of the units of time for T ; for example, miles per hour, 
miles per minute, miles per second, yards per minute, feet per 
second, etc. The choice of each unit depends on the magnitude 
of the quantities of that kind which come into consideration. In 
the case of the motion of trains the distances coming into con- 
sideration axe great, and so are the times occupied ; hence the 
speed is commonly expressed in miles per hour. In the motion 
of a projectile the distance coming into consideration is not great, 
and the time occupied is small; hence foot per second is a more 
convenient unit. 

Calculation, however, is usually facilitated by choosing one 
set of fundamental units. Hence in the British system of ab- 
solute units, the F.P.S. system, foot per second is the primary 
unit of speed. 

Art. 108. — Metric and CQ-.S. Units. The primary unit of 
speed in the French system is naturally the metre per second. 
However, as the first founders of the system departed from the 
metre in taking the centimetre to define the unit of mass (Art. 127), 
the founders of the C.G.S. system have adopted the centimetre 
throughout as the primary unit of length, and accordingly adopt 
the centimetre per second as the primary unit of speed. 

As the foot per second and the centimetre per second involve 
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the same unit of time, the conversion of the former into the 
latter is the same as the conversion of the foot into the centi- 
metre. The mean solar units being the same in all countries, 
the only conversions to which they give rise are those due to the 
relations of the several denominations of mean solar time to one 
another. 

Examples. 

Ex, 1. Express a speed of 60 miles per hour in terms of 
kilometres per second. 

1 kilometre = 1000 metres, 
1 metre = 39*37 inches, 
36 inches = yard, 
1760 yards = mile, 
60 miles = hour, 
1 hour = 3,600 seconds; 

36 X 1760 X 60 



39370 X 3600 



kilometres = second, 



Le,, - !^ kilometres = second, 

i.e., ;0268 kilometres = second. 

Ex, 2. Find the average speed of a lamplighter who spends 10 
seconds at each lamp, and walks to the next, 25 yards off, at the 
rate of 5 miles an hour. 

10 sees, delay = lamp, 

1 lamp = 25 yards, 
1760 yards = mile, 

5 miles = hour walking ; 
2 X 1760 sees, delay = hour walking, 

*-^-> • ^nr^r. l^ours dclay = hour walking, 
3600 

44 
i,e,y — hours delay = hour walking. 

40 
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Hence the average speed is 

44 

5 miles = 1 + --- hour, 
45 

t.e., — Hft-- miles = hour, 

89 

i 6. , 2 -5 + miles = hour. 

Ex, 3. A person standing on a railway platform noticed that a 

train took 21 seconds to pass completely through the station, 

which was 88 yards long, and that it took 9 seconds to pass 

liimself. How long was the train, and at what rate per hour 

was it travelling 1 

Suppose X yards long. 

Hence speed of train is 

(88 + x) yds. = 21 seconds ; 

bat it is also 

X yds. = 9 sees. ; 

9(88 + a;) = 21a;, 

a;=66. 

1 mile = 1760 yds., 

66 yds. = 9 sees., 

3600 sees. = hour ; 

22 X 120 ., , 

miles = hour, 

11x16 ' 

ie., 15 miles = hour. 



EXERCISE XVI. 

1* Express a speed of 1 mile per hour in terms of feet per second ; and of 1 
foot per second in terms of mile per hour. 

2. Express a speed of 60 miles per hour in terms of feet per second. 

3. The speed with which light travels is 186,000 miles per second ; ex])ress it in 
metres per second. 

4. Beduce 1 kilometre per hour to centimetres per second. 

5. Bomer found that a ray of light took 16m. 36s. to cross the diameter of the 
earth's orbit. The mean distance of the sun from the earth is 92*39 million miles, 
deduce the speed with which light travels, given that it travels imiformly. 
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6. Compare the speeds of two locomotives, one of which travels 397$ miles in 
11^ hours, and the other 262^% miles in 8| hours. 

7. It is found on taking the log that a steamer goes a distance of six knota^ 
each knot measuring 48 feet, while a sand-glass measures out 14 seconds. What 
is the speed of the ship in nautical miles per hour ? 

8. Express in miles per hour the difference of 60 kilometres per hour and 60 
miles per hour. 

9. A man walks at 5 kilometres per hour; express his speed in metres per 
second. 

10. The speed of a ship is 12 knots per hour ; express it in metres per second. 

11. Express the foUowing speeds in miles per hour- 

Ordinary wind, 5 to 6 metres per second, 
A fresh hreeze, 10 „ 

A tempest, 25 to 30 „ 

A hurricane, 40 „ 

12. Express the following speeds ./irs^ in kilometres per second, second in centi- 
metres per second. 

Speed of a point on the equator of Mercury 146*87 m. per sec, 
„ „ Mars, 244 „ 

,, ,, Venus, 454*58 „ 

„ ,, Earth, 463 „ 

„ „ Sun, 2,018 

13. A tram-car goes round its circuit of 4^ miles in one hour, stopping at two 
stations five minutes and two minutes respectively, and making twenty other 
stoppages of an average duration of 10 seconds each. Find the average speed 
of the car while in motion. 

14. A local train makes its run of 13 miles and back once in every two hours, 
stopping half a minute at each of the fourteen stations on the line, and ten 
minutes at either terminus. What is its average speed when in motion ? 

15. An ordinary train takes ten hours to a certain journey, besides two hours 
in all of stoppages. The express goes 50 per cent, faster, and completes the 
journey in four hours less. What time does it lose in stoppages ? 

16. A man rides a certain distance and walks back in six hours ; he could ride 
both ways in 3^ hours ; how long would it take him to walk both ways ? 

17. A person walked from Cambridge to Newmarket, a distance of 14 miles, 
and back in seven hours thirty minutes. His speed going to his speed returning 
was 8 to 7 ; find the speeds. 

18. How long will it take a man to walk round a square field whose area is 
5§ acres, at the rate of one mile in 10§ minutes ? 

19. A traveller has a hours at his disposal ; he rides forward with a friend in a 
coach travelling h miles an hour, and has to return home at the end of his a 
hours on foot, walking c miles an hour. How far can he go with his friend ? 
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20. A man starts to explore an unknown country, carrying provisions for tea 
days ? He can walk 15 miles a day when carrying provisions for ten days, and he 
can go an extra mile a day for each day's provisions he gets rid of. What dis- 
tance will he have walked by the time he has just exhausted his provisions ? 

21. A steamer made the passage from New York to Queenstown in 6 days 14 
hours 18 minutes. The daily runs were 436, 410, 415, 433, 420, 426, and 275 
knots. Find the average speed in knots per hour, and in st/atute miles per hour. 
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Akt. 109. — Overtaking and Approacli. Suppose that A and 
B move with uniform speeds along the same path and in the same 
sense. Suppose that the speeds are 

m L by ^ = T, (1) 

and 71 L by ^ = T; (2) 

and suppose that m is greater than n. From these two rates we 
can deduce derived rates as in Art. 23. 

From (1) and (2) we deduce 

m L by ^ = 71 L by J5. (3) 

By subtracting (2) from (1), 

By means of (1) and (2), (4) can be put into the forms 

— ^ L gain by ^ = L by ^, (5) 

and ~ ■ L gain by -^ = L by -5. (6) 

Suppose now that A and B move in opposite directions. By 
adding instead of subtracting we obtain 

m + nL approach by ^ to -B = T, (7) 

m — n 



m-n 



L approach = L by il, (8) 

L approach = L by -B. (9) 

H 
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Art. 110. — The Vernier. The principle of the vernier is 
exactly similar. Suppose that the equivalences are 

1 inch of scale = division, 
and -9 inch of vernier = division ; 

then -1 inch gain by scale = division. 

If the scale overtakes the vernier after say 7 divisions, then the 
gain by the scale is '7 inch ; that is, the difference between the 
approximate and true reading is '7 incL 

When the equivalence for the vernier is 

1*1 inch of vernier = division, 
then •! inch gain by vernier = division. 

In this case the coincidence has to be sought for by going back- 
wards instead of forwards. A vernier constructed according to 
the former plan is called a sextant^emier, while one constructed 
according to the latter plan is called a barometer-vernier. 



Examples. 

Ex. 1. Two passenger trains having equal speeds, and consist- 
ing, the one of 12 carriages, the other of 14, are observed to take 
10 seconds to pass one another. What is the speed, estimating the 
length of a carriage at 23 feet ? 
Let the speed of either train be 

X ft. = sec; 
then their relative speed is 

2x ft. = sec. 
10 sec. .-. 20a; ft. 

But 23 ft. = carriage, 

12 + 14 carriages, /. 26 x 23 ft. 

Hence 20a; = 26 x 23, 

a; = 29-9. 
Ex. 2. In running a race one mile long A beats ^ by 1 00 yards, 
and B beats C by 90 yards ; by how many will A beat ? 
1760 yards by ^ = 1660 yards by B, 
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1760 yards hy B = 1670 yards by C, 

1760 yards by A ; 

166 X 1670 . , ,> 
j^g yards by C, 

i.e., 1575^^^ yards by (7; 

.-. 1760 - 1575/:f yards by which A beats (7, 

i.e., 184f| yards by which A beats C. 

Ex, 3. A racecourse is 3,000 ft. long ; A gives B a start of 50 
ft. and loses the race by a certain number of seconds ; if the course 
had been 6,000 ft. long, and they had both kept up the same 
speed as in the actual race, A would have won by the same num- 
ber of seconds. Compare A'^ speed with j5's. 
a ft. by -^ = sec, 
h ft. by ^ = sec; 
ait.hy A = h ft. by B. 

3,000 ft. by A, .\ — ^ sees., 

2,950 ft. by ^, .-. ^^secs. 

Hence the time by which A lost is 

3000 2950 

— - — sees. 

a 

Similarly in the other case the time by which A wins is 

6000 5950 
= — sees. 



2950 



it 


is 


given 


that 
6000 
a 


5950 
' b " 


_3000 
a 






•• 




a 
V 


90 
'89* 



Hence 90 ft. by ^ = 89 ft. by B. 

Ex. 4. A man walks, at three miles an hour, along a tram-line, 
and during his walk he is overtaken by 6 tram-cars. If the cars 
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start simultaneously at equal intervals of time, from both ends, 
and travel at the rate of 5 miles an hour, determine the number 
of tram-cars he should have met in the same time. 
Speed of man, 3 miles = hour, 

Speed of cars, 5 miles = hour ; 

8 miles approach = hour, 
and 2 miles overtake = hour. 

Since the distance between car and car is uniform 

8 cars meet = 2 cars which overtake, 
6 cars overtake ; 

.•.24 cars meet. 
Answer — 24 cars. 



EXERCISE XVII. 

1. A traveller starts from A towards B at 12 o'clock, and another starts at the 
same time from B towards A. They meet at 2 o'clock at 24 miles from A, and 
the one arrives at A while the other is still 20 miles from B, What is the distance 
from AioBt 

2. A steamer leaves Liverpool for New York, and a vessel leaves New York for 
Liverpool at the same time ; they meet, and when the steamer reaches New York 
the vessel has as far to go as the steamer had when they met. If Liverpool be 
3,000 miles from New York, how far out from Liverpool was the steamer when 
they met? 

3. A starts to walk from Edinburgh to Glasgow, and at the same time B starts 
to walk from Glasgow to Edinburgh. A reaches Glasgow 9 hours after meeting 
B, and B reaches Edinburgh 6 hours 15 minutes after meeting A, Find in what 
time each has performed the journey. 

4. -4, who walks at the speed of 3| miles per hour, starts 18 minutes before B ; 
at what speed must B walk to overtake A at the ninth milestone ? 

5. A messenger starts on an errand at the rate of 4 miles an hour ; another is 
sent IJ hours after to overtake him ; the latter walks at the rate of 4J miles an 
hour. When and where will he overtake him ? 

6. A passenger train going 41 miles an hour, and 431 feet long, overtakes a 
goods train on a parallel line of rails. The goods train is going 28 miles an hour, 
and is 713 feet long. How long does the passenger train take to pass the other? 

7. A and B run a race a mile long, and A beats B by 100 yards ; A then runs 
with C, and beats him by 200 yards ; finally B runs the course with C By how 
much does B beat Ct 



\ 
f 
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8. A and B rnn a race ; B has 50 yards start, but A runs 20 yards while B runs 
19. What must be the length of the course that A may come in a yard ahead otBt 

9. In a 100 yards race A beats S by 5 yards and C by 10 yards. By how many 
yards does B beat Ct 

10. In a 100 yards race A can beat B by 10 yards ; B in the same distance beats 
C by 10 yards. By how many will A beat C? 

11. In a mile race A can beat B by 17 yards or 2f seconds. Find A'b time over 
the course. 

12. In a mile race A gives B 50 yards ; B passes the winning post 5 minutes 
after the start ; A passes it 5 seconds later. Which would win in an even race, 
and by what distance ? 

13. In a mile race between A and B, whose relative speeds are as 4 to 3, £ had 
the start by 3 minutes, but was beaten by 80 yards. Required the speed of each 
in yards per minute. 

14. A starts from a railway station, walking at the rate of 5 miles an hour ; at 
the end of an hour B starts walking 4 miles an hour ; at the end of another hour 
a train starts and passes A 25 minutes after it passes B, Find the speed of the 
train. 

15. A tourist, having remained behind his companions, wishes to rejoin them 
on the following day. He knows they are 5 miles ahead, will start in the morn- 
ing at 8 o^clock, and will walk at the rate of 3^ miles an hour. When must he 
start in order to overtake them at 1 o'clock p.m., walking at the rate of 4 miles 
an hour, and resting once for half an hour on the road ? 

16. One man setting out from A travels towards B at the rate of 6 miles per 
hour ; 2 hours afterwards a second man starts from -4, and going 10 miles per 
hour reaches B 4 hours before the first man. Find the distance between 
A and B. 

17. Two men start from a town on the same road — the first on foot, walking 18 
miles in 7 hours ; the second on horseback 5| hours later, walking 36 miles in 5 
hours. Find the time in which the second gets (1) half as far, and (2) twice as 
far as the first. 

18. Suppose that cars move on a tram-route at the average rate of 6 miles per 
hour, and are despatched from either end at intervals of 5 minutes, and that a 
man walks along the route at the rate of 4 miles an hour. How many cars per 
hour will meet him, and how many cars per hour will overtake him? 

19. A man walking at 4 miles an hour along a tram-route observes that in the 
course of an hour he meets 20 cars, and is overtaken by 4. What is the average 
speed of the cars, and what is the average distance between two successive cars ? 

20. Show how to construct a vernier to make barometer readings to *002 of an 
inch, when the divisions on the scale are twentieths of an inch. 

21. The circumference of the limb of an angular instrument is divided into 
1,080 parts ; show how to consiyuct a vernier which will read to a minute. 
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SECTION XVIIL -VELOCITY. 



Art. 111.— Telocity in one Plane. 

Fig. 12. 



Velocity, being a vector 
rate, can be resolved 
into components in the 
same manner as a vector. 
Suppose that our atten- 
tion is restricted to one 
plane. The equivalence 
between the full velocity 
Vf L adjaeeru and its components is 

expressed by (Fig. 12) 

V L along per T = «?i L adj. per T + t^g L opp. per T. 
From this complete equivalence certain partial equivalences may 
be derived, as in Art. 25, 

v^ L adj. per T = e^ L along per T, 




or 



-1 L adj. = L along. 



This last, when the components are at right angles to one another, 
is the cosine of the direction of the velocity. 
Similarly, under the same condition, 

-^ L opp. = L along 

is the sine of that direction. Also 

^2 L ^PP* P®^ T = Vj L adj. per T ; 
??Lopp. = Ladj.; 

which, when the components are rectangular, is the tangent of 
the direction of the velocity. 

The relation between the numbers is the same as that for the 
resultant and components of a simple vector. When the com- 
ponents are inclined at an angle 6^, 

i;2 = vj + v} + 2t;it?2 cos 0. 
When 9 is 90 this becomes 

i;2 = i;3 + |;» 
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Art. 1 1 2. — ^Velocity in Space. When space is considered there 
are three rectangular components, as for example, 
v^ L east per T, 
v^ L north per T, 
% L up per T. 
The resultant speed is 

Jvi + v} + vl L per T ; 
and the direction is fully specified by the three direction-cosines 

^ L east = L along, 

ijvi + v^ + vi 

— ^' L north = L along, 

VVi^ + Va' + vl 

L up = L along. 



Jv{ + vi + vi 



Examples. 

Ex. 1. While a train is moving with a velocity of 20 miles an 
hour alongside a station platform, the guard throws out a parcel 
with a horizontal velocity of 16*9 feet per second in a direction 
at right angles to the motion of the train. What will be the 
velocity of the parcel at the beginning ? 

First of all we have to see that the two components are ex- 
pressed in terms of the same unit, say, feet per second. 
1 hour = 3,600 seconds, 
20 miles = hour, 
1760 X 3 feet = mile; 

176- ^ , 

.- feet = second, 
o 

i.e., Y ^®6t = second. 

Thus, the rectangular components are 

^ feet parallel = second, 

16*9 feet across = second ; 
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— --^^^ feet across = foot parallel, 
oo 

i.e., -577 „ 
Hence the tangent of the angle between the direction of motion 
of the parcel and the direction of motion of the train is *577; 

the angle is 30°. 
Also, since the components are rectangular, 

n/(V)'+(16*9)' feet resultant = second, 
i.e., 33-8 „ = „ 

Ex» 2. A ship sailing due N. at the rate of 7 knots an hour is 
carried to the E, by a tide current of 4 knots an hour. Find her 
real velocity over the ground in knots correct to two places of 
decimals. 

7 knots N, — hour, 
4 knots E, = hour ; 



Also, 

ie.. 



1. A steamer goes 9*6 miles per hour in still water. How long will it take to 
run 10 miles up a stream and return, the velocity of the stream being 2 miles an 
hour? 

2. A party row down a river in three hours, and up in seven, their rate in still 
water being 5 miles an hour, ftequired the distance, and the velocity of the 
water. 

3. Suppose that a steam-tug travels 10 miles an hour in still water when alone, 
but draws a barge 4 miles an hour. It has to take a barge 10 miles up a stream 
which runs 1 mile an hour, and then to return without the barge. How long 
will it take for the journey ? 

4. A vessel makes two runs on a measured mile, one with the tide in a minutes, 
and the other against the tide in h minutes. Find the velocity of the vessel 
through the water and of the tide, supposing both to be unifonti. 



V49 


+ 16 knots 


= hour. 




n/65 


^^ a 




8-06 „ 


~ » 


1 


knots K 


= knot E,, 


1-75 


j> 


— » 




angle is about 60*. 




EXERCISE XVIII. 
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5. A particle receives aimultaneoasly three velocities, viz., 60 feet per second 
N.y 88 feet per second TT. 30° 5., and 60 feet per second E, 30° S, Give the 
maji^tude and direction of the resultant velocity. 

6. A ship sailing due north at the rate of 8 knots per hour is carried to the 
east by a tide current of 4 knots an hour. Find her real motion over the ground 
in knots per hour correct to two places of decimals. 

7. A river one mile broad is running downwards at the rate of 4 miles an hour, 
and a steamer moving at the rate of 8 miles an hour wishes to go straight across. 
How long wUl the steamer take to perform the journey, and in what direction 
must she be steered ? 

8. A boat is rowed in the direction of right across a river with a velocity of 8 
miles an hour. The river has a velocity of 2 miles an hour, and a breadth of 
800 feet. Find how far the boat will be carried down by the time it reaches the 
opposite bank. 

9. A ship is sailing ESE. at the rate of 10 knots an hour, and the wind seems 
to blow from the NW. with a velocity of 6 knots per hour. Find the true veloci- 
ty of the wind. 

10. If a steamer have a velocity of 14 knots an hour due west, and the wind 
blows with a velocity of 7 knots an hour from the north ; what will be the ap- 
parent velocity of the wind to one on board the steamer ? 



SECTION XIX.— ANGULAR VELOCITY. 

Art. 113. — Speed of Turning. When a rigid body rotates 
round an axis, each point in the body has a speed proportional to 
its perpendicular distance from the axis. Hence speed of rota- 
tion or turning is expressed in the form 

(0 L arc per L radius per T. 
Speed of turning may also be expressed in the form 

n revolutions = T. 
The reciprocal idea is that oi periodic time, 
1/nT per revolution. 

Art. 114. — Angular Velocity and Moment of Velocity. 
When a point moves in a plane, the rate of change of direction of 
the line joining it with a fixed point in the plane is called its 
angular velocity with respect to that point. It is specified, like 
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speed of turning, in the form 

0) radian = T, 
or (0 L arc per T = L radius. 

Consider the motion in one plane of a point P round a fixed 
Fiff.13. q W^^^ (Fig. 13). The moment of 

* the velocity of F round is propor- 
tional to the velocity of F, and to 
the perpendicular OM from upon 
the direction of the velocity. Let 
the velocity be t; L along per T, and 
the perpendicular be |? L perpendicu- 
lar. Then the moment of velocity is 
p) L along per T by L perpendicular, 
or 

pj L perpendicular by L along per T, 
or pv {J area per T. 

This is double the rate at which the radius-vector describes area, 
because a small sector traced out by the radius-vector is a triangle, 
not a parallelogram. 





Examples. 

Ex, 1. The speed of the periphery of a mill-wheel 12 feet in 

diameter is 6 feet per sec; how many revolutions does the wheel 

make per minute ? 

6 feet arc. = sec, 

1 rev. = 127r feet arc, 

60 sec. = min. 

30 
.*. — rev. = mm. 

Take tr= V J then 9-6 rev. = min. 
Ex, 2. A person inquiring the time of day is told that it is be- 
tween V. and VI., and that the hour and minute hands of the 
clock are together. What o'clock is it ? 

■Jjj rev. by hour hand = hour. 
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1 rev. by minute hand = hour ; 
^ " Tff ^v- gained by min. hand = hour, 
■f^ rev. to be gained ; 



^ X — hour required, 



*.«., TT hour required. 

Hence the time is 5h. 27m. 16s. 

Ex, 3. Find the average angular speed of the extremity of the 

minute hand of a watch which is three quarters of an inch in 

length. 

27r inch arc = inch radius by hour, 

finch radius; .'. -~ inch arc = hour. 
2 

But 1 hour = 3600 sec, 

• •• —^ inch arc = sec, 

t.g. , 'GO 1 3 inch arc = sec. 
Ex, 4. Find the number of revolutions per mile made by a 
wheel of 4 J feet diameter. 

f feet diam. 
Tc feet arc = foot diam, 

^^^ feet arc. 

1 rev. =irf feet arc, 

3 X 1760 feet arc = mile ; 

1760x2 ., 

• • — Q revs. = mile, 

ie.f .373 revs. = mile. 
Ex. 5. Express in degrees and in circular measure the angle 
made by the hands of a clock at 3*35 o'clock. 

30 degrees by hour hand = hour, 
.'• J degree by hour hand = minute, 
I 35 min.; .•. Y ^^gs. past III. 

I The minute hand is 4 x 30 degs. past III., 
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.'. the angle between is 120-17*5 degs., 

i,e.j 102*5 deg. 

N9W 3*1416 radians = 180 degs., 

102*5 X 3*1416 ,. 
.*. ^ radians, 

i,e,, 1*79 radians. 



EXERCISE XIX. 

1. Find the multiplier for changing revolutions per minute into radians per 
second. 

2. How soon after YIII. are the hour and minute hands directly opposite to 
each other ? 

3. Express in degrees, grades, and radians the angle made by the hands of a 
watch at 3*30 o'clock. 

4. The minute and second hands of a watch point in the same direction at 
XII. When do they next point in the same direction ? 

5. At what time after n o'clock is the minute hand first ten minutes before the 
hour hand ? What is the greatest value of 9i to allow this to happen within 
the hour? 

6. Two clocks are together at XII.; when the first comes to I. it has lost a 
second ; and when the second comes to I. it has gained a second. How far are 
they apart in 12 hours ? 

7. Two clocks are correct at mid-day ; wheik the first clock indicates VI. in 
the afternoon, the second wants a minute to VI. ; and when the second indicates 
midnight, the true time is 2 minutes past XII. What does the first clock indi- 
cate at midnight ? 

8. Two men walk opposite ways round a circular course. They meet for the 
first time at the north point, the sixth time at the east point. Where will they 
meet for the sixteenth time— and what are their relative speeds ? 

9. A clock loses at the rate of 8 '5" per hour when the fire is alight, and gains at 
the rate of 5*1" per hour when the fire is not burning ; but on the whole it neither 
loses nor gains. How long in the 24 hours is the fire burning ? 

10. In going 120 yards the forewheel of a carriage makes six revolutions more 
than the hindwheel. If each circumference were a yard longer, it would make 
only four revolutions more. Find the circumference of each wheel. 

11. Two men start together to walk round a circular course, one taking 75 
minutes to the round, the other 90. When will they be together again at the 
stai-ting point ? 
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12. The hour hand of a watoh is 3/7 of an inch long, the minute hand 4/5 of an 
inch, and the second hand 1/3 of an inch. Compare the linear speeds of their 
points. 

13. Deduce the equivalent of longitude for one minute of time, and for one 
second of time. 

14. What is the circumferential speed of a wheel 28 feet in diameter -when 
making five revolutions per minute ? 

15. The diameter of the earth is nearly 8,000 miles ; required, the circumfer- 
ence of the earth at the equator, and the number of miles per hour which the 
inhabitants of latitude 60° are carried by the earth*s diurnal rotation. 

16. What is the velocity due to the earth's rotation of a person dwelling on the 
45th degree of latitude ? 

17. The front wheel of a bicycle is 52 inches in diameter, and performs 5,040 
revolutions in a journey of 65 minutes. Find the speed in miles per hour at 
which it has travelled, assuming the ratio of the circumference to the diameter of 
a circle to be as 22 to 7. 

18. When a steamer sails due west, at the latitude of 45^ at the rate of 14 
knots per hour, what is the rate at which the clock gains time ? 

19. A reaping machine works round a rectangular field of grain 357 yards by 
216 yards at the average speed of 3 miles an hour, the breadth cut by the reaper 
being 5 feet. How long will it take to cut down the field ? 

20. Find the distance traversed in ploughing 12 acres of land when the furrow 
is cut 11 inches broad ; also the time required when the horses move at the aver- 
age speed of 2 miles an hour. 



SECTION XX.— EATE OF CHANGE OF SPEED. 

Art. 115. — General Unit. By acceleration is meant rate of 
change of velocity with respect to time. To each of the varieties of 
velocity discussed there is a corresponding variety of acceleration. 
Rate of change of speed and rate of change of velocity are both 
expressed in terms of 

(L per T) added per T, 
the only difference being that in the former case we have not, and 
in the latter we have to consider the direction of L. 

A peculiarity of this rate is that time enters twice as the inde- 
pendent quantity. In order to be independent of one another, 
the latter interval must elapse before the former. 
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The unit of the British absolute system is the foot per second 
per second; and that of the C.G.S. system is the centimetre per 
second per second. 

Art. 116. — Bate of Change of Speed. Here our attention is 
entirely restricted to one path. If the increment to the speed has 
the same sense as the existing speed, it is said to be an accelera- 
tion proper; if it has the opposite sense, it is said to be a 
retardation. 

Suppose that the point is at one instant moving with a speed 
of Vi L per T, and that after an interval of n T it is moving with a 
speed of v^ L perT; then the change of speed in the course of the 
interval is v^-v^\^ per T. If this change has been made uniformly, 
then the rate of change during the interval is 

?2-liLperTperT. 
n 

Art. 117. — Application of Bate to find Space passed over. 
Given that a point is subject to a constant rate of change of speed, 

a L per T per T, 
if the interval during which it goes on is t T, then the change of 
speed is to. L per T If the subsequent interval is ^ ' T, then t 'ta L 
is the distance gone over due to the speed which was imparted 
before the interval began. Hence the rate may be viewed in the 

form of an equivalence 

a L = T subs, by T prec, 

L. or a L per T subs. = T prec. 

But when the intervals arc 

I, simultaneous, the speed is 

I L per T at the beginning, 

d and ta L per T at the end ; 

and it increases uniformly 

t T" during the interval. Hence 

(Art. 81), we shall get the correct result by supposing the average 

speed to have existed throughout the interval (Fig. 14). The 
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average speed is + 0/^ pe^ y, le., ^ Lper T. 
Hence, instead of the provious equivalence, we have 

Ja L = T^. 

We have "P because the two intervals are identical. The ^ comes 
in for the same reason that it appears in the equivalence for the 
area of a triangle. 

Art. 118. — Derived Bata Given that a point is subject to a 
constant rate of change of speed 

a L per T = T, (1) 

then, as we have shown, the ratio of space described due to that 
acceleration is 

iaL=y. (2) 

By squaring the first equivalence we obtain 

a2(L per T)2 = P ; (3) 

and by eliminating T^ between (3) and (2), we deduce 

a\L perT)^ = ^a L, 
or 2a(L per T)^ = L (4) 

We shall afterwards find (Art. 159) that 2(L per T)" is the unit for 
expressing the kinetic energy of unit mass. 

Art. 119. — Composition of EfEbcts. Let the initial distance 
be s L, the initial speed v L per T, and the constant rate of change 
of speed a L per T per T. 

As all the quantities are supposed to be along the same 
line, the composition is effected by simple addition ; but the 
quantities may differ in sign. Hence, after t T, the velocity will 
be t? + a^ L per T ; 

and the distance will be 

Examples. 

Eon. 1. Assuming 32*2 as the foot-second measure of the ac- 
celeration produced by gravity, express the same quantity 
numerically in terms of the mile-hour unit. 
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1 mile = 3x 11x160 ft., 
32 '2 ft. = sec. by sec, 

• lsec.by8ec.=^jXg-^hourbyhour, 

3x11x160 ^ 

322 X 180 X 15 ., , , , 
I.e., — mile = hour by hour, 

Le.y 79,036 miles per hour per hour. 

Ex. 2. Recently in the case of a girl who threw herself from the 

top of the column in the Place Vend6me in Paris (height 40 metres), 

it was discussed whether death would be caused by the mere speed 

attained before reaching the base. What was the speed ? 

9-8 metres per sec. per sec, 

9*8 . 2 

-^ metres = sec 2, 

40 metres ; 

_ sec.2, 

400 2 

20 
i.e.. --- sec. 

7 

Now 9*8 metres per sec. = sec, 

20 X 9-8 , 

_ — metres per sec 

i.e., 28 metres per sec. 
Or we can proceed thus 

9*8 metres per sec = sec of fall, 
4-9 metres fall = (sec of fall)^; 
(9-8)2(metres per sec)^ = 4-9 metres of fall, 
40 metres of fall ; 
9*8 X 2 X 40 (metres per sec.)^ ; 
x/49 X 4 X 4 metres per sec, 
i.e., 28 metres per sec. 
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Ex. 3. A baUoon is 400 feet from the ground, and ascending 
at the rate of 10 feet per second. What time would a sandbag 
take to fall to the ground from it ? 

The sandbag has a velocity of 10 feet upwards per second, and 

when let fall it is subject to an acceleration of 

32 ft. downwards per sec. per sec. ; 

32 
hence -^ ft. downwards = (sec. of fall)^. 

Suppose t seconds taken to reach the ground ; 

32 

then no ft. up, and P— ft. down. 

Ji 

Now ^^?-n0ft. = 400ft., 

z 

hence the equation ^8 - <5 - 200 = ; 

, 5± n/25 + 6400 

5±80 1 
= -jg-- nearly, 

= 5 J nearly. 
Answer — 5 J sees. 
Ex. 4. St. EoUox stalk is. 445 ft. high ; at what rate must a 
bullet be shot vertically upwards to reach the top (disregarding 
the resistance of the air) in a second ? What would be its speed 
when passing the top ? How high would it rise ? 
1st. Let the velocity of projection be 
V ft. up = sec, 
for 1 sec, V ft. up. 
But gravity is acting downwards at 

16ft. = sec2; 
for 1 sec, 16 ft. down. 
Hence «- 16 ft. = 445 ft., 

v=461. 

2nd. The original velocity is 461 ft. up per sec. ; gravity acts at 
32 ft. down per sec. = sec, 

I 
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for 1 sec, 32 ft. down per sea ; 
hence the velocity when passing the top is 
461 - 32 ft. up per sec, 
».e., 429 ft. up per sec 

3ri 2 X 32 (ft. per sec)^ deducted = ft. rise, 

(461)' (ft. per sec )^ 

... ^^ ft. rise. 

i.&, 3321 ft rise. 
Ex, 5. The speed of a railway train increases uniformly for the 
first three minutes after starting, and during this time it travels 
one mile. What speed, in miles per hour, has it now gained, and 
what space did it describe in the first two minutes ? 

1 mile = (^ hour)2, 
400 miles = hour^, 
•*. 800 miles per hour = hour, 
^Vhour, 
40 miles per hour. 
Again, 400 miles = hour*, 

^ hour ; 



%.e,. 



400 

4 
IT 



Aoo mile, 



EXERCISE XX. 

1. Express an acceleration of 500 centimetres per second per second in terms of 
the kilometre and minute. 

2. The velocity and the acceleration of a moving point at a certain moment are 
both measured by 10 the foot and the second being the units of space and time. 
Find the numbers measuring them when the yard and the minute are the units. 

3. On what arbitrary units does the numerical quantity g depend? If each 
unit becomes m times its former amount, what wiU be the new value oig^. 

4. Express 32*2 feet per second per second in terms of 3rard per minute per 
minute. 

5. To ascertain the height of a precipice a stone was dropped from the edge 
and was observed to take three and a half seconds to reach the bottom. What is 
the height of the precipice ? 
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6. A Btone dropped from the top of a cliff is observed to reach the bottom in 
&| seconds. Find the height. 

7. A boy throws a stone vertically into the air with a velocity of 80 feet per 
second. How mnch time has he to escape from it returning ? 

8. A stone is let fall, and another is at the same instant projected upwards 
from a point 500 feet lower in the same verticaL With what speed must it be 
projected so that the two may meet half way ? 

9. How far has a body fallen from rest when it has acquired a velocity of (1) 
20 feet per second, (2) 100 feet per second ? 

10. A stone, dropped from rest, falls under the action of gravity 65 feet during 
a particular second of time. How long before the end of this second did it begin 
to fall? 

11. Two particles are let fall, the one from 100 feet, the other from 225 feet 
high, and they reach the ground at the same time. Find the interval between 
their times of starting. 

12. A particle is dropped from a height ; supposing it reaches the ground in 12 
seconds, how much did it fall during the last second, and how far has it fallen 
altogether? 

13. A stone is thrown downwards, and its average velocity for the second second 
of its fall is 2J times that for the first second. What was the initial velocity ? 

14. A rifle bullet is shot vertically downwards from a balloon at rest at the rate 
of 400 feet per second. How many feet will it pass through in two seconds, and 
what wOI be its velocity at the end of that time, neglecting the resistance of the 
air and estimating the acceleration due to gravity at 32 ? 

15. A stone thrown vertically upwards strikes the ground after an interval of 
10 seconds. With what velocity was it projected, and to what height did it rise ? 

16. If a body is projected upwards with a velocity of 120 feet per second, what 
is the greatest height to which it will rise, and when will it be moving with a 
velocity of 40 feet per second ? 

17. With what velocity must an arrow be shot vertically upwards in order that 
it may just reach the top of a stalk 150 feet high ? 

18. My watch beats five times each second. A boy throws a stone into the air 
vertically upwards, and I reckon 27i beats of my watch from the instant the stone 
leaves the boy's hand until it strikes the ground. Taking g » 32, show that the 
boy's hand when the stone left it was moving with a velocity of 88 feet per 
second ; and find how high the stone went. 

19. AVhat is meant when it is said that the acceleration of the speed of a 
particle is 10, the units behig foot and second? If the particle were moving at 
any instant at the rate of 7\ feet per second, after what time would its speed 
be quadrupled ? and what distance would it describe in that time ? 

20. A body describes distances of 120 yards, 228 yards, 336 yards, in successive 
tenths of a minute. Show that this is consistent with constant acceleration of 
its velocity, and find the numerical value of the acceleration if the units of time 
and distance are a minute and a yard. 
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21. A body is moving in a straight line with a uniform velocity of 10 feet per 
second. Suddenly a force begins to act upon it in a direction contrary to that of 
its motion, whose acceleration is 5 feet per second per second. In what sense 
and with what velocity will the body be moving at the end of 2} seconds from the 
moment the accelerating force began to act ? 

22. A particle is found to be moving in a straight line at the rate of 5 feet per 
second, a quarter of a minute afterwards at the rate of 50 feet per second, half a 
minute afterwards at 95 feet per second. Show that this is consistent with a 
constant rate of change of speed, and find its value. 



SECTION XXL— ACCELERATION. 

Art. 120. — Bate of Change of Velocity. Acceleration being a 
vector quantity, is resolved and compounded in the same manner 
as a simple vector or as a velocity. When our attention is re- 
stricted to one plane, and to rectangular components, the equival- 
ence between the acceleration and its components is expressed by 
aL along per T per T = a^L adj. per T per T + a.L opp. per T per T. 
When the components are rectangular, the numbers a, a^, a^, are 
connected by the condition 

a^ = a{ + Og". 
From this equivalence partial equivalences may be derived, as in 
Art. 111. 

The cosine of the direction of the acceleration is given by 

,-^—'^ L adj. = L along, 

and the tangent by 

— L opp. = L adj. 

Art. 121. — ^Bate of Deviation. One mode in which rate of 
change of velocity can be resolved into rectangular components is 
by taking the direction of motion for the time being as one line, 
and the perpendicular to it as the other line. The former com- 
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ponent is the rate of change of speed, which has been already 
considered ; there remains for consideration the component along 
the transverse line. It does not affect the speed, but it alters the 
direction of the motion. It is proportional to the square of the 
velocity of the point and to the curvature produced. The depend- 
ence is fully expressed by 

1 L per T per T = (L per T)^ by (radian per L arc). 
By transforming the right hand unit we obtain equivalent forms, 

1 L per T per T= (L per T)* per L radius (Art. 74), 

= (L arc per L radius per T) b}'' (L per T), 
= (radian per T) by (L per T). 

Art. 122. — Dimensions. The dimensions of the several units 
expressed above are said to be the same. The dimension of a 
unit with respect to a fundamental unit as L is reckoned by taking 
the number of times it enters directly and the number of times it 
enters inversely and taking the difference. In transforming from 
one set of fundamental units to another it is this difference upon 
which the transformation depends. The dimensions of V are 3 
with respect to L ; of L per T, 1 with respect to L, and - 1 with 
respect to T; of L per T per T, 1 with respect to L, and - 2 with 
respect to T. 

Art. 1 23. — Simple Harmonic Motion. Let a point move round 
a circle with uniform angular velocity, then the component of this 
motion along any diameter oY the circle is a simple harmonic 
motion. 

Let the point Q move round the circle 0, whose radius is a L, 
with a uniform angular velocity o> radian per T. Let AA' be the 
line of the simple harmonic motion, and suppose that t T have 
elapsed since Q was at A. 

First, the position of P. The point Q will then be at an angle 
of id radians, and the component along A A' of the vector to Q will 
be a cos(a)<) L (Fig. 16). 
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the velocity of F, 
Fijr.i5. 




Fifir.17. 




The linear velocity of Q will then be 
Qia L per T in the direction of the 
tangent at Q, The velocity of P is 
the component in the direction OA; 
hence it is 

- a(a sin((«)<) L per T. 
It has the negative sign because it is 
towards (Fig. 16). 

Thirdy the acceleration of P. The 
acceleration of Q will be aw' L per T 
per T in the direction towards the 
centre (Art. 121). Hence the 
acceleration of P, being the compon- 
ent along AA\ will be 

- aw? cos(a)^) L per T per T. 
It has the negative sign because it is 
towards (Fig. 17). 

Examples. 

Ex, 1. A sphere of glass rolls down 
a smooth inclined plane, the inclina- 
tion of which is 30°. Its velocity at 
a certain point is 70 cm. per sec, and 
at a second point below 140 cm. per 
sec. What is the distance between 
the two points ? 

980 cm. downwards = sec. by sec, 
sin 30*, i.e., ^ cm. along plane = cm. 
downwards. 



980 1 1 

— - cm. along plane per sec. = 



sec. 



Hence, 



980 1 1 Q 

-—cm. along plane = sec. ^ 
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.-. 980 (cm. along plane per sec.)^ = cul along plane, 

70 cm. per sec 

70' 
.-. ..^^ cm. along plane. 
980 ^^ 

Similarly, — — cm. along plane. 

Hence, distance along plane is - 

3 ^ 702 ^^ 

cm. 

980 

i,e,y 15 cnL 

Ez, 2. A heavy body on a level plane has simultaneously com- 
municated to it an upward vertical velocity of 48 feet per second, 
and a horizontal velocity of 25 feet per second. Find its greatest 
height, its range, and its whole time of flight. 

2x32 (foot per sec.)2 deducted = foot rise, 

482 (foot pgj ^^Y^ 

-—- feet rise, 
o4 

ie.y 36 feet rise. 

Again, 48 feet upwards per sec, 

32 feet downwards per sec. = sec, 

48 ■. . . 
•'• ^TR sees, time of rise : 
32 ' 

J Q 

•'• ^ ^ "qo ^®^®* *^^® ^^ flight, 

ie., 3 sees, time of flight. 

25 feet horizontal ^^^ sec. 

3 sec. of flight, .•. 3 x 25 feet of range 

i.e., 75 feet of range. 



Again, 



Ex, 3. A tooth in the blade of a reaper describes q simple har- 
monic motion of one and a half inch amplitude in a period of one 
seventh of a second. What is its maximum velocity and its maxi- 
mum acceleration ? 
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Here the uniform angular speed is 

27r inch arc per inch radius = \ sec; 
.'. 147r inch arc per sec = inch radius, 

f inch radius, 
.'. 2\ir inch arc per sec. 
Now, the simple harmonic component is greatest when it is equal 
to the circular velocity ; hence its greatest value is 

2l7r inch per sec. 
Similarly, the maximum acceleration is 

2947r^ inch per sec. per sec. 

EXERCISE XXL 

1. A heavy body starting from rest slides down a smooth pUne inclined 30 
degrees to the horizon. How many seconds will it occupy in sliding 240 feet 
down the plane, and what will be its velocity after traversing this distance ? 

2. From a point in a smooth inclined plane a ball is rolled up the plane with a 
velocity of 16*1 feet per second. How far wiU it roll before it comes to rest, the 
inclination of the plane to the horizon, being 30 degrees ? Also, how far will 
the baU be from the starting-point after five seconds from the beginning of 
motion ? 

3. Two bodies start together from rest, and move in directions at right angles 
to each other. One moves uniformly with a velocity of 3 feet per second, the 
other moves under the action of a constant force. Determine the acceleration 
due to this force, if the bodies at the end of 4 seconds are 20 feet apart. 

4. A stone is let fall from the top of a railway carriage which is travelling at 
the rate of 30 miles an hour. Find what horizontal distance and what vertical 
distance the stone will have passed through in one tenth of a second. 

5. The time of flight of a buUet on a horizontal rifle-range is observed to be 5 
seconds ; find the greatest elevation it attained. 

6. A body is projected horizontally from the top of a tower with a velocity of 
100 feet per second ; find its distance from the point of projection at fche end of 
2 seconds. 

7. From the top of a tower 169 feet high, a ball is projected horizontally with a 
velocity of 100 feet per second. When will it reach the ground, and at what dis- 
tance from the foot of the tower ? 

8. If a body is projected in a direction inclined to the horizon by 45 degrees, 
and strikes the horizontal plane passing through the point of projection after 5 
seconds, what is the velocity of projection ? 

. 9. A ball is projected with a velocity of 60 feet per second at an elevation of 15 
degrees to the horizon. What will be its range on a horizontal plane as compared 
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with the height ascended by a body projected vertically upwards with a velocity 
of 30 feet per second ? 

10. A rifle is pointed horizontally, with its barrel 5 feet above a lake. When 
discharged, the ball is found to strike the water 400 feet off. Find approxi- 
mately the velocity of the ball. 

11. A balloon is carried along at a height of 100 feet from the ground with a 
velocity of 40 miles an hour ; a stone is dropped from it. Find the time before 
the stone reaches the ground, and the distance from the point where it reaches 
the ground to the point vertically below the point where it left the balloon. 

12. What is the average velocity of a point executing a simple harmonic motion 
for the time occupied in moving from the one to the other extremity of its range, 
its maximum velocity being 5 feet per second ? 

13. A particle is describing simple harmonic motion in a period of 1/10 of a 
second, and with an amplitude of 4 centimetres. Find the acceleration of the 
particle when at the extremity of its range. Find also the velocity of the particle 
when passing through the middle of its range. 



CHAPTER FOURTH. 

DYNAMICAL. 

SECTION XXIL-^MASS. 

Art. 124. — Mass and Weight By the mass of a body is 
meant the quantity of matter in it Mass is the intrinsic property 
of a body ; whereas weight is an accidental property depending on 
the presence of another body in the neighbourhood. These two 
ideas of mass and weight are confounded in the popular mind, and 
are not clearly discriminated in many text-books. A clear per- 
ception of the distinction greatly facilitates the application of 
arithmetic in the case of many problems. 

Mass is a fundamental idea, and the general unit of mass is 
appropriately denoted by M. 

Art. 125. — Imperial Standard of Mass. In the Imperial 
system the Standard of Mass is a cylinder of platinum, con- 
structed in 1844, and now in the custody of the Warden of the 
Standards. . It is denominated the " Imperial Pound Avoirdupois." 
The previous standard of mass, which was lost along with the 
standard of length, was a Pound Troy. The provision which had 
been made for its restoration was that one cubic inch of distilled 
water at 62^ Fahr., the barometer standing at 30 inches, weighed 
252-468 grains. This provision, however, was repealed on the 
recommendation of a scientific committee, and the new standard 
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was constructed from authentic copies of the old, the size of the 
standard heing at the same timw changed to the pound avoirdu- 
pois. Four parh'amentary copies of the new standard pound were 





Imperial Standard Pound— 
Height, I'^u inch; Diameter, 
1'15 inch. 



Standard Troy Pound of 1758, to which the 
lost standard was similar. 

prepared, and deposited along with those of the yard. A fifth 
copy has heen prepared to be used instead of the imperial pound 
in all ordinary comparisons. 

According to the Weights and Measures Act, the comparison of 
any other mass with the standard of mass is to be done by weigh- 
ing in vacuo. 



Art. 126. — Derived Units of Mass. The other units of mass 
in the Imperial system which have a special name (see table 
appended), such as the ton, ounce, grain, are defined as a multiple 
or a sub-multiple of the pound. The avoirdupois denominations 
form the principal legal system ; the ounce troy and its decimal 
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derivatives form the legal system for weighing bullion, and may 
be used in the sale of precious articles. For the retail trade in 
drugs, apothecaries* denominations may be used. 

Local standard weights are constructed by the Standards 
Department, and distributed along with the local standard 
measures. The figure represents the fonn of the modem local 
standard avoirdupois weights. 




Local Standard Pound. 



Art. 127.— Metric Standard of Mass. In the Metric system 
the kilogramme was originally defined as the mass of a cubic 
decimetre of distilled water at the temperature of its maximum 
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density (about 4° C). Distilled water is very suitable for a 
standard substance on account of its being obtainable everywhere 
in a state of purity, its homogeneity, and the invariability of its 
density at a given temperature. By weighing and measurement 
the mass contained in a cubic decimetre of water at its standard 
state was found, and a piece of platinum was constructed to repre-. 
sent that mass. The piece of platinum is called the Ulogramme 
des archives; it, or rather a 
standard kilogramme subse- 
quently constructed, is now the 
ultimate standard for the kilo- 
gramme in the same way as a 
piece of platinum is the ultimate 
standard for the pound. In the 
Standards Department there is a 
standard kilogramme of platinum, 
which is similar to the kilogramme 

des archives. English standard Platinum Kilogramme. 

The gramme is the one-thousandth part of the kilogramme, and 
therefore the mass of a cubic centimetre of water at its tempera- 
ture of maximum density. 

In the C.G.S. system the gramme is chosen for the unit of 




IMPERIAL UNITS OF MASS (WEIGHTS). 



AVOIRDUPOIS. 



1 grain 
1 dram 
1 (m7iC6= 16 drams 

1 Btone 

1 hundredweight (cwt) = 

1 ^ow=20 cwt. 

1 cental 



= '0648 gramme. 



= 1/7000 pound 
-= 1/256 pound. 
= 1/16 pound =28"35 grammes. 

1 POUND (lb.) = 0-4536 kilogramme. 
= 14 pounds. 

112 pounds =50-80 kilogrammes. 
= 2240 pounds = 1*016 miUier 
— 100 pounds. 
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TROY. 

\ ounce troy = 480 grains = 31 '10 grammes. 

1 "pennyweight" 8=24 grains. 1 "pound troy ''=5,760 grains. 

apothecaries'. 

1 " scruple "=20 grains ; 1 " drachm "= 3 scruples ; 

1 ounce troy = 8 drachms. 

METRIC UNITS OF MASS (WEIGHTS). 

1 millier or tonneau = 1,000 kilogrammes. 
1 quintal = 100 kilogrammes. 

1 myriagramme = 10 kilogrammes. 

1 KILOGRAMME =15,432 '10 grains. 
1 hectogramme =*1 kilogramme. 
1 dekagramme =*01 kilogramme. 
1 gramme =*001 kilogramme. 

1 decigramme ='0001 kilogramme. 

1 centigramme ='00001 kilogramme. 
1 milligramme ='000001 kilogramme. 

The authorized abbreviation for gramme is ^., but it is customary 
with English writers to use (/tw., in order to distinguish between 
gramme and grain. 

EXAIVIPLES. 

Ex* 1. Find the rate connecting franc per kilogramme with 
pence per lb., when the course of exchange is 25 fr. 20 c. per £, 
240 pence = 25*20 francs, 
10,000 lb. --^ 4536 kilogrammes, 
.*. dividing the one equivalence by the other, 

1 000 ^®^^® ^^ ^^' " Iw^ ^^^^^ ^®^ ^°"'' 

i,e,, ^ pence per lb. = franc per kgm. 

i.e,y 4'32 pence per lb. = franc per kgm 
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The reciprocal rate is 

— - franc per kgm. = penny per lb., 

t.6., '231 franc per kgm. = penny per lb. 

Ex, 2. From the definitions of the gallon and of the litre de- 
duce the relation of the former to the latter. 

1 gallon of water = 10 lb. of water, 
1 lb. of water = 453*6 gms. of water, 
1 gm. of water = c.c. of water, 
1,000 c.c. of water = litre of water ; 
1,000 gallon = 4,536 litres, 
i,e,, '22 gallon = litre. 

EXERCISE XXn. 

1. Express a pound avoirdupois as the decimal of a pound troy, and an ounce 
avoirdupois as the decimal of an ounce troy. 

2. Express 22 kilogrammes in pounds, and 25 pounds in kilogrammes. 

3. Reduce 50 kilogrammes to hundredweights, and 1,000 kilogrammes to tons. 

4. Express id, per lb. in terms of shilling per cwt. and pound per ton. 

5. Reduce 1 franc per kilogramme to pence per lb. when the course of exchange 
is 25*10 francs » pound* 

6. Reduce 100 francs per quintal to shillings per cwt. when the rate of exchange 
is 25*60 francs = pound. 

7. Convert 5«. 6d, per lb. into francs per kilogramme when the course of ex- 
change is 25 £r. 20 c. per pound. 



SECTION XXIII. —DENSITY. 

Art. 128. — General Unit. By the density of a substance is 
meant the rate connecting the mass with the volume. It is 
expressed in terms of M per V, the systematic unit being M per 
L*. The reciprocal idea is V per M, which is denominated by 
Clerk-Maxwell the rarity,* and by Eankine the hulkiness,^ 
* Heaty p. 82. t Hules and Tables, p. 147. 
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Art. 129. — British Units. The British unit commonly used 
is pound pep cubic foot. The value one pound per cubic foot does 
not express the density of any substance, because the pound was 
not defined directly by the cubic foot and a standard substance. 
The pound, however, originally had a relation to the density of 
water ; for, taking the ounce its sixteenth part, the density of 
water is very approximately 

1000 oz. per cubic foot, 
which gives 

62- 5 lb. per cubic foot. 
The true value for the temperature of maximum density is 62-425 
lbs. per cubic foot. 

Art. 130. — Metric Units. In the case of the metric units, 
1,000,000 grammes per cubic metre expresses the density of water, 
the million being introduced because the kilogramme was defined 
by the cubic decimetre. Thus 1 gramme per cubic centimetre ex- 
presses the density of water, and this is the unit in terms of which 
density is expressed in the C.G.S. system. 

The density of pure water at 4*C. is, more exactly, 1*000013 gm. 
per cc. (See Art. 151.) 

Art. 131.— Surface-density; Line-density. Suppose that a 
body has a uniform density throughout /o M = L*. For a rect- 
angular parallelepiped (Art. 93) 

1 L^ = L long by L broad by L thick ; 
therefore, for any parallepiped within the body, 

p M = L long by L broad by L thick. 
If the body exist in the form of a platei of uniform thickness, then 

1 L^ = U surface by L thick ; 
and .'. p M = L^ surface by L thick, 

or p M per L- surface = L thick. 

Suppose that the thickness is d L, then the density is 
dp M per \J surface. 
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This is called surface-density, and the letter used to denote its 
general value is or. 

If the body exist in the form of a rod or wire of uniform cross- 
section, then 

1 L^=: L^ cross-section by L long, 
and .'. p M per L long = L^ cross-section. 

The value of the cross-section gives the value of the Une-densUy, 
Let it be a U, then 

. ap M per L long. 
A letter sometimes used to denote the general value of M per L 
long is A. 

Art. 132. — Rainfall. In the case of rainfall we have to con- 
sider a horizontal sheet of water. The density of water is 

62-5 1b.=ft.3 
Hence 62*5 lb. = fb.^ surface by ft. deep, 

or 5-2 lb. =ft.^ surface by inch deep, 

or 5*2 lb. per ft-, surface = inch deep. 

By a number of inches of rainfall is meant the number of inches 
of depth. An inch of depth is equivalent to 5*2 lbs. of water per 
square foot of horizontal surface. 

Examples. 

Ex. 1. A cistern is 4| by 3J by 2 J ft. "What weight of water 
at 62| lbs. per cubic ft. can it hold ^ 

1 cubic ft. = ft. X ft. X ft., 
-j—lbs. = cubic ft., 

9 X 13 X 7 X 125 „ 
2x4x3x2" ®*' 

34125,, 
t.e., -^j^lbs., 

Le.y 2132-8125 lbs. 
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Ex, 2. Gold can be beaten out to leaf of the thickness of 1/3800 
mm.; platinum can be made into wire 1/20000 mm. thick. What 
is the surface-density of the gold leaf, and the line-density of the 
platinum wire. 

Ist. 19*4 gnu = cubic cm. 

= sq. cm. by cm. thick, 

^^A-AT^cm. thick, 
38000 ' 



194 
380000' 



gm. =^ sq. cm., 



194 
i,e,y -oQ-8™" ~ ^^- metre, 

i,e.y 5*1 gm. =sq. metre. 
2nd. 21 gm. =cub. cm., 

.-. 21 gm. per cm. long = sq. cm. cross-section, 

^sq.cm. = (cm.diam.)S 

1 



200000 

21 x^ 



cm. diam., 

gm. per cm. long. 



4 X 4 X 10^0' 
21x22 



16 T7 ^^* " ■^^'' ^^' ^^"^' 
41 gm. = 10" cm, long, 

= 10^ kilometres long. 

EXERCISE XXin. 

1. A cubic foot of water weighs 1,000 oz. avoirdupois ; required the relation of 
the kilogramme to the hundredweight. 

2. A town of 241,000 inhabitants is supplied with water at the rate of 25 gallons 
per head per day ; find the total supply both in volume and in mass for one year. 

3. If the mass of a cubic inch of water be 252 '.5 grains, find the number of cubic 
inches in a ton of water. 

4. The density of granite is 42 cwt. i)er cubic yard ; what is it in lb. per cubic 
foot? 



DENSITY. 147 

5. A ton of stone measures 13 cubic feet ; what is the weight in kilogrammes of 
a cubic metre of the stone ? 

6. Beduce pound per cubic foot to gramme per cubic centimetre. 

7. The density of water is 62*4 lb. per cubic foot ; what is its bulkiuess ? 

8. How many cubic feet of coal must be taken by a steamer going on a ten days' 
voyage, having engines of 1,000 horse-power ? Rate of consumption of coal is 7 
lbs. per horse-power per hour, and the buUdness of the coal is 40 cubic feet per 
ton. 

9. The density of granite is 160 lbs. per cubic foot ; a paving block is 4 inch 
wide by 9 inch deep by 12 inch long. Find the number of tons required to pave a 
street one mile long and 20 yards broad, allowing an interval of ten per cent, 
between the blocks. 

10. The average density of gunpowder is '5268 oz. per cubic inch ; find the 
amount required to fill a boring of 1| inch diameter and one yard long. 

11. The density of water is *036 lb. per cubic inch ; express it in terms of 
ton per cubic foot, and of lb. per square inch per foot. 

12. Given that the density of iron nul is 10*08 lb. per yard per square inch . 
find the mass required for 100 miles when the section of the rail is 6 square 
ipches. 

13. The population of Great Britain in 1881 was 35,262,762, and the area is 
120,830 square miles ; what is the average density of the population ? 

14. Given that the line density of a round bar of cast iron is 2*45 lb. i)er 
foot per inch diam. square, what is the weight of a pipe 2 yards long, having a 
bore of 16 inches, and a thickness of | inch ? 

15. A flat bar of iron, 4| inch broad, and § of an inch thick, has a linear 
density 9*91 lb. per foot; deduce the value of lb. per inch broad per eighth-inch 
thick per foot long. 

16. The line-density of steel wii-e of 2J inch circumference is 4 lb. per fathom ; 
what is the line-density of wire of the same material 2| inch in circumference ? 

17. Express the density of wrought iron in the form of, firsty lbs. per square 
foot per inch thick ; aecondj lbs. per linear yard per square inch section; third, 
lbs. per foot run per inch diameter square. 

18. Given 10*6 bricks per square foot surface per brick thick ; find the super- 
ficial area given by 10,000 bricks in a wall 2^ bricks thick. 

19. Transform the density of water given as 62*425 lbs. per cubic foot into 
the form suitable for calculations of rainfall, namely, pound per square mile per 
inch of rainfall, and pound per acre per inch of rainfalL 

20. A cubic foot of copper, weighing 560 lbs., is rolled into a square bar 40 
feet long. An exact cube is cut from the bar, what is its mass to four decimals 
of a pound? 
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21. Find the mass of zinc required to cover a rectangular roof 30 feet long 
by 20 feet broad, having a slope of 3 to 1, the superficial density of the cover- 
ing being 7 cwt. per 100 square feet. 



•SECTION XXIV.— SPECIFIC MASS. 

Art. 133. — Relative Density. Let the densities of two sub- 
stances A and B be 

m M of ^ = V, 
and n M of i? = V. 

We deduce m M of ^ = /i M of B, 

or min M of ^ = M of i?. 

This rate expresses the density of A relatively to that of J5, or the ' 
number of units of mass of A which are equivalent in volume to 
one unit of mass of B, 

Different substances may thus be compared with one standard 
substance. Solids and liquids are compared with water; gases 
with air or with hydrogen. 
For example, 

11*4 M of lead = M of water, 
13*596 M of mercury = M of water, 
15-96 M of oxygen = M of hydrogen. 
Equivalences are of two kinds — absolute and relative. Densit}- 
is an example of the former kind, and relative density of the 
latter kind. 

Art. 134. — Specific Mass and Specific Gravity. The density 
of a substance relatively to that of a standard substance is pro- 
perly called Specific Mass, It is usually called Specific Gramty, as a 
consequence of not distinguishing weight from mass. These ideas 
are different; their numerical values, however, are the same, 
because the weight of a body is proportional to its mass, and is 
independent of its physical constitution. 

By taking the reciprocals 
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1 mVof^ = M, 

i;/iVof ^=M, 

we deduce njm V oi A = V of B. 

This expresses the relative bidldness which is the reciprocal of the 

relative density. 

Specific Mass an© Dexsitt. 





M OF SUBSTANCE = M 




SUBSTA^•CE. 


OF WATRB 


LB. OF SUBSTANCE 




OB GJI. PER C.C. 


PER CUBIC FOOT. 


( Aluminium, . 


2-6 


160 




Antimony, . 






67 


420 




Bismuth, 






9-8 


613 




^fr: : 






8-9 


537 


K 






19-4 


1208 


1 


Iron, cast. 






7-3 


451 


?; - 


Iron, wrought. 






7-8 


486 


;3 


Lead, . 






11-4 


709 


■^ 
M 


Platinum, 






21-5 


1344 




Silver, . 






10-4 


654 




Steel, . 






7-8 


487 




Tin. 






7-3 


455 


LZinc, . 






7-2 


437 


( Bell metal, . 






805 


503 


93 


Brass, . 






8-4 


524 


J*. 


Gold, standard, 






17-724 


1106-42 


^ 


Silver, standard. 






10-312 


643-72 


I Speculum metal, 






7-4 


465 


Ash, . 






•7 


45 




Beech, . 






•7 


43 


SQ* 


Cork. . 






•24 


15 


*§ -j Ironwood, . 






115 


71 


ps 


Li^num-vitjB, 






1-3 

•8 


83 

48 


LPine, yellow, 






•5 


32 


Brick, ordinary, . 






2-2 


137 


Glass, flint, . 






30 


187 


Glass, crown. 






2-5 


156 


Granite, 






2-7 


168 


Ivory, . 






1-8 


114 


Marble, 






2-8 


175 


Quartz, . 






2-65 


165 


Sandstone, . 






2-3 


144 
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Specific Mass and Dkxsity.— Ccwi<tww(f. 





M OF SUBSTANCE = M 




SUBSTANCE. 


OF WATER 


LB. OF SUBSTASCR 




OB O.M. PER C.C. 


PER CUBIC FOOT. 


s r Water, pure, 


1 


62-425 


.fi 


Water, sea, . 


1-026 


64 


& 


Alcohol, pure. 


•791 


49 


Ether 


•716 


45 


*^ rH 


Hydrochloric acid, 


1-2 


75 


|i| { Mercury, ... 


13 096 


848-75 


•♦a e! 


Nitric acid, . 


1-2 


75 


^2 


Oil, linseed, . 


•94 


69 


Oil, olive, 


•915 


67 


*^ ^ 


Oil, whale, . 


•923 


58 


1 


.Sulphuric acid, 


1-84 


115 


III (Air, . 


001293 


•0807 


^|||\ 


Carbonic acid, 


•00197 


•1234 


Hydrogen, . 


•0000895 


•0056 




Oxygen, 


•00143 


•0893 


Nitrogen, 


•00125 


•0786 


Ill's I Steam (ideal), 


•00080 


•0502 



Examples. 



Ex, 1. A cubic foot of fresh water weighs 62-4 lbs., find in 
cubic feet the space occupied by one ton of sea water. 
62-4 lbs. of fresh water = cubic foot, 
1*026 lbs. of salt water =lb. of fresh water, 

112 X 20 lbs. of sea water ; 
112x20 



62-4x1-026 



cubic feet, 



700,000 Vv • <" ^ 

Le., 35 cubic feet very nearly. 

Ex, 2. Sodium has to alcohol the relative density 1^23, and 
alcohol has to water the relative density '79 ; what is the density 
of sodium relatively to water ? 
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1 '23 M sodium = M alcohol, 
•79 M alcohol = M water, 
.'. 1'23 X 79 M sodium = M water, 
t.6., -97 M sodium = M water. 
Observation — In order that two relative equivalences may be 
combined in this manner, they must of course be equivalences in 
the same respect; and the conclusion is an equivalence in the 
same respect. 

Ex. 3. Eleven cubic inches of iron weigh as much as seven 
cubic inches of lead, and the price per ton of lead is £15, of iron 
£4. The value of a certain block of lead is 36Z. 175. llcf., what 
Tv^ould be the value of a block of iron of the same size ? 
£36 17 11 of lead 

1 ton of lead = 15£ of lead, 
7 tons of iron = 11 tons of lead, 
4£ of iron = ton of iron ; 

.-. 36 17 llx-I^£ofiron. 
15 X 11 

28 
le,, 3 7 Ix— „ 

t.e., £6 5 2| 

Ex, 4. The specific gravity of gold is 19*3, that of silver is 10*4. 

WhsX is the composition of an alloy of gold and silver whose 

specific gravity is 17*6, no change of volume being supposed to 

accompany the combination of the metals ? 

Let the composition by volume of the alloy be 

a V gold + J V silver = a + 6 V alloy, 

19-3 M per V, 104 M per V ; 

therefore the composition by mass is 

19-3 a M gold + 10-4 h M silver = 19-3 a + 10-4 h M alloy. 

Hence the density of the alloy is 

19-3a+10-4 J 1^ .. 
f M per V. 

a + ft 
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Hence. 19-3 a +10-4 6^ 

a + 
from which ajh - 72/17. 



EXERCISES XXIV. 

1. A gallon of fresh water measures 277*271 cubic inches, and contains 10 lbs. 
avoirdupois. A ton of sea water measures 35 cubic feet. What is the mass of a 
gallon of sea water in pounds and decimals ? 

2. If 100 cubic inches of oxygen, under certain circumstances of pressure and 
temperature, contains 35 grains, and a cubic inch of mercury contains 0*49 lbs., 
how many cubic inches of the oxygen would contain the same quantity of matter 
as a cubic inch of mercury ? 

3. Of two bodies one has a volume of 5 cubic inches, the other of one-fifth of a 
cubic foot ; the mass of the former is 15 oz., and of the latter 12 '8 lb. What is 
the ratio of the density of the first to that of the second ? 

4. A flask holds 27 oz. of water. What mass will it hold of an oil whose specific 
mass is 0*95 ? 

5. A cubic foot of water contains 1,000 ounces. 502 '5 ounces of lead of specific 
gravity 11*5, and 440 ounces of iron of specific gravity 8, are placed in a cistern of 
the capacity of one cubic foot. Find the quantity of water necessary to fill 
the cistern. 

6. From the relative densities to water of zinc, iron, tin, copper, lead, find the 
relative densities to iron of each of the other four metals. 

7. The liae-density of iron wire of No. 10 Birmingham wire gauge is 4*96 lb. 
per 100 lineal feet ; what is the line-density of copper wire and of brass wire of 
the same gauge ? 

8. Sodium has to alcohol the relative density 1*23, and water has to alcohol the 
relative density 1*26 ; what is the density of sodium relatively to water ? 

9. If the specific gravity of a specimen of milk be m, and that of pure milk s ; 
calculate the proportion of water added. 

10. What must be the volume of a mass of wood of relative density 0*5, in 
order that when it is attached to 500 gms. of iron of relative density 7, the mean 
density of the whole may be equal to that of water? 

IL If the price of whisky, the specific gravity of which is *75, be 16«. a 
gallon, find the price when it is mixed with water so as to have the specific 
gravity "8. 

12. A Prussian dollar, made of an alloy of silver and copper, has the specific 
gravity 10*05. Determine the relative amount of silver and of copper in it, the 
specific gravities of these metals being 10*5 and 8*7 respectively. 

13. A nagget of gold mixed with quartz weighs 10 oz. The specific gravity of 
gold is 19*35, of the quartz 2*15, and of the nugget 6*45. Find the mass of the 
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gold and of the quartz contained in the nugget; find also the ratio of their 
volumes. 

14. A mixture is made of 7 cubic centimetres of sulphuric acid (specific gravity, 
1*843) and 3 cubic centimetres of distilled water ; and its specific gravity when 
cold is found to be 1*615. Determine the contraction which has taken place. 

15. The density of a mixture of two liquids being supposed to be an arith- 
metical mean between those of the components; determine the ratio of the 
volumes of the components contained in the mixture. 

16. Several liquids which do not alter their volume when mixed are shaken 
together; determine the specific gravity of the mixture from their specific 
gravities. 

17. Half a x>int of a liquid which is half as dense again as water is mixed with 
a pint of water ; what is the density of the mixture ? 

18. A rod of uniform cross section 18 in. long weighs 3 oz. ; its specific gravity 
is 8*8 ; what fraction of a square inch is the area of its cross section ? 

19. What is the mass of a cast-iron ball having a diameter of G inches ; and of 
a cast-iron cylinder having the same diameter and 4 feet long ? 

20. A ditch 3 feet deep iff dug round a square garden containing one tenth of 
an acre ; find its width in order that the removed earth may raise the garden 
one foot. 

21. Two liquids are mixed first by volume in the proportion of 1 to 4, and 
second by mass in the proportion of 4 to 1 ; the resulting specific masses are 2 
and 3 respectively. Find the specific masses of the liquids. 



SECTION XXV.— MASS- VECTOR. 

Art. 135. — Idea of Mass-Vector. The ideas of dynamics differ 
from those of geometry and kinematics by the introduction of the 
idea of mass. From the idea of a vector we derive that of a mass- 
vector, which is proportional to a vector and to a mass. This term ^ 
was introduced by Clerk-Maxwell,* and it is expressed in terms 
of M by L 

A mass-vector can be resolved and compounded in the same 
manner as a simple vector. 

Art. 136. — Centre of Mass. The centre of mass (commonly 
* Matter and Motion, p. 49. 
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called centre of gravity) of a number of material particles situated 
in a straight line is a point such that were the whole mass placed 
there, the value of M by L would be the same as before. The 
distance along the straight line from the origin to the centre of 
mass may be called the equivalent distance. (Compare Art 31.) 

When the particles are situated in one plane, then the centre of 
mass is a point which satisfies the above condition for two inde- 
pendent axes ; and when they are in space, for three independent 
axes. The vector from the origin to the centre of mass may in a 
similar manner be called the equivalent-vector. The mass-vector 
due to the equivalent-vector and the whole mass is the resultant 
of the several component mass-vectors. 

Art. 137. When a body of uniform density is symmetrical 
with respect to a plane, the centre of mass is somewhere in the 
plane of symmetry ; when it is symmetrical with respect to two 
planes, the centre of mass lies in the axis of symmetry ; and when 
it is symmetrical with respect to three planes, the centre of mass 
coincides with the centre of symmetry. 

Centre of Mass. 

(The body being of uniform density.) 
Triangle, — From a vertex along two thirds of the line to 
the middle point of the opposite side. 
Semicircle, — From the vertex along -5756 of the radius. 
Pyramid or Cone, — From the apex along three fourths of the axis. 
Hemisphere, — From the vertex along five eighths of the 
radius. 



Examples 

Ex, 1. At the comers of a cube weights are placed of 1, 2, 3, 4, 
5, 6, 7, 8 lbs. respectively ; determine their centre of mass. 
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Then for the direction 



Fig. IS. 



Let the side of the cube be L (Fig. 18.) 
of X we have 

(2x1 + 3x1 + 6x1 + 7x1) lb. 
byL, 

t.e., 181b. byL; 
but the whole mass is 36 lbs., 
therefore ^ L is the distance of 
the centre of mass along the ' 
direction of X 

Similarly 
If L along r, and fj L along Z. q. 
Hence 

J L along X, \l L along r, ^ L along Z. 
The length of the vector from the comer to the centre of 
mass is ^__ 



ji 



X 



w 



18 
and its direction-cosines are 
9 



L, i.e., 1-07 L; 



Y^ L along A'= L along vector, etc. 

Ex. 2. A uniform rod, 10 feet long, is bent at right angles at a 
point 4 feet from its end. Find the perpendicular distances of 
the centre of mass of the rod from the two straight portions of it. 

Let the line-density of the rod, which is uniform, be denoted by 
1 M per foot ; then in the shorter piece there is 4 M, and in the 
longer piece 6 M. Since either piece is uniform and symmetrical, 
its centre of mass is at its mid-point. 

We have now reduced the mass to two masses of 4 M and 6 M 
situated at the two mid-points. Their centre of mass is in the 
joining line, and at a distance of 6/10 of the line from the mid- 
point of the shorter piece. 

The component of the vector from the comer to the centre of 
mass along the shorter piece is 4/5 feet, and the component along 
the longer piece is 9/5 feet. 
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EXERCISE XXV. 

1. Find the centre of mass of two spheres of brass, of 1 inch and 2 inches 
diameter, placed at a distance of 5 inches, the distance being measured from the 
centres. 

2. Where is the centre of mass of a square tin plate ? If the plate weighs 5 oz. 
and a small body weighing 2 oz. is placed at one comer of the plate, where will 
the centre of mass of the whole be ? 

3. Find the centre of mass of the figure A when the pieces are of uniform 
material, and the central piece is half a side piece in length, and is joined at the 
mid-points of the sides. 

4. Find the centre of mass of a T square, the two pieces being of the same 
material, and equal in length, breadth, and thickness. 

5. Find the centre of mass in the case of a wooden F, the principal pieces being 
of the same length, and the central piece of half that length. Also for an E. 

6. Find the centre of mass of the letter Y, the three pieces being uniform, and 
each one inch in length, and the two upper inclined at an angle of 60\ 

7. A wooden vessel, 6 inches square and 6 inches in height, with a neck 2 inches 
square and 3 inches in height, is full of water. Find the position of the centre of 
mass of the water. 



SECTION XXVL— MOMENTUM. 

Art. 138. — Unit of Momentum. The idea of momentum is 
derived from the idea of velocity by introducing the idea of mass. 
The momentum of a body is proportional to its mass and to its 
velocity ; the general unit is M by (L per T). This imit is equi- 
valent to (M by L) per T, when it is understood that the mass 
remains constant during change of time. Hence the bracket may 
be dispensed with, and either of these interpretations put upon 
M by L per T. 

Momentum is a directed quantity, its direction being the same 
as that of the velocity (or mass-vector) on which it depends. 
Hence it is resolved and compounded after the manner of directed 
quantities. 

K the speed only of a body is considered, ' then we consider 
only its speed-momentum. 



MOMENTUM, 157 

There is no special name for the unit of momentum in any of 
the systems of units. The unit may be denoted at length as lb. 
by ft. per sec, kilogramme by metre per sec, gm. by cm. per sec. 

Art. 139. — Impnlsa By an impulse is meant the cause which 
produces a change of momentum in a body, whether the change 
takes place in the magnitude or in the direction, or in both the 
magnitude and the direction. The second law of motion states 
that the impulse is measured by the change of momentum pro- 
duced. Let I denote the systematic unit of impulse, then 
1 1 = M by L per T. 

Art. 140. — Momentum per Volume and Current Liquid 
bodies, such as water and mercury, when at a uniform tempera* 
tare throughout, are also uniformly dense. Suppose that the 
density of such a liquid is p M per L^, and that its velocity is 
V L per T, then by multiplying together these rates we get 

pv M by L per T = U ; 
that is, pv units of momentum per unit of volume of the liquid. 

Consider a cross-section perpendicular to the direction of the 
velocity. The density can be expressed as 

p M per L^ cross-section per L normal, 
and the velocity is 

V L normal per T ; 
hence, by eliminating the common unit, 

fyo M per \J cross-section per T. 
This is the idea of current per unit cross-section^ and it is ultimately 
equivalent to the idea of momentum per unit of volume. Let the 
cross-section be a \J, then apv M per T. This is the idea of 
current. 

Example. 

Ex. A shell of 60 lbs. weight is moving before explosion at the 
rate of 400 feet per second. In consequence of the explosion, a 
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piece weighing 14 lbs. is projected forward in the direction of 
motion with an additional velocity of 300 feet per second. What 
will now be the velocity of the remainder ? 

The mass of the piece is 14 lbs., and its additional velocity is 
300 feet forward per second, therefore its additional momen- 
tum is 

14 X 300 lb. by foot forward per second. 
By the third law of motion the additional momentum of the re- 
mainder of the shell has the same magnitude but the opposite 
direction, therefore it is 

14 X 300 lb. by foot backward per second; 
but the mass of the remainder is 60 - 14 lbs.; 
its additional velocity is 

^^ ^ , feet backward per second, 
60-14 

I.e., 91-3 „ 

Hence the new velocity of the remainder is 

400 - 91*3 feet forward per second, 

i.e., 308-7 „ 

EXERCISE XXVI. 

1. Of two bodies moving with constant velocities, one describes 36 miles in 1 h. 
20 m., the other 65 feet In IJ sec; the former weighs 50 lb., the latter 72 lb. 
Compare their momenta. 

2. How far would a cannon-ball weighing 10 lb. travel in one minute, suppos- 
ing it to possess the same momentum as a lifle bullet of 2 oz. moving with the 
velocity of 1,000 ft. per sec. 

3. A man whose weight is 12 stones falls freely from a height of 64 feet. Cal- 
culate, neglecting the resistance of the air, the velocity and momentum acquired 
on reaching the ground. 

4. A mass of snow, 28 lbs. in weight, falls from the roof of a house to the 
ground, a distance of 40 feet. Calculate the momentum. 

5. A ball weighing 10 lbs. is projected verticaUy upwards with an initial velocity 
of 1,660 feet i)er second. Find its velocity and its momentum after 30 seconds and 
after 60 seconds. 

6. Find the momentum per cubic foot in the case of a stream flowing at 2 miles 
an hour. Express in terms of the F.P.S. unit. 
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7. Compare the amounts of momentum in a pillow of 20 lbs. which has fallen 
through one foot vertically, and an ounce-bullet moving at 200 feet per second. 

8. Calculate the momentum of a hammer of 5 tons, let fall half a foot. 

9. A ball of 56 lb. is projected with a velocity of 1,000 feet per sec. from a gun 
weighing with the carriage 8 tons. Find the maximum velocity of recoil of the 
gun. 

10. A pipe with a diameter of 2 inches delivers water ut the rate of 9*8 gallons 
per minute ; what is the velocity of the water. 



SECTION XXVII.— FOECE. 

Art. 141. — General Unit. Force is rate of impulse with re- 
spect to time, and is expressed in terms of I per T. 

Since 1 I = M by L per T, 

1 I per T = (M by L per T) per T ; 
that is, unit of force is equivalent to unit of momentum per unit 
of time. The rate-unit I per T is conveniently denoted by one 
letter F. 

As the mass of the body considered is supposed not to change 
as tiI^e goes on, the above unit (M by L per T) per T is equiva- 
lent to M by (L per T per T) ; and thus the unit of force may be 
considered as derived from the unit of acceleration by introducing 
the unit of mass as a factpr. 

Another equivalent mode of viewing the unit is (M by L) per 
T per T. 

Hence the unit may be written 

M by L per T per T, 
and any one of these interpretations may be given to it. 

Art. 142. — Special Units. In the British system of scientific 
units the principal unit of force is the 

pound by foot per second per second. 
It is denominated the poundal, a term invented for the purpose by 
Professor James Thomson. 
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In the French system the unit principally used is the 
kilogramme by metre per second per second. 
In the C.G.S. system the unit chosen is 

gramme by centimetre per second per second ; 
it is denominated the dyne. 

The founders of the C.G.S. system have adopted the prefixes 
mega and mkro to denote respectively a multiple and a sub-multi- 
ple of one million. Thus 

1 megadyne = 1,000,000 dynes. 
1,000,000 microdynes = 1 dyne. 
Units of force such as the above are called absolute imits, because 
they are defined entirely in terms of the fundamental units of 
length, mass, and time. 

Art. 143. — Intensity of a Force; Inertia. Since 
1 F = IVf by L per T per T, 
1 F per M = L per T per T, 
and 1 F per (L per T per T) =^ M. 
By F per M is expressed the intensity of a fmce; it is equivalent 
to the acceleration. 

By F per (L per T per T) is expressed inertia; it is equivalent 
to the mass. 

Art. 144. — Gravitation Measure of Force. In practice it is 
veiy convenient to measure a force by comparing it with the 
weights of known masses at the place. Let the acceleration pro- 
duced by gravity at the place be 

32-2 foot per second per second ; 
then, since 1 poundal per lb. = foot per second per second, 
we have 32*2 poundals per lb. 

If the counterbalancing mass is m lbs., the force is 

771 32*2 poundals. 
When the mass is half an ounce m is -^^, hence one poundal is 
nearly equivalent to the weight of a half ounce. 
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Similarly, if the intensity of gravity at the place be given as 
981 cm. per second per second, 
then, since 1 dyne per gm. = cm, per second per second, 

we have 981 dynes per gm. 

If the counterbalancing mass is m gm., the force is 
m981 dynes. 
If the value of M is given, say m M, but not that of L per T 
per T, then all that we know is expressed by 

m F = L per T per T ; 
so that the force is not given absolutely, but only relatively to the 
constant intensity of gravity at the place. 

In Britain the standard intensity of gravity is the intensity at 
the latitude of London at the level of the sea, namely, 

32*187 feet per second per second. 
In France, it is the intensity at the latitude of Paris at the level 
of the sea, namely, 

9*8087 metre per second per second. 

Examples. 

Ex, 1. A force acts on a mass of 8 oz. for 6*9125 mins., and pro- 
duces a velocity of 10 feet per sec Express the magnitude of the 
force in poundals and dynes. 

10 feet per sec. per 6'9125 min. 

•*• 75 — ?r-;m^ ^©et per sec. per sec : and i lb. 
6 X 6-9125 r r > 2 

Now 1 poundal - lb. by foot per sec. per sec. 

1 



'• 2x6x6-9125 
i,e,, -012 + 



poundal, 



^^^' 2x6x6-912 5 ^^* ^^ ^^^^ ^^^ ^®^' ^^^ ^®^'^ 

453-6 gm. = lb., 
30-48 cm. = ft., 

L 
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.*. by substitution, 

453-6 X 30-48 , 

2 X-67M125 ^- ^y '^- P'" '"^ P^' '"^•' 
i.e., 166 + dyne. 
Ex, 2. What force, expressed in pounds weight, will in a min- 
ute give a mass of one ton a velocity of 10 miles per hour 1 
The mass is 112 x 20 lb., 

rm. iT^- 1 1 u • 10x1760x3 « . 

The additional velocity is — — -^ — feet per sec, 

44 

the change of momentum is — o— — ^- ^7 ^- P®r sec. 

o 

Now, this is given uniformly in 60 seconds, 

112 X 20x44 ,1 r o . 

.*. — o-"^w — l"^- "7 "^^^ P®^ s®^' P®^ s®^-> 
3 X 60 

112x44 , 1 

xx,^ — poundals. 

•/ 

If the intensity of gravity at the place is 32*2 feet per sec. per 
sec, then 

32-2 poundals = lb., 
. 112x44,, 
•• 9x32-2^^'-' 
«>., 17 + lbs. 
Ex. 3. A body under the action of a constant force traverses in 
the tenth second from rest twice the distance it would have 
traversed in the fifth second from rest under the action of gravity. 
Compare the forces. 

Suppose the intensity of the force to be x poundals per lb., then 
the acceleration it produces is x feet per sec per sec, therefore 
a;/2 feet per seel, therefore the distance traversed during the tenth 
second is (10«-9^)a;/2 feet, i.e., 19a;/2 feet. 

Suppose that the intensity of gravity at the place is 32*2 poun- 
dals per lb., then it may be sho^vn in the same manner that the 
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distance traversed during the fifth second from rest is (5' - 4-)32* 2/2 
feet. Xow it is given that 

19 o 9 X 32-2 

.-. x=30-5. 
The intensity of the force is 30*5 poundals per lb. 

Ex. 4. A mass of 2 lbs. is drawn along a smooth horizontal 
table by a mass of 1 lb. hanging vertically ; required the space 
described in 4 seconds. 

The force acting is 1 x 32-2 poundals, and the mass moved is 

3 lb., therefore the intensity is 

1 X 32-2 , 1 ,, 

— poundals per lb. 

o 

But 

1 poundal per lb. =ft. per sec. per sec, 

1 X 32-2 «^ 
.•. — - — ft. per sec. per sec. 
o 

.-. 2^ ft. -^ sees 

. 42 X 32-2 «, 

4 sec, /. ^ » ft., 
2x3 

Le., 85-9 -ft 

Ex, 5. A mass of 488 grammes is fastened to one end of a cord 
which passes over a smooth pulley. What mass must be attached 
to the other end in order that the 488 grammes may rise through 
a height of 200 centimetres in 10 seconds, the intensity of gravity 
at the place being 980 dynes per gramme ? 

Suppose X gms.; then, as the intensity of gravity is 980 dynes 

per gm., the force acting is 

{x X 980 - 488 X 980) dynes, 

?,.e., (a; - 488)980 gm. by cm. per sec. per sec. 

The mass moved is a; + 488 gms., therefore the acceleration is 

(aj- 488)980 

^ / — cm. per sec. per sec, 

a; + 488 
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■* x — 488 /No/\ 9 

10 sec, .-. ^^- ^^88 380 em. 
' 2 a; + 488 

' Now, this is equal to 200 cm. 

. a; -488 „, _ . 

from which a = 492. 

Answer — 492 gm. 



EXERCISE XXVn. 

1. A mass of 200 grammes is acted on by a force equal to the weight of 10 
grammes for 20 seconds. What distance will the mass have passed through, 
and what velocity will it have acquired? 

2. A body whose mass is 108 lbs. is placed on a smooth horizontal plane, and 
under the action of a certain force describes from rest a distance of 11^ feet in 5 
sees.; what is the force in British absolute units ? 

3. A body resting on a smooth horizontal table is acted on by a horizontal 
force equal to the weight of 2 ounces, and moves on the table over a distance of 
10 feet in 2 seconds ; find the mass of the body. 

4. It is found that a body, considered as a point, has its velocity increased by 
7 feet per second in any second of its motion ; it is known that the body weighs 
23 lbs. ; what is the magnitude of the force producing the acceleration ? How 
many pounds of matter would this force support against gravity in a place where 
(? = 32-2? 

5. How long must a force of 14 poimds act on a mass of 1,000 tons to give it a 
velocity of one foot per second ? 

6. Calculate in pounds the moving force which, acting for a minute upon the mass 
of a ton, will get up in it the velocity of 30 miles an hour. 

7. A force equal to the weight of one lb. acts on a mass of 2 lbs. for one second ; 
if the value of ^ be 32, find the velocity of the mass and the space which it has 
travelled over. At the end of the first second the force ceases to act ; how much 
farther will the body move during the next minute ? 

8. How far will a lateral pressure of an ounce move a pound on a smooth 
horizontal plane in five minutes ? 

9. Taking 10 pounds as the unit of mass, a minute as the unit of time, and a 
yard as the unit of length ; compare the resulting systematic unit of force with 
that of the ft. -lb. -sec. system. 

10. Determine the unit of time in order that the foot being the unit of length, 
the value of the intensity of gravity may be expressed by 1 instead of 32*2. 
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11. A fine string, carrying two tinequal masses at its extremities, is bung over 
a smooth pulley. It is observed that at the end of 5 seconds tbe heavier weight 
is descending with a velocity of g feet per second. Find the ratio of tbe 
masses. 

12. Two weights of 5 pounds and 7 pounds are connected by a string passing 
over a fixed smooth pulley; the system having no initial motion, find the velocity 
after three seconds. 

13. Two masses of 48 and 50 grammes respectively are attached to the string of 
an Attwood's machine ; and starting from rest, the larger mass passes through 10 
centimetres in one second. Determine from these data tbe value of the accelera- 
tion due to gravity, the units being the centimetre and the second. 

14. In Attwood's machine one of the boxes is heavier than the otber by half an 
ounce. What must be the load of each in order that the over-weighted box may 
fall through one foot during the first second ? 

15. In an Attwood's machine — neglecting friction and the inertia of the wheels 
— if the two weights attached to the string be each .5^ ounces, wh&t must the 
moving weight be, in order that at the end of one second these weights may be 
moving with a velocity of one foot per second ? In this case, how far have the 
weights moved from rest in the first second ? 

16. In Attwood's machine, where the weights are 17 oz. and 16 oz., find the 
acceleration and the tension of the cord. 

17. The two ends of a string passing over the pulley of an Attwood's machine 
are loaded as follows i—A with 16^ and B with 15J ounces. Find the tension at 
A, when it is in motion downwards. 

18. The weights at the extremities of a string which passes over the x>ulley of 
an Attwood's machine are 500 and 502 grammes. The larger weight is allowed to 
descend ; and 3 seconds after motion has begun 3 grammes are removed from 
the descending weight. What time will elapse before the weights are again 
at rest? 

19. A smooth inclined plane, whose height is one half of its length, has a small 
pulley at the top over which a string passes. To one end of tbe string is attached 
a mass of 12 lbs., which rests on the plane ; while from the other end, which 
hangs vertically, is suspended a mass of 8 lbs.; and the masses are left free to 
move. Find the acceleration and the distance traversed from rest by either mass 
in 5 seconds. 

20. A mass of 6| lbs. is put on a smooth horizontal table and connected by a 
fine thread to a mass of 1^ lbs., which hangs over the edge of the table ; if the 
latter body is allowed to fall, dragging the former after it, what force does it 
exert on the former body, and what is its accelerative effect on the velocity of 
that body ? 
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SECTION XXVIII. —COMPOSITION OF FOECES. 

Art. 145. — Composition of Forces. Force involves mass-vector 
in its idea (Art. 141), but as the mass acted on is constant, the 
different forces can be represented as simple vectors. The magni- 
tudes of the vectors must be made proportional to the magnitudes 
of the forces, and be drawn in corresponding directions. 

Suppose that the particle at A (Fig. 19) is simultaneously 
pj^ jg subject to the force p F 

^ in a horizontal direction, 
and to the force ^ F in a 
vertical direction. Draw 
AB representing p F ac- 
cording to some scale, and 
AC representing q F ac- 
cording to the same scale. 
The diagonal AD of the 
i' F rectangle formed by AB, 

AC represents their resultant on the same scale. Hence the 
magnitude of the resultant is Jp^ + (f F, and its direction is the 
angle which has the tangent 

q / pL opp. per L adj. 
When the two forces are not inclined at a right angle, the con- 
struction leads to a parallelogram instead of a rectangle. 

Art. 146. — Coefficient of Friction. Friction is a force which 
opposes the sliding of one body over another. Its utmost amount 
is proportional to the force with which the two surfaces press 
against each other, provided the surfaces are plane. Hence 

fi F resistance = F normal pressure. 
The constant /x is greater when motion does not take place, than 
when it does take place. In the former case it is called the co- 
efficient of statical friction, in the latter the coefficient of kinetic 
friction. 
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The weight of a body resting on a plane inclined to the horizon 
at a** is mg F downwards. The components of this force along 
and normal to the plane are mg sin a F down the plane, and 
mg cos a F normal. Hence the frictional resistance is [mig cos a F 
up the plane. Motion will be about to ensue when 
mg sin a - imig cos a = 0, 

i.«., /A = tan a. 
The limiting angle at which sliding just does not commence is 
called the angle of repose ; its tangent is equal to the coefficient of 
statical friction. 

Examples. 

Ex, 1. A weight of 20 lbs. rests on a horizontal plate which is 
made to ascend first with a constant velocity of one foot per 
second, second with a velocity constantly increasing at the rate 
of one foot per second per second ; find in each case the pressure 
on the plate. 

Take the acceleration due to gravity at 32 feet per second per 
second. 

In the first case there is a force on the weight of 20 x 32 
poundals downwards and no force on the plate, since the velocity 
is constant ; therefore the pressure on the plate is 640 poundals. 

In the second case there is as before a force of 20 x 32 poimdals 
downwards on the weight, and there is in addition its resistance 
due to the acceleration imparted by the ascending plate, namely 
20 X 1 poundals, hence the whole pressure on the plate is 
20 X (32 + 1) poundals, that is, 660 poundals. 

Ex, 2. Forces equal to the weights of 2 lbs., 3 lbs., 4 lbs., 5 lbs. 
act on a particle in the directions north, east, south, west respec- 
tively ; find the magnitude and direction of the resultant force. 

Here the intensity of gravity enters as a factor in each of the 
forces, hence the vectors representing the forces may be taken as 
2 L north, 3 L east, 4 L south, 5 L west. The first and third 
compounded give 2 L south, and similarly the second and fourth 
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compounded give 2 L west ; hence the resultant vector is 2 ^2 L 
south-west, and the resultant force is 2 J2 lbs. in the direction 
south-west. 

Ex. 3. Two rafters, making an angle of 120'', support a gasalier 
weighing one cwt.; what is the pressure along each rafter ? 

Draw the vector AB representing the force of 1 12 lbs. (Fig. 20). 
Draw EC parallel to AD and ED parallel to AC. It may be 
shown that ACE is an equilateral triangle ; therefore the vector 
AG has the same length as AE ; and so has AD. Hence the 
pressure along each rafter is 112 lb. weight. 



Pig 20 




Ex. 4. The slope of a plane is 45° ; find the time in which a 

body would slide from rest down 100 feet of its length, the 

angle of friction being 15*. 

The intensity of the weight is 32 poundals vertical per lb.. 

ie., 32 sin 45° poundals downwards per lb. + 32 cos 45* 

poundals normal per lb. 

But tan 15° poundals up per lb. =poundal normal per lb., 

32 cos 45° tan 15° poundals up per lb., 

(32 sin 45° - 32 cos 45° tan 15°) poundals down per lb., 

1 foot per second per second = poundal per lb. ; 

32 

— - (1 - tan 15°) feet per second per second, 

i^ (1 -tan 15°) feet = second2, 

V2 

100 feet; 
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•. lQQ^/2 second', 

16(1 -tan 15) 



TV 1— 



s/2 



second, 



-tan 15 
t.e., 3*5 second. 

EXERCISE XXVni. 

1. A man steps on to an elevator, which thereupon descends with a uniform 
acceleration of 10 feet per second per second. What sensation will he experience, 
and calculate its amount ? 

2. A mass of 20 lbs. is placed upon a horizontal plane which is made to descend 
with a uniform acceleration of 30 feet per second per second. Find the pressure 
on the plane. 

3. A balloon is ascending vertically with a velocity which is increasing at the 
rate of 3 feet per second per second; find the apparent weight of one pound 
weighed in the balloon by means of a spring bslance. 

4. Three ropes are tied together, and a man pulls at each. If, when their 
efforts are in equilibrium, the angle between the first and second rope is 90°, and 
that between the first and third is 150°, what are the relative strengths of the 
men as regards pulling ? 

5. A particle is acted on by a force whose magnitude is unknown, but whose 
direction makes an angle of 60^ with the horizon ; the horizontal component of 
the force is known to be 1*35 dynes. Determine the total force and also its ver- 
tical component. 

6. Four forces of 24, 10, 16, 16 dynes act on a particle, the angle between 
the first and second being 30^, between the second and third 90^, and between 
the third and fourth 120°. Calculate the magnitude of their resultant. 

7. Three forces, proportional to 1, 2, 3 respectively, act on a point ; the angle 
between the first and second is 60°; the angle between the second and third is 
30°. Find the angle which the resultant makes with the first. 

8. On a smooth plane, rising 2 in 5, a weight of 10 lbs. is kept from sliding by 
a force in the direction of the plane. Determine the pressure on the plane. 

9. Three cords are tied together at a point. One of these is pulled in a 
northerly direction with a force of 6 pounds, and another in an easterly direction 
with a force of 8 pounds. "With what force must the third cord be pulled in 
order to keep the whole at rest ? 

10. A weight of 10 tons is hanging by a chain 20 feet long. Find how much the 
tension in the chain is increased by the weight being pulled out by a horizontal 
force to a distance of 12 feet from the vertical through the point of support. 

11. A weight of 4 pounds is suspended by a string, and it is also acted on by a 
horizontal force. If, in the position of equilibrium, the tension of the string is 
5 pounds, what is the horizontal force ? 
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12. A mass of 10 lbs. is supported by strings of lengths 3 and 4 feet respec- 
tively, attached to two points in the ceiling 5 feet apart. What is the tension of 
each string ? 

13. Answer the above question in the case of equal strings, of such a length 
that the mass is only an inch from the ceiling. 

14. A body rests on a horizontal plane, whose coefficient of friction is 1/2 ; at 
what inclination must a force equal to the weight of the body be applied so that 
it may be just on the point of moving the body ? 

15. Suppose the resistance of the air to the motion of a hailstone to be equal 
to one tenth of the weight, when the speed is 16 feet per second, and the increase 
to be as the square of the speed. What is the greatest speed the hailstone can 
acquire by falling? 

16. A weight of 112 lbs. rests on a rough plane, inclined at 15° to the horizon, 
and the coefficient of friction is 75. Calculate the limiting forces which, applied 
horizontally, must be exceeded to give the weight upward, downward, and 
horizontal movement respectively on the plane. 
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Art. 147. — Deflecting Force. The force required to produce a 
given curvature of the path of a body moving with a given speed 
is proportional to the mass of the body and to the necessary 
acceleration. The body has a tendency to move uniformly in a 
straight line, and this tendency, looked upon as a force urging it 
outwards from the curve, is called centrifugal force. According to 
Art. 121 the acceleration is given by the equivalence 

1 L per T per T = (L per T)^ by (radian per L arc), 
hence the force is given by 

1 F = M by (L per T)^ by (radian per L arc). 
Now, the imits upon which F per M depends can be transformed 
into any form in which they are combined into units, provided 
the quality of each unit is preserved ; thus 

1 F = M by (L arc per T)^ per L radius, 
= M by (L arc per T) by (radian per T), 
= M by (radian per T)^ by L radius. 
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As 27r radian = revolution, by substituting in the last, we get 

47r2 F = M by (revolution per T)^ by L radius. 
In the case of the British system we have 

1 poundal = lb. by (ft. arc per sec.)^ per ft. radius. 
In the C.G.S. system 

1 dyne = gm. by (cm. arc per sec.)^ per cm. radius. 

Art. 148. — Simple Harmonic Motion. The acceleration on a 
particle describing a simple harmonic motion is given by the 
equivalence 

1 L per T per T = (radian per T)^ by L displacement, 
therefore the force required is given by 

1 F per M = (radian per T)" by L displacement. 
In the motion of a simple pendulum, instead of L displacement 
we have L length of pendulum ; hence 

1 F per M = (radian per T)^ by L length, 
or 4?!^ F per M = (revolution per T)^ by L length. 

Examples. 

Ex. 1. If a stone weighing 2 lbs. be attached to a yard of 

string, which can just support 20 lbs., at what rate must it bo 

whirled round horizontally so as to break the string ? 

47r2 poundal = lb. by (revolution per sec.)^ by ft. radius, 

2 lbs. by 3 ft. radius, 

247r2 poundal = (revolution per sec. )\ 

But 20 X 32 poundals, 

20 X 32 / 1 . . ,9 

^^ , (revolution per sec.)^, 

247r*'^ 

*-^-> -7^ 5 (revolution per sec.)^ 

ie,. -s/lSjc^ revolution per second, 
Sir ^ 

i.e,, 16+ revolution per second. 
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Ex, 2. A toy-car, whose mass is | lb., runs at the rate of 5 miles 
an hour on a level circular railway 20 feet in circumference; 
calculate the horizontal pressure on the rails. 

1 poundal = lb. by (ft. per sec.)^ per ft. radius, 

h lit), by (^^)^ (ft per sec.)2 per |5 ft. radius. 
22 X 22 X 22 , T 

l.e., ;r T-rr =• POUUdalS, 

i.e., 8-4 poundals. 

Ex. 3. A railway train moves smoothly at the rate of 30 miles 
an hour over a curve of 500 yards radius; find the angle at 
which a plumb-line in one of the carriages will be inclined to the 
vertical. ' 

1 poundal per lb. = (ft. per sec.)^ per ft. radius, 

(ft. per sec.)2 per ft. rad., 



500 X 3 



-4--^^ poundals per lb., 
500x3*^ ^ ' 

/44\2 

^\^ ' ^ ft. outwards per sec per. sec. 
500 X o 

Also 32*2 ft. downwards per sec. per sec. ; 

^r.r. J »^ ^ ft. outwards per ft. downwards, 
500x3x32-2 ^ ' 

i.e., 0*4 ft. outwards per ft. downwards. 

Hence the tangent of the angle is '04, and the angle about 6°. 

Ex. 4. Find the maximimi force in a case of simple harmonic 

motion in which the moving mass is a gramme, the range on each 

side of the middle position 10 centimetres, and the period ^J^ 

second. 

47r^ dyne = gm. by (rev. per sec.)^ by cm. displacement, 

1 gm. by 3002 (rev. per sec.)^ by 10 cm,. 
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47r2 X 3002 X 10 dynes, 
i.e., 367r2 X 10^ dynes, 

i.e., 3-67r2 megadynes. 

Ex, 5. Find how many vibrations a simple pendulum, 4 inches 
long, would make in a minute at Glasgow. 

47r2 poundals per pound = (rev. per sec.)^ by ft. length, 
J ft. length, 

-^ poundals per pound = (rev. per sec.) 2, 
3 

32-2 poundals per pound at Glasgow; 
32-2 X 3 



47r2 



(revolutions per sec.)^, 
revolutions per sec, 



27r 
60 sec. .-. 30>/^ revolutions, 

i.e,y 94 complete vibrations, 

or 188 single vibrations. 

Ex. 6. The time of a complete vibration at Paris of a pendulum 
6,400 centimetres long is 16 seconds; show that the value of ^ is 
986 approximately. 

47r2 dyne per gm. = (rev. per sec.)^ by cm. length, 

(rev. per sec.)^ by 6,400 cm. length, 

47r2 X 6400 , 

Le., TT* X 100 dyne per gm, 

i.e., 986*96 dyne per gm,, 

986 dyne per gramme approximately. 

EXERCISE XXIX. 

1. Calculate, in pound's weight, the tension of a string 4 feet long which has a 
mass of 10 pounds attached to it, descrihing a horizontal circle once in half 
a second. 
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2. Two bodies, A and B^ describe circles with constant velocities ; the radius of 
^'s circle is 390 times that of B's ; A moves round its circle once while B moves 
round its circle 13 times ; ^'s mass is 91 times B^b mass. Compare the force 
acting on A with the force acting on B, 

3. A mass of 20 lbs. is revolving uniformly, once in 5 seconds, in a circle whose 
radius is 3 feet. Find the centrifugal force. 

4. A mass of 1 lb. is placed on the rim of a wheel 2 ft. in diameter, which 
revolves upon i^ axis, and is otherwise balanced. The linear velocity of the rim 
being 30 ft. per sec, what is the pull on the axis as caused by the mass of 1 lb. 

5. A locomotive of 20 tons runs at the rate of 30 miles an hour at a part of the 
line where the radius of curvature is 10 miles; calculate in tons its entire 
pressure against the inner surfaces of the rails. 

6. A locomotive, 15 tons in weight, runs with a velocity of 20 miles an hour 
in a circle of a mile radius; calculate in poundals its entire pressure against 
the rails. 

7. A railway carriage weighing 4 tons is passing round a curve, the radius of 
which is 250 yards, at the rate of 20 miles an hour ; what is the outward pressure 
on the rails ? 

8. If the earth were set to revolve on its axis in half a day, nothing else being 
altered, what would be the weight of a mass of 100 lbs., tested by a spring 
balance, supposing the balance to have been graduated to show pounds' weight at. 
the equator, when the earth was revolving with its actual angular velocity? 
Earth's radius is 21x10^ feet; ^=32*09 at the equator, with actual angular 
velocity. 

9. A railway carriage is going round a curve of 500 feet radius, at 30 miles per 
hour. Find how much a plummet hung from the roof by a thread 6 feet long 
would be deflected from the vertical. 

10. A skater describes a circle of 100 feet radius, with a velocity of 18 feet per 
second ; what is his inclination to the ice ? 

11. Find the force per gramme of the earth's mass towards the sun, supposing 
the earth's motion to be in a circle of radius 1*473 x 10^^ centimetres. 

12. Calculate the tension of an endless chain, of 1 pound per foot, and 30 feet 
long, when made to rotate as a horizontal circle once per second. 

13. Masses of 6 and 16 M are fixed at the ends of a horizontal rod ; round 
what vertical axis must it revolve that the two centrifugal forces may destroy 
one another; first when the rod is supposed without mass, second when its mass 
is 4M. 

14. What ought to be the difference of level between the rails, when the 
radius of curvature of a railway curve is 300 yards, the breadth of the guage 4 ft. 
8^ in., and the highest velocity of a train at the place 45 miles an hour? 

15. A square frame- work of a yard in the side rotates once per second about 
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one of its sides, which is vertical ; what must be the coefficient of friction to keep 
a ring from slipping down the opposite side? 

16. A weight of 28 lbs. is suspended by means of a ring on a straight rod which 
revolves in a horizontal plane about a fixed axis; the coefficient of friction 
between the ring and the rod is \, and the distance of the weight from the 
axii is 5 ft. : find the angular velocity when the weight will b^^ to move 
outwards. 

17. A mass of 2 pounds is kept performing simple harmonic vibrations, at the 
rate of 30 periods per second, through a range of a tenth of a foot on each side. 
Find the mayimnm force, and the force at 1/50 foot from the middle position. 

18. A mass of 1/1000 pound vibrates 256 times in a second through a range of 
1/10 inch. Find the maximum force upon it. 

19. A mass of a gramme vibrates through a millimetre on each side of its 
middle position 256 times per second; find the maximum force upon it in 
grammes weight. Assume the intensity of gravity at 981*4 centimetres per 
second per second. 

20. A body whose mass is 10 lbs. is tied to a thread 6 ft. long, and is allowed 
to swing backwards and forwards through the arc of a semi-circle ; when it is 30^ 
from the lowest point of the arc, what forces are acting on it? 

21. A seconds pendulum is lengthened and the time of oscillation is thereby 
increased by an eighth of a second. Calculate the increase in length, (g = 32*2. ) 

22. Given that the intensity of gravity at Paris is 9*81 metres per second ; 
what is the length of the pendulum which beats seconds there. 

23. A pendulum, 39*20 inches long, vibrates seconds of mean time at a certain 
place. Find the force of gravity per pound of matter at that place. How much 
faster would the pendulum beat at a place where the force of gravity is a quarter 
per cent, greater ? 

24. What would be the length of a simple pendulum vibrating in 2*5 seconds, 
at a place where the intensity of gravity is 31*5 ft. per sec. per sec. 

25. What must be the length of a pendulum beating 10 times in a minute if the 
seconds pendulum is 39 inches long. 

26. A pendulum 37*8 inches long is found to make 182 beats in 3 minutes at a 
certain place ; find the force of gravity at the place. 

27. At a place where a simple pendulum 100 centimetres long beats seconds, 
find how many seconds are gained per day when the pendulum is shortened 
by one millimetre. 

28. A dock, whose pendulum ought to beat seconds, is gaining at the rate of 
J hour per week. How many turns should be given to the screw-head, suppos- 
ing it to have 40 turns to the inch, to correct the error in length of the pendulum. 
Take the seconds pendulum at 39} inches. 
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SECTION XXX.— SPECIFIC GEAVITY. 

Art. 149. — ^Heaviness and Density. — ^We have 
1 F = M by L per T per T. 

The acceleration at a particular place due to the attraction of the 
earth is the same for every kind of matter ; let it be denoted by 
q L per T per T, then 

(7F = M. 
Let the density of a substance be /) M = V, by eliminating M 
we deduce 

«7F = V. 
This gives us the idea oi weight per volume, that is, of heaviness* 

Art. 150. — Specific Gravity. By the specific gi-avity of a sub- 
stance is meant its heaviness compared with the heaviness of a 
standard substance, as water at the temperature of 62° Fahr. 
(British), or at its temperature of maximum density (French). 
As the intensity of gravity is the same for all kinds of matter, the 
specific gravity, that is, the relative heaviness, has the same value 
as the specific mass, that is, the relative density. 

Art. 151. — Buoyancy. Let the heaviness of a solid be 

P9 F=V, 

and of a fluid 

P'g F=V. 

When the solid is immersed in the fluid, the heaviness of the 
fluid axjts as an upward force, and the resulting heaviness of the 
solid is 

i^e. (p-p)g? = y. 
Wlien p is greater than />, the resulting heaviness becomes 
negative, that is, it becomes hwyancy. 

The determination of the density of water at 4° C. upon which 
the kilogramme was based, was effected by weighing a brass 
* Rankine's Rules and Tables, p. 102 
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cylinder in water. The cylinder used is represented in the 
accompanying illustration. It was hollow but completely closed, 




except that a small tube kept up the connection between the air 
in the cylinder and the air in the room when the cylinder was 
immersed in water. The ratio of hollow to solid cylinder was so 
arranged that the weight of the metal was only a little greater 
than the buoyancy of the water displaced. The diameter and 
height were each intended to be 2 '435 decimetres. By means of 
the lines drawn on its surface the mean diameter was found at 
\T C. to be 2428368 dm., and the mean height 2*437672 dm. 
The volume of the cylinder at 0° C. was computed to be 11 -28 
cubic decimetres, and that of the solid part 1*506 cb. dm. The 
weighing was effected by means of a provisional kilogramme and 

M 
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its decimal parts. Let the provisional kilogramme be denoted by 
kilo ; then the final results of the weighings at 60' C. were as 
follows : — 

Weight of the cylinder in air, 11*4660055 kilo, 

weight of the cylinder in distilled water, 0*1967668 kilo ; 

therefore weight of water having the volume 

of the cylinder, 11-2692387 kilo ; 

therefore 1 1 '2692387 kilo = 1 1 -28 cubic decimetres, 

ie, -999046 kilo = cubic decimetre. 

Corrected for the change to 4° C, it is 

•999207 kilo = cubic decimetre, 
and the primary kilogramme was constructed to equal 
•999207 kilo. 



Examples. 

Ex, 1. How much would a brass kilogramme appear to weigh 

if it were suspended in water ? 

8*3^ dynes = cc. of brass, 

g dynes = cc. of water, 

(8-3 - 1) g dynes apparent = 8-3^ dynes real, 

1,000(7 dynes real, 

1,000(8-3-1) , 

.-. A_^ '. g dynes apparent, 

8*3 

Le.y 879*5 g dynes apparent 

Observation, — g dynes = gm., hence gm. may be substituted in 
the above instead of g dynes. 

Ex, 2. A solid weighs 100 grains in water and 120 grains in 
alcohol of specific gravity 0*8. Find the mass and the specific 
gravity of the solid. 

Suppose that the mass of the solid is x grains. Then (a;- 100) 
grains is its apparent loss of mass in water, .*. (a;- 100) grains is 
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the i;ttass of water displaced. Similarly (as- 120) grains ia the 
mass of the alcohol displaced ; hence 

--- ^y- grain alcohol = grain water, 
a- 100 

But '8 grain alcohol = grain water. 

. a;-12 0_.g 

** ai-lOO ' 

from which x - 200. 

Hence, 200 grains solid = 200 - 100 grains water ; 

.-. 2 grains solid = grain water. 

Ex, 3. A piece of copper wire 4 metres long weighs 17*2 

grammes in air, and 15*2 grammes in water ; find the diameter 

of the wire. 

As the heaviness of air is small, the weight of the wire in air 

may be taken as its true weight. 

Mass of the water displaced is 17*2 - 15*2 grammes, le,^ 2 gms. 

1 gm. of water = sq. cm. by cm. length, 

2 sq. cm. by cm. length ; 

400 cm. length, .*. ^Jo sq. cm. 

^ sq. cm. = (cm. diam.)^ ; 
(cm. diam.)", 



100 XTT 



\1007r 



A cm. diam. 

'IOOtt 

log 2 = -30103 

log 1007r = 2-49715 



2)3-80388 

2-90194 
Hence -0798 cm. diameter. 

Ex, 4. Find what weight of lead attached to 20 lbs. of cork 
would be just sufficient to sink it in water. 
•24 lb. cork = lb. water, 
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.'. '24 poundals, weight of cork = poundal, weight of water 

•94 — 1 
.• . -—ey-T~ poundals app. wt. of cork ^ poundal, real wt. of cork, 

20^ poundals, real weight of cork, 

20^ — o7 " poundals app. weight of cork. 

*24: 

Similarly 

_ -"-_ poundals app. wt, of lead = poundal real wt. of lead. 

But the apparent weight of the lead is to be equal to the apparent 
weight of the cork, only in the opposite direction ; hence 

•24 — 1 11*4: 

20^ " --— — - poundals real weight of lead 

*24 1 1 *4 — 1 

20 ".9T w-r.A — \ pounds of lead, 

i.«., 69-4 pounds of lead. 

Ex, 5. A rectangular barge open at top is made of sheet iron a 
quarter of an inch thick (480 lbs. per cubic foot) ; it is 36 feet 
long, 1 2 feet wide and 7 feet deep : what weight placed in the 
barge will just sink it ? 

For the rectangular sides 

1 square foot = foot long by foot deep, 

2 (36 + 12) feet long by 7 feet deep, 

2 (36 + 12) 7 square feet. 
For the rectangular bottom 

36 X 12 square feet, 
hence surface of plate 2 (36 + 12)7 + 36x12 square feet, 
and 480 lbs. =- square foot surface by foot thick, 

and - — - - foot thick, 
4x12 

.Q^ 14x48 + 9x48,, 
•'• ^^^ - 48 ^^^' 

t.«., 480x23 lbs. i.e., 11,040 lbs. 

Since the barge is rectangular 
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1 cubic foot = foot long by foot broad by foot deep, 
36 feet by 12 feet by 7 feet, 
36 X 12x7 cubic feet, 
62*5 lbs. = cubic foot of water, 
62-5 X 36 X 12 X 7 lbs., 
i.e., 189,000 lbs. 
Hence weight required is 189,000 lbs. - 11,040 lbs., 
i.e., 178,000 lbs. 

Ex. 6. What depth of water is required to float an iceberg one 
mile square by 500 feet high 1 

•92 M of ice = M of pure water, 
1 foot^ of ice = "92 foot^ of pure water ; 
but the cross-section is constant, 

1 foot height of ice = -92 foot height of pure water. 
Similarly 1 '025 feet of pure water = foot of sea water, 

500 feet of ice, 
500 X -92 



feet of sea water, 



1-025 
i.e., 449 - 



EXERCISE XXX. 

1. A piece of copper weighs 31 grains in air and 27j in water. Find its specific 
gravity. 

2. A solid, of which the volume is 1*6 cubic centimetres weighs 3*4 grammes in 
a fluid of specific gravity 0*85. Find the specific gravity and weight of the sub- 
stance. 

3. A glass ball weighs 3,900 grains, and has a specific gravity 3. What will be 
its apparent weight when immersed in a liquid whose specific gravity is 0*92? 

4. A piece of brass, whose specific gravity is 8*4 and weight 20 grammes, is 
attached to one end of a string which passes over a smooth puUey, and hangs in 
water. What weight must be attached to the other end of the string that there 
may be equilibrium ? 

5. If a piece of wood exactly counterpoises a cubic inch of brass, what is its 
volume, supposing the specific gravity of the wood to be 0*9, that of the brass 8*1, 
and that 800 cubic inches of the air in which the weighing takes place, are as 
heavy as a cubic inch of water at the standard temperature ? 
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6. A body weighs 8 oz. in air, 617 oz. in olive oil, and 5*948 oz. in sea water. 
Compare the specific gravities of olive oil and sea water. 

7. A body weighs in air 80 grains, in water 56 grains, and in another liquid 4G 
grains. Find the specific gravity of this liquid. 

8. A piece of oak having a specific gravity of '74 and a volume of 32 cubic 
inches floats in water. How much water will it displace ? 

9. If a piece of wood, weighing 120 pounds, floats in water with \ of its volume 
immersed, show what is its whole volume. 

10. An inch cube of a substance of specific gravity 1*2 is immersed in a vessel 
containing two fluids which do not mix ; the specific gravities of these fluids are 
1*0 and 1*5. Find what will be the point at which the solid will rest. 

11. An inch cube of ice having a specific gravity '918 is floating in water of which 
the specific gravity is 0*99987. Find its height above the surface of the water. 

12. A body floats in water with \ of its volume above the surface ; determine 
its specific gravity. How much of it will be submerged in a fluid whose si>ecific 
gravity is "9 ? 

13. Suppose that an iceberg has the form of a cube, and floats flat with a height 
of 30 feet above the ocean. What depth will it have under the surface ? 

14. The specific gravity of lead is 11*4, that of cork 0*24. How much lead 
must be attached to a piece of cork weighing 3 grammes to make it sink ? 

15. Find whether a piece of cork weighing 2 grammes with a i)iece of lead 
weighing 6*94 grammes attached to it, will sink or swim in water. 

16. A body of 300 grammes having a specific gravity 5, has 100 grammes of 
another substance attached to it, and the joint weight of the two in water is 300 
grammes- Find the specific gravity of the attached substance. 

17. A certain body A is observed to float in water with exactly half its volume 
submerged ; and, when attached to another B of twice its own volume, it is found 
to be just submerged. Find the specific gravity of A and of B, 

18. Find the specific gravity of a piece of cork from the following data— 

Weight of cork in air, - - - 2 grammes. 
Weight of cork and sinker in water, 4 grammes, 
Weight of sinker in water, - - 12 grammes. 

19. A cube of metal is floating in mercury sp. gr. 13*6; when a weight of 170 
lbs. is placed on the top, the cube is observed to sink 3 inches. Find the size 
of the cube. 

20. A body composed partly of iron and partly of a wood (sp. gr. 0*4) is ob- 
served to be just submerged in water. Compare the volumes of iron and of wood 
in the body. 

21. An iron ball of 12 lbs. floats in mercury covered with water. Find the 
weights of the parts in the two fluids. 

22. A rod of uniform section is formed partly of platinum and partly of iron. 
The platinum portion being 2 inches long, what will be the length of the iron 
portion, when the whole floats in mercury with one inch above the surface ? 
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23. How much iron must be attached to a wooden beam 10 feet long» and 5 
inches broad and thick, in order to sink it? The specific gravity of the wood 
is 7. 

24. A raft, whose weight and specific gravity are known, floats in water. Show 
how to determine the greatest weight which it can support without sinking. 

25. An empty balloon with its car and appendages weighs in air 1,200 lbs. If 
a cubic foot of air weigh IJ oz., how many cubic feet of gas of specific gravity '52 
must be introduced before the balloon will begin to ascend? 

26. A small vessel quite filled with distilled water weighs 530 grains ; and when 
26 grains of sand are thrown in, the whole weighs 546 grains. Find the specific 
gravity of the sand. 

27. A piece of copper and a piece of silver fastened to the two ends of a string 
l>assing over a pulley, hang in equilibrium when entirely immersed in a liquid 
whose specific gravity is 1'15. Determine the relative volumes of the masses, 
the specific gravities of silver and copper beiog 10*47 and 8*89. 



SECTION XXXI.— PEESSURE. 

Art. 152. — Intensity of Pressure. When force acts across a 
surface, there are two equal and oppositely directed forces. When 
their directions are inwards towards one another, each is called a 
'pressure ; and when outwards from one another, each is called a 
tensi'On, Either of these may be specified in terms of unit surface 
of application ; hence the idea 

F per L\ 

It is properly called intensity of pressure, but owing to the fre- 
quency with which it occurs it is commonly called " pressure." In 
the British system we have poundals per square foot, lb. by 
weight per square foot, lb. by weight per square inch, etc. By 
"lb. by weight" is meant 32-187 poundals (Art. 144). 

In the C.G.S. system we have dyne per sq. cm., 
gm. by weight per sq. cm., etc. 

Art. 153.--Height of Column of a Liquid. When a mass of 
liquid is at a uniform temperature, the density is very nearly uniform 
throughout, though the lower layers have to support the weight of 
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the upper. No appreciable error is made by calculating the pressure 
at a point in the liquid, on the assumption that the density is 
uniform throughout. 

Let the density of the liquid be 

for a vertical column 

1 L* = L^ horizontal surface by L height; 

/o M = L^ horizontal surface by L height. 
Now ^F = M, 

p^ F = U horizontal surface by L height, 

P9^ P^r L^ horizontal surface = L height. 
But the pressure is the same in magnitude, whatever be the incli- 
nation of the plane of application taken at the point, provided it 
is sufficiently small ; hence 

pg F per L^ surface = L height. 
Thus for every unit of height of a column of liquid we have 
pg times the corresponding unit of pressure. This explains why a 
pressure is usually expressed as a height ; for example, as so manj'^ 
inches of mercury. The equivalence in this case is 
•491163 pound weight per sq. in. =in. height of mercury at 32'' F. 

Examples. 

Ex. 1. Find the relation between pound per sq. inch and kilo- 
gramme per sq. centimetre. 

•4536kgnL=lb. (1) 

1 cm. = -3937 inch, 
/. lcm^ = (-3937)2 inch2. (2) 

Dividing (1) by (2) 

•4536 kgm. per sq. cm. = ——^Ib. per sq. inch, 

.'. -4636 X (•3937)2kgm. per sq. cm. =lb. per sq. inch, 
i.e., '0703 kgm. per sq. cm. = lb. per sq. inch. 

Ex. 2. Find the value of the standard atmospheric pressure in 
terms of dynes per sq. cm. 



PRESSURE, 185 

The density of mercury is 13*596 gni, = cc., and the standard 
intensity of gravity is 981 dyne per gm. Hence 

13-596 X 981 dyne per sq. cm. =cm, height of column, 
the standard height is 76 cm., 
.-. 76 X 13-596 X 981 dyne per sq. cm 
981 74556 

76 69531 



5886 74556 

6867 22366 

3727 

74556 g^Q 

44 



101353 
Answer — 1*014 x 10* dyne per sq. cm. 
Ex, 3. At the bottom of a mine a mercurial barometer stands 
at 77*4 cm.; what would be the height of an oil barometer at the 
same place, the specific gravity of mercury being 13-596, and that 
of oil 0-9? 

13-596 gm. per sq. cm. = cm. of mercury, 
•9 gm. per sq. cm. = cm. of oil, 
. •. 13*596 cm. of oil = *9 cm. of mercury, 
77*4 cm. of mercury, 

. 77*4 X 13*596 . ., 
.*, _ cm. of oil, 

i.e., 1169 3 cm. of oil. 
Ex, 4. The area of the plunger of a force pump being 3 square 
inches, find the pressure upvin it when water is forced up a height 
of 20 feet. 

62*5 lb. by weight per sq. ft. =ft. height, 

20 ft. height, 

.-. 20 X 62-5 lb. weight = sq. ft 

1 sq. ft. = 144 sq. inches, 
3 sq. inches. 
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Le.y 26 lb. weight. 

Ex, 5. Find the whole pressure on a vertical lock-gate 14 feet 
broad, against which the water rises 9^ feet. 
The intensity of the pressure is given by 

62-5 lb. weight per sq. ft. = ft. height ; 
hence at the bottom it is 

9*5 X 62*5 lb. weight per sq. ft., 
and at the top, 

lb. weight per sq. ft. 
As the pressure increases uniformly with the depth, the average 
pressure is 

lb. weight per sq. ft. 

Now 14 X 9*5 sq. ft of surface, 

7 X (9-5)2 X 62-5 lb. weight, 
ie,, 39484 lb. weight. 

Ex, 6. A square board, whose edge is 2 feet long, is immersed 
in water with one edge just at the surface, and it is inclined to the 
horizontal at 30°. Find the pressure on one side of it. 

62*5 lb weight = ft. long by ft. broad by ft. deep, 
2 ft. long by 2 cos 30° ft. broad by 2sm30° + ^^ ^^^^^^ 

.-. 62-5 X 2 X 2-^ X I lb. weight, 
Le,y 62-5^/3 lb. weight. 



EXERCISE XXXI. 

1. Reduce pound per square foot and pound per square inch to dyne per square 
cm., when the intensity of gravity is 981 cm. per sec. per sec. 

2. Given the average weight of a man as 12 stones, and the density of a dense 
crowd as 5 men - 7 square feet. Find the pressure per square foot due to a dense 
crowd on a bridge. 

3. Wind, having a velocity of 50 miles an hour, exerts a pressure of 12 lbs. per 
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square foot. Find the total force exerted on a surface 5 ft. by 6 ft. inclined at an 
angle of 26° to the direction of the -vnnd. 

4. Reduce 25*6, 26*7, and 27*8 inches of mercury to millimetres of mercury. 

5. Express a pressure of 100 mm. of mercury in terms of inch of water. 

6. Reduce a pressure of 600 millimetres of mercury at 0°C. to dynes per square 
cm. when the intensity of gravity is 981 cm. per sec. per sec. 

7. Express a pressure of 760 mm. of mercury in terms of kilogramme per square 
metre. 

8. Given the density of water as 62*5 lb. per cubic foot, and that 1*025 lb. of 
sea* water is equivalent in volume to one lb. of pure water. Find the pressure at 
a depth of 200 feet under the surface of the ocean due to the superincumbent 
water. 

9. If the plunger of a force-pump has a cross- section of 8 square inches, and 
works 50 feet below the cistern, what pressure is required to force it down? 

10. During a storm the barometer at sea-level stood as low as 27 '466 inches. 
What was the pressure in lbs. per square inch ? 

11. What ought to be the length of a water barometer, inclined to the horizon 
at an angle of 30°, the mercury barometer standing at 30*5 inches ? 

12. The diameter of the tube of the barometer is 1 cm., and that of the cistern 
4*5 cm. If the mercury in the tube rise through 2*5 cm., find the real alteration 
in the height of the barometer. 

13. What is the theoretical height to which water can be raised by the common 
pump, when the mercurial barometer stands at 28 inches? 

14'. A barometer is observed to fall one tenth of an inch when carried up 88 feet 
of vertical height ; how much would it fall if taken 132 yards up a hill rising 1 
in 3? 

15. A piece of metal of sp. gr. 8, and weighing 20 lbs. is dropped into a cylinder 
filled with water ; find the additional pressure on the base. 

16. What depth of water is required to float an iceberg one mile square by 500 
feet high ? 

17. The neck of a wine bottle with flat bottom is 4 inches long, the total height 
of the bottle being 12 inches. When the bottle is filled with wine of specific 
gravity 0*99 to within half an inch of its mouth, what is the pressure on each 
square inch of the bottom ? 

18. What is the pressure on a sluice-gate 12 feet broad, against which the 
water rises 5 feet? 

19. A sluice-gate is 4 feet broad and 6 feet deep, and the water rises to a 
height of 5 feet on one side and 2 feet on the other side. Find the pressure 
in pounds on the gate. 

20. Find the whole pressure upon a vertical dam of a column of water 10 
feet deep and 30 feet wide. What woidd be the pressure of the same head 
of water against a dam inclined at an angle of 45^ to the horizon ? 

21. A vessel, consisting of a decimetre cube, is filled to one third of its height 
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with mercury, while the rest is filled with water ; determine the whole pres- 
sure against one of the sides in kilogrammes. 

22. A rectangular board, one foot square, is immersed in water with its upper 
edge 10 feet below the surface of the water, and horizontal, the surface of the 
board being vertical. Find the total pressure on one side. 

23. If the height of the water barometer be 1,033 centimetres, what will bo 
the pressure on a circular disc whose radius is 7 cm. when sunk in water to 
a depth of 50 metres ? 

24. A square plate whose area is 64 square inches is immersed in sea water, 
its upper edge being horizontal and 12 inches below the surface. Determine 
the whole pressure of the water on the plate when it is inclined at 45° to the 
horizon, assuming a cubic inch of sea water to weigh 0*63 ounces. 
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Art. 154. — Height of Homogeneous Atmosphere. In the case 
of a vertical column of gas, the density is not uniform throughout. 
The gas in a horizontal layer is compressed by the weight of the 
superincumbent gas. It is sometimes convenient to consider what 
would be the height of a vertical column of gas having the density 
throughout which it actually has at the bottom, and producing 
the same pressure at the bottom. The height of such a column 
is called hdght of homogeneous atmosphere^ because the conception 
applies to the air of the atmosphere. Prof. Everett suggests the 
shorter and more appropriate name, "pressure height."* 

The pressure of the atmosphere is used as a convenient unit of 
pressure in the same way as the weight of a pound is used as a 
convenient unit of force. The exact unit is defined by the follow- 
ing equivalences — 

1 atmosphere = 29*922 inches of mere, at 32" F. (British). 
= 760 mm. of mere, at 0" C. (French). 

Art. 155. — Dependence of Density on Pressure. The law dis- 
covered by Boyle states that the density of a portion of gas is 

* Units and Physical Constants^ p. 37. 
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proportional to the pressure of the portion, provided that the 
temperature be kept constant. Hence, 

k M per V = F per S, 
or A; M = F per S by V. 

The letter h is used to denote some constant number. 

Examples. 

Eqc 1. A litre of air at 0° C. and 760 mm. pressure contains 
1*293 gms. Find the mass of 73 litres at the same temperature, 
and under 1,000 mm. pressure. 

1-293 gm. = litre by 760 mm., 
J. 993 
• *• -^A- RHi. = litre by mm. ' 
760 ^ ^ 

73 litres by 1,000 mm., 
73x1000x1-293 

•• 760 ^''^ 

i.e., 124-2 gms. 
Ex. 2. A certain quantity of air fonns a small spherical bubble 
of a given radius, when 5 feet below the surface of water ; at 
what depth would the same quantity of air form a bubble of half 
the given radius, the change of temperature being neglected. 

Take the quantity of air as unit of mass M, and the first sphere 
as unit of volume V. The pressure of the atmosphere is equi- 
valent to 30 feet of water. 

1 M = V by (30 + 5) feet of wa^er, 

ay V, 

.". J M = 35 feet of water, 
IM, 

.-. 35 X 8 feet of water, 
i.e., 280 feet of water, 
250 feet of depth. 
Ex. 3. The content of the receiver of an air pump is 6 times 
that of the barrel. Find the pressure of the air in the receiver at 
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the end of the 8th stroke of the piston, the atmospheric pressure 
being 15 lbs. to the square inch. 

Take the original mass of air for unit of mass, and the volume 
of the receiver for unit of volume ; then 

1 M = V by 15 lb. wt. per sq. inch. 
At the end of the operations we have the same volume ; hence, 

1 M = 15 lb. wt. per sq. inch. 
The volume of the barrel is one seventh that of the receiver and 
barrel conjointly. As the air will always distribute itself with 
uniform density, one seventh of the mass will be removed by the 
first double stroke, one seventh of the remainder by the second 
double stroke, and so on ; hence after 8 strokes (1 - \f M will be 
left. But 

1 M = 15 lb. wt. per sq. inch, 
.•. (1 - \f X 15 lb. wt per sq. inch. 

log 6 = -77815 i-46440 

log 7 = -84510 1-17609 



1-93305 0-64049 

8 



1-46440 
Answer — 4-37 lb. wt. per sq. inch. 

EXERCISE XXXII. 

1. What is the height of the homogeneous atmosphere, when the mercurial 
barometer is at 30 inches? The specific gravity of air at that pressure is '00125. 

2. In a tube of uniform bore a quantity of air is enclosed. What will be the 
length of thb column of air under a pressure of three atmospheres, and what 
under a pressure of a third of an atmosphere ; its length under the pressure of a 
single atmosphere being 12 inches ? 

3. When the height of the mercurial barometer changes from 29*55 inches to 
30*33 inches, what is the change in the mass of 1,000 cubic inches of air, assuming 
that 100 cubic inches of air weigh 31 grains at the former pressure, and that the 
temperature remains constantly at 0° C? 

4. A cylindrical bell 4 feet deep, whose content is 20 cubic feet, is lowered into 
water until its top is 14 feet below the surface of the water, and the air is forced 
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into it until it is three quarters fulL What volume would the air occupy under 
the atmospheric pressure, the water-barometer being at 34 feet? 

5. If the water-barometer stand at 33 feet, to what depth must a diving bell be 
sunk to reduce the contained air to one-third of its original volume, the height of 
the bell itself being neglected? 

6. A diving-bell is lowered into water at a uniform rate, and air is supplied by 
a force-pump so as to keep the bell full, without allowing any to escape. How 
must the rate at which the air is supplied be varied as the bell descends? 

7. An air-bubble at the bottom of a pond 10 feet deep, has a volume of O'OOOOC 
of a cubic inch. Find what its volume becomes when it just reaches the surface, 
the barometer standing at 30 inches. 

8. A closed indiarubber ball containing air has a volume of 4 cubic inches at a 
depth of 100 feet below the surface of water, whose density is unity. If the 
height of the water-barometer be 30 feet, determine the volume of the ball at the 
surface of the water, assuming the temperature to remain constant ? 

9. A Mariotte's tube has a uniform section of 1 square inch, and is graduated 
in inches ; 6 cubic inches are inclosed in the shorter (closed) limb, when the mer- 
cury is at the same level in both. What voliune of mercury must be poured into 
the longer limb in order to compress the air into two inches? The barometer 
stands at 30 inches. 

10. Ten cubic centimetres of air are measured off at atmospheric pressure. 
When introduced into the vacuum of a barometer they depress the mercury 
which previously stood at 76 centimetres, and occupy a volume of 15 cc. By 
how much has the mercurial column been depressed ? 

11. A cylindiical tube, 2 feet long, closed at one end, is lowered down into the 
sea 200 feet, open end downward like a diving-bell. The atmospheric pressure at 
the surface being 30 inches of mercury, find how high the water rises in the tube. 
A column of about 32^ feet of sea- water is equal in weight to a similar column of 
mercury of 30 inches. 

12. If the pressure inside the receiver of an air-pump were reduced to ^ of the 
atmospheric pressure in 4 strokes, to what would it be reduced in 6 strokes ? 

13. The cylinder of a single-barrelled air-pump has a sectional area of one 
square inch, and the length of the stroke is 4 inches. The pump is attached to a 
receiver whose capacity is 36 cubic inches. Compare the pressure of the air inside 
the cylinder, after 8 complete strokes of the pump, with the pressure before com- 
mencing the operation. 

14. If the volume of the cylinder of an air-pump be j'^ that of the receiver, find 
the density of the air in the latter at the end of the fifth stroke. 

15. A receiver attached to an air-pump has the volume of 100 cubic inches, while 
the cylinder has the volume of 10 cubic inches. What proportion of the original 
air will be left in the receiver after the completion of the fourth double stroke ? 

16. If the barrel of the common water-pump be 3 feet long, and the tube, sup- 
posed of the same cross-section, be 16 feet long; find how high the water will rise 
after the first stroke, the water-barometer being at 34 feet. 
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SECTION XXXIIL— WOEK. 

Art. 156. — Absolute Units of Work. Work is done when 
resistance is overcome ; the quantity of work done is proportional 
to the resisting force and to the distance through which it is over- 
come. Let the unit of work be denoted by W, then 
1 W = F resistance by L displacement. 
By " displacement " is meant the displacement in the direction 
of the force. 

The British absolute unit is denominated the foot-poundal, and 
is defined by 

1 foot-poundal = poundal resistance by foot displacement. 
The C.G.S. absolute unit is denominated the erg, and is de- 
fined by 

1 erg = dyne resistance by cm. displacement. 

Art. 167. — Gravitation Units. Work is also measured in 
terms of gravitation units, by taking the corresponding gravita- 
tion unit of force instead of the absolute unit of force. The 
principal British unit is the foot-pound, defined by 

1 foot-pound = lb. by weight by foot displacement. 
A metric unit is the kilogrammetre, defined similarly, 

1 kilogrammetre = kilogramme by weight by metre. 
The principal C.G.S. unit is the gramme-centimetre, defined 
similarly. 

Art. 158.— -Work done by a Pressure. Suppose that the re- 
sistance is a pressure uniformly distributed over the surface of 
application. Then 

1 F resistance = (F per S) by S surface, 
and 1 W = (F per S) by S surface by L displacement. 

If 1 S = U, then, since the displacement is normal to the surface of 
application, 

1 W = (F per L*) by L^ volume displacement. 



WORK. 193 

Examples. 

Ex, 1. Reduce 1 foot-pound to ergs, taking the acceleration 
due to gravity at 981 cm. per second per second. 
1 foot-pound = lb. by weight by foot, 
1 lb. = 453-6 gm., 
weight = 981 cm. per sec. per sec, 
1 foot = 30-48 cm., 
.-. 1 foot-pound = 981 X 453-6 x 30-48 gm. by cm. per sec. per sec. 
by cm. 
= 981 X 453-6x30-48 ergs, 
= 1-356 X lO^ergs. 

Ex, 2. A train of 1 20 tons runs on a level road, and the resist- 
ances to be overcome are 8 lbs. per ton. How many units of 
work must be expended in making a run of 40 miles, when there 
is.no useless expenditure of steam. 

8 lb. by weight, resistance = ton of mass, 

120 tons, .-. 120 X 8 lb. by weight, resistance. 

1 foot-pound = lb. by weight by foot advance, 
. -. 1 20 X 8 foot-pound = foot advance, 
40 X 5,280 feet; 
120 X 8 X 40 X 5,280 foot'pounds, 
i.e., 2-03 X 108 

Ex. 3. How many units of work must be expended in raising 
from the ground the materials for building a uniform column 
66 feet 8 inches high and 21 feet square, a cubic foot of brickwork 
weighing one hundredweight. 

As the column is uniform there is the same amount of matter in 
the different courses, but the height through which the matter 
of a course is raised increases uniformly from the bottom to 
the top. Hence the correct result will be got by taking the 
average height. 

112 lbs. = cubic foot, 

= square foot by foot height, 

N 
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21^ square feet by ^^ feet height ; 

112 X 21- x^ lbs. 
o 

The average height is --- feet, 

112x2Px200xl00 « ^ , 
^r loot-pounds, 

Le, 1-098x108 „ 

Ex, 4. What is the amount of work done per stroke by an 
engine when the average pressure of the steam during the stroke 
is 38 lb. weight per square inch, the length of the stroke being 
3 feet, and the diameter of the piston 1 4 inches ; 

1 foot-pound = lb. wt per sq. in. by sq. in. by ft. 
38 lb. wt. per sq. in. by TV sq. in. by 3 ft. per stroke, 
38 X 7- X 37r foot-pounds per stroke, 
i.e, 17,556 „ 

EXERCISE XXXIII. 

1. Reduoe a kilogrammetre to foot-pounds, and reciprocally. 

2. The resistance to traction on a level road is 150 lbs. per ton moved ; how 
many foot-pounds of work are exi^ended in drawing 6 tons through a distance 
of 160 yards ? 

3. A hole is punched through a plate of wrought-iron one half inch in thick- 
ness, and the pressure actuating the punch is estimated at 36 tons. Assuming 
that the resistance to the punch is uniform, find the number of foot-pounds of 
work done. 

4. It is found, neglecting friction, that a force acting horizontaUy will move 

10 lbs. up 5 feet of an incline rising 1 in 4. Find the work done, and find 
also the force parallel to the plane which will just support the weight of 10 lbs. 

5. Calculate the amount of work done, independently of that lost through 
friction, in drawing a car of two tons weight, laden with 30 passengers averaging 

11 stones each in weight, up a slope, the ends of which differ in level by .50 feet. 

6. The inclination of a mountain path to the horizon is 30°; how much work ig 
done against gravity by a man of 12 stones weight in walking a mile along the path ? 

7. How much work is done by means of a crane in raising from the ground 
the material required to build a stone wall 100 feet long, 36 feet high, and 2 
feet thick, the density of the stone being 153 pounds per cubic foot. 
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S. A fly-wheel weighing 7 tons turns on a horizontal axle 1 foot in diameter. 
If the coefficient of friction between the axle and its bearing is 0*075, what 
number of foot-pounds of work must be done against friction while the wheel 
makes 10 turns? 

9. The resistance of friction along an inclined plane is taken at 150 lbs. for 
each ton of weight moved. Find the work done in drawing 2 tons up 100 
feet of an incline which rises 1 foot in height for 25 in length. 

10. Weights of 10 lbs. and 8 lbs. are connected by a very fine thread which 
rests on a rough fixed pulley, so that they hang suspended ; the heavier weight 
is found to be just not heavy enough to fall and draw the lighter weight up; 
if now we suppose the weights to move uniformly, so that one goes up and the 
other down through 12 feet, how many foot-pounds of work are done against 
friction during the motion ? 

11. The plunger of a force-pump is 8f inches in diameter, the length of the 
stroke is 2 feet 6 inches, and the pressure of the water is 50 lbs. per square 
inch ; find the number of units of work done in one stroke. 

12. Determine the unit of mass in order that the absolute unit of work may 
be equal to the foot-pound, the second and foot being the units of time and 
length, and 32*2 feet per sec. per sec. being the implied intensity of gravity. 



SECTION XXXIV.— KINETIC ENERGY. 

Art. 159. — Kinetic Energy. By kinetic energy is meant the 
equivalent of the work spent in increasing the speed of a body. 
The work spent is proportional to the mass of the body, to its 
initial speed, and to the increment of speed. It is evident that 
the increment' of speed must be taken small, in order that the 
initial speed may not vary sensibly. Hence 

1 W = M by (L per T) initial by (L per T) increment. 
To find the entire amount of kinetic energy in a body, we have to 
consider that the total increment is the final speed, and that the 
average initial speed is half the final speed ; hence 

^ W - M by (L per T final)^ 
As pai-ticular cases 

\ foot-poundal = lb. by (foot per second)^ 
2" ^^S - g°^- ^y {^^- P^^* second)^. 
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Observe fchat the dimensions of each of the eq^uivalents of W arc 
the same. 

Art. 160.— Kinetic Energy of Rotation ; Moment of Inertia. 

We have 

iW=Mby(LperT)2. 

Suppose that a rigid body revolves round an axis, and that the 
whole of the mass of the body is at nearly the same distance from 
the axis ; then since 

1 L per T = L radius by (radian per T), 
it follows that 

J W = M by (L radius)^ by (radian per T)", 

or J W per (radian per T)^ = M by (L radius)-. 

The idea M by (L radius)* depends on the body only ; it is 

called the moment of inertia of the body. From the above the unit 

is seen to be equivalent to half unit of work per square of unit ot 

angular velocity. 

Art. 161. — Radius of Gyration. When the several portions 
of the body are at different distances from the axis, an equivalent 
radius can be found such that, were the whole mass situated at 
its end, the value of M by L* would be the same as the sum of the 
actual values of M by \J for the different portions. This equiva- 
lent radius is called the radius of gyration. Compare Arts. 31 
and 136. 

RADIUS OF GYRATION. 



Bar revolving about one end, 
Bar revolving about its centre, 
Circular plate revolving about its centre, 
Circular plate revolving about its diameter, 
Sphere about its diameter, - - - 
Thin hollow sphere about its diameter. 
Cylinder revolving about its axis, - 
Cone revolving about its axis, 



•577 L per L length. 

•289 „ 

•707 L per L radius. 

•5 „ 

•63-24 „ 

•816 „ 

•707 „ 

•548 L per L radius of base. 
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Examples. 

Em. 1. A locomotive weighing 30 tons is moving with a speed 

of GO miles an hour. Express its kinetic energy in foot-pounds, 

and also in foot-poundals. 

\ foot-poundal = lb. by (ft. per sec.)^, 

30* X 20 X 1 12 lb. by (88)^ (ft. per sec.)^; 

.-. J X 30 X 20 X 112 X 88^ foot-poundals, 

i.e., 2-602 x 10^ foot-poundals. 

But 1 foot-pound = 32*2 foot-poundals, 

2-602 X 108. 

___ — foot-pounds, 

i.e., 8*08 X 10^ foot-pounds. 

Ex. 2. A body, whose mass is 100 gms., is thrown vertically 
upwards with a velocity of 980 cm. per sec. What is the kinetic 
energy of the body, first, at the moment of propulsion; second, after 
half a second; third, after one second? 

1 erg = gm. by (cm. per sec.)*, 
100 gm. 

50 erg = (cm. per sec.)^ 
First, at the moment of propulsion the speed is 980 cm. per sec, 
.-. the energy is 

50 X 980''' ergs, ie., 4*802 x 10'' ergs, or 48 megalergs. 
Second, after half a second the speed is 490 cm. per sec, for 
giavity in that time has deducted 490 cm. per sec; hence the 
energy is 

50 X 490* ergs, ie., 1*2005 x 10^ ergs. 
Third, after one second the speed has been reduced to zero ; 
.'. the energy has also been reduced to zero. 

Ex. 3. Find the number of units of work required to start on a 
level a laden tram car of 4 tons so as to give it a speed of 6 miles 
an hour ; and also the average force which must be applied in 
order that the start may be made in two seconds. 
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J foot-poundal = lb. by (ft. per sec)^ 

4 X 112 X 20 lb. by (^)Vt. per see.)'; 

4x112x20x442. ^ , , 
— — foot-poundals, 

ie,, 346931 foot-poundals. 

To find the force. 

1 poundal = (lb. by ft. per sec.) per sec, 

4x112x20x44,1, , -. \ o 
(lb. by tt. per sec.) per 2 sec; 

D 

4 X 112 X 2 X 44 poundals, 
Le,, 39424 poundals. 

Ex, 4. What average force will bring to rest in 100 ft a train 
of 30 tons which has a speed of 10 miles an hour. Also, what 
average force will bring it to rest in 5 seconds ? 

\ foot-poundal = lb. by (ft. per sec.)^, 

30 X 20 X 112 lb. by (^^(ft. per sec.)^; 

30x20x112x442. ^ , , 
^ — ^ loot-poundals ; 

but 1 foot-poundal per ft. advance - poundal, 

30x20x112x442.. ,. ,^. _ 
^ — ^ It. poundals per 100 ft.; 

30x20x112x442 , , 

••• 2x9x100 P^^^^^^> 

t.e., 72277 poundals. 

Again, 30x20x112x44,, , ,^ ^ 

° 5 lb. by tt. per sec. = 5 sees., 

30x20x112x44,, , .^ 

Q ^ lb. by It, per sec. per sec, 

O X 

197120 poundals. 
Ex. 5. What is the moment of inertia of a grindstone, 18 inches 
in diameter, and 4 inches in thickness, the density beings -09 lb. 
per cubic inch ] 
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18^ (inch diara.)- by 4 inch thick, 

^ cubic inch = (inch diam.)* by inch thick, 
4 

•09 lb. = cubic inch, 

.-. -09 X 18V lb. 
Now \ (ft. radius of gyration)^ = (ft. radius of disc. )2, 
(f ft. radius of disc)-, 
.-. S ft^ (ft. radius of gyration)^ ; 

... :2^iLi^iLi^lb.byft.^ 
8 

i.e., 103 „ 

Ex. 6. What is the kinetic energy of the grindstone when 

revolving at the rate of 1 '5 revolutions per second ? 

1*5 rev. = sec, 

27r radian = rev., 

.•. Stt radian = sec; 

•09 X 18' X 9 X TT X 9 X tt' 1, , nai. / j- \.> 

.-. _— lb. by ft.' by (radian per sec.)% 

8 

i.e,y 7271 foot-poundals. 

EXERCISE XXXIV. 

1. A mass of 6 cwt. moyes with a velocity of 20 feet per second ; how many 
units of Work are stored up in it ? 

2. Compare the amounts of kinetic energy in a piUow of 20 lbs. which has 
fallen through one foot vertically, and an ounce buUet moving at 200 feet per 
ftecond. 

3. Find the number of units of work accumulated in a 24-lb. shot leaving the 
mouth of the gun with a velocity of 1,500 feet per second. 

4. A mass of snow, 28 lbs. in weight, falls from the roof of a house to the 
ground, a distance of 40 feet. Calculate the kinetic energy acquired at the time 
of impact. 

5. A ball weighing five ounces, and moving with a velocity of 1,000 feet per 
second, strikes a shield, and after piercing it moves on with a velocity of 400 feet 
I)er second. How much energy has been expended in piercing the shield ? 

6. Calculate the kinetic energy of a tram-car weighing 2*5 tons, when it is 
moving at the rate of 6 miles an hour, and is laden with 36 passengers, averaging 
11 stones each in weight. 
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7. If the coefficient of kinetic friction for a tram-car moving on its rails is ^, 
find how much work is done when the above car, loaded as stated, is pulled 3 
miles along a level road. 

8. Calculate the kinetic energy of a hammer of 5 tons let fall half a foot. 

9. Two 30-ton hammers moving in opposite directions at 20 feet per second, 
simultaneously strike a mass of soft iron. How many foot-poimds of work will 
they do upon it ? 

10. A 32-lb. ball is thrown vertically upwards with a velocity of 20 feet per 
second. What is its kinetic energy when it has gone 5 feet? 

11. A train of 200 tons starting from rest acquires a velocity of 40 miles an 
hour in 3 minutes on a horizontal railroad. What is the excess of the moving 
above the retarding forces, each being assumed uniform ? 

12. What is the amount of kinetic energy in an engine of 25 tons when moving 
with a velocity of 20 miles per hour? What force, measured in poundals, acting 
for ten seconds, is sufficient to stop the engine ? 

13. What average force will bring to rest in 20 feet a tram-car of 5 tons, having 
a velocity of 6 miles per hour ? 

14. Supposing the coefficient of friction to- be 0'05, how far will a railway car- 
riage run on level rails with a velocity of 10 miles an hour ? 

15. If an ounce bullet leaves a gim with a velocity of 800 feet per second, the 
gun barrel being 3 feet long, what would be the accelerating force on the bullet, 
supposing it to have been acting uniformly throughout ? 

16. A bullet weighing 2J oimces leaves a gun with a velocity of 1,550 feet i>er 
second ; the length of the gun barrel is 2\ feet ; find the average accelerating 
force upon the bullet within the barrel, and express it in gravitation units. 

17. A shot of 1,000 lbs., moving at 1,600 feet per second, strikes a fixed target ; 
how far will the shot penetrate the target, exerting upon it an average pressure 
equal to the weight of 12,000 tons? 

18. A locomotive of 15 tons, being supposed to acquire a speed of 20 miles an 
hour in moving through a mile of distance, imder the action of a constant differ- 
ence of moving and resisting forces ; calculate in lb. weight the requisite differ- 
ence of the forces. 

19. A heavy body is projected up an incline rising 1 in 100 ; the friction 
against the plane is one tenth of the pressure ; find the distance it will ti-avel be- 
fore being reduced to rest, the velocity of projection being 121 feet per second. 

20. Find the tension on a rope which draws a carriage of 8 tons up a smooth 
incline of 1 in 5, and causes an increase of velocity of 3 feet per second x^er 
second. 

21. If on the same incline the rope breaks when the carriage has a velocity of 
48*3 feet per second, how far will the carriage continue to move up the incline ? 

22. A mass P, after falling freely through h feet, begins to pull up a heavier 
mass Q by means of a string passing over a pulley as in Attwood's machine ; find 
the height through which Q will be lifted. 
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23. Two masses of 5 and 10 lbs. respectively impinge directly, moving with 
velocities of 8 and 10 feet per second. Find the common velocity after impact, 
and show that there has been a transformation of kinetic energy. 

24. A bullet weighing 60 grammes is fired into a target with a velocity of 500 
metres a second. The target is supposed to weigh a kilogramme, and to be free 
to move. Find in kilogrammetres the loss of energy in the impact. 

25. An ounce-bullet leaves the mouth of a rifle with a velocity of 1,500 ft. per 
sec. If the barrel be 4 ft. long, calculate the mean pressure of the powder, 
neglecting all friction. 

26. The bob of a simple pendulum is pulled through an arc of 60 degrees, and 
let go. Compare its kinetic energy after describing an arc of 30 degrees with its 
energy at the lowest point. 

27. Find the initial velocity of a shot of 1,000 lbs. discharged from a 100- ton 
gun, supposing none of the 30,000 foot-tons of energy given out by the explosion 
to be wasted in heat, light, or sound. 

28. A cannon-ball of 5 kgm. is discharged with a velocity of 500 metres per 
second; find its kinetic energy in ergs. If the cannon be freely suspended, 
and have a mass of 100 kgm., find in ergs the energy of the recoil. 

29. The moment of inertia of a ring is 50 kilogramme by (metre )2 ; what is it in 
terms of pound by (foot)^ ? 

30. A fly-wheel has a mass of 30 tons, which may be supposed to be distributed 
along the circumference of a circle 8 feet in radius ; it makes 20 revolutions per 
minute ; find its kinetic energy in foot-pounds. 

31. What is the kinetic energy of a circular saw having a diameter of 2 feet, 
and ^ inch thick, when moving with a circumferential velocity of 6,000 feet per 
minute ? Tho density of steel is 500 lb. per cubic foot. 

32. The rim of a fiy- wheel, specific gravity 7*75, whose inner and outer radii are 
4 and 5 feet respectively, and whose thickness is 1 foot, revolves uniformly 20 
times per minute round its axis ; calculate in foot-pounds the entire amount of 
work accumulated in it. 

33. A cord, which may be taken as weightless, is wrapped round the circum- 
ference of a wheel of 3 feet radius, and a weight of 14 lbs. is attached to the free 
end of the cord. The mass of the wheel is 300* lbs., and its radius of gyration 
about the axis is 2\ feet. The weight being let go from rest falls for 2 seconds ; 
find how far it has fallen, and its velocity at the end of that time. There is sup- 
loosed to be no friction. 

34. A mass of 10 lbs. is attached by a string to the rim of a circular disc, the 
mass of which is 25 lbs., and the radius of gyration 1^ feet. Find the angular 
velocity of the disc 5 seconds after the weight is allowed to fall, supposing that 
there is no friction. 

35. A uniform circular cylinder of 100 lbs. mass and one foot radius revolves 
f rictionlessly on its axis, which is horizontal. A thread rolled round the cylinder 
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carries on one end, which hangs down freely, a weight of one lb. Find how far 
the weight falls from rest in 8 seconds. 

36. A rod of nniform density, which can turn freely round one end, is let fall 
from a horizontal position ; what is its angular velocity when it reaches its lowest 
position ? 



SECTION XXXV.- POWER. 

Art. 162. — Power. By power is meant the rate at which work 
is done by an agent. It is expressed in terms of W per T. The 
term activity is used by Sir W. Thomson and Professor Tait to 
denote this idea. 

The British absolute unit is the foot-poundal per second, and 
the C.G.S. unit is the erg per second. Gravitation units are foot- 
pound per sec, kilogrammetre per minute, etc. 

A practical unit is the hoi^se-j^ower, founded by Watt on an esti- 
mate of the average rate at which a horse can work ; 

1 horse-power = 33,000 foot-pounds per minute, 
= 550 foot-pounds per second. 
The intensity of gravity is taken at its standard value. 

The corresponding French unit is the farce de cheval ; 
1 force de cheval = 75 kilogrammetres per second. 

It has recently been proposed to introduce the term "watt " to 
denote 10" erg per sec, which is a convenient imit of power in 
electrical measurements. 

Examples. 

Ex. 1. Calculate the amount of. work done against gravity in 
drawing a car of 2*5 tons, laden with 30 passengers averaging 
1 1 stones each, up an incline, the ends of which differ in level by 
120 feet. Also, find the horse-power sufficient to do that work in 
half an hour. 
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(2-5 X 20 X 112 + 30 X 11 X 14) lb. weight, and 120 feet height, 
.-. (2-5 X 20 X 112 + 30 x 11 x 14) 120 foot-pounds, 
i.e., 1,226,400 foot-pounds. 
1 horse-power = 33,000 foot-pounds per minute, 
30 minutes, 
.'. 1 horse-power = 33,000 x 30 foot-pounds ; 

i.e., 1-24 horse-power. 

Ex, 2. Express a horse-power in terms of the C.G.S. absolute 
unit. 

33,000 foot-pounds per minute, 
i.e.y 33,000 lb. by weight by foot per minute. 
XT 5,000 1, 

Now ' gm. = lb., 

981 cm. per sec. per sec. = weight, 

?^^.?cm.=ft., 
105 ' 

60 sec. = min. ; 

5,000 X 981 X 3,200 , , 

• ' • — Tnr — ftk — s^- "y ^^' p^^ ^^^- p®^ ^^^' ^y ^^' P®^ sc^- > 

X 1 X lKjO X dU 

= lb. by weight by ft. per min. ; 

33,000 X 5,000 X 981 x 3,200 

' ergs per sec, 



11 X 


105 


x60 




^*b^ i 


i.e., 7 


•47 X 


10»( 


grg 


per sec. 


4-51851 








1-04139 


3-69897 








2-02119 


2-99167 








1-77815 


3-50515 










4-84073 


14-71430 


4-84073 











9-87357 
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EXERCISE XXXV. 

1. The French "force de cheval" is 4,500 kiloKrammetres per minute; 
express it in terms of the horse-power. 

2. Given 1 horse-power - 550 foot-pounds per sec, and 1 "force de cheval" 
=■75 kilogrammetres per sec. ; deduce the relation of the "force de cheval" to 

the horse-power. It is supposed that the intensity of gravity is the same in the 
two definitions. 

3. Find the value of the horse-power in terms of kilogrammetres per minute. 

4. Determine the horse-power of a machine capable of raising 10 tons through 
a height of 20 feet in 2 minutes. 

5. If an engine consumes 2 pounds of coal per horse-power per hour, how many 
foot-pounds of work will it perform when consuming 112 pounds of coal? 

6. How many foot-pounds of work are required to raise 30,000 lbs. of water 
from a depth of a furlong ; and how many horse-power to do it in five minutes ? 

7. If a pressure of 1 ton is exerted through 10 yards, how many foot-pounds. of 
work are done ; and at what horse-power does an engine work which does the 
work in half a minute ? 

8. A pumping engine is partly worked by a weight of 2 tons, which at each 
$(troke of the pump falls through 4 ft. ; the pump makes 10 strokes a minute ; 
how many gallons of water are lifted per minute by the weight from a depth 
of 200 ft. ? 

9. Calculate the horse-power of an engine from the following data :— stroke 24 
in., diameter of piston 16 in., 100 revolutions per minute, average effective 
pressure in cylinder 60 lbs. per square inch. 

10. In the transmission of power by a rope, the wheel carrying the rope is 14 
feet in diameter and makes 30 revolutions per minute, the tension of the rope 
being 100 lbs. Find the amount of power transmitted estimated as horse-power. 

11. What diameter of cylinder will develop 50 horse-power with a four-foot 
stroke, 40 revolutions per minute, and a mean effective steam pressure of 30 lbs. 
per square inch above the atmosphere, the engine being non-condensing ? 

12. The cylinder of an engine is 12 inches diameter by 20 inches long ; with an 
average pressure of 60 lbs. per square inch it has a power of 40 horse-power. 
Find the rate of revolution of the engine. 



SECTION XXXVL— MECHANICAL ADVANTAGE. 

Art. 163.— Virtual Velocity. 
Since 1 W = F resistance by L displacement, 

1 W per T = (F resistance by L displt.) per T, 
= F resistance by (L displt. per T) ; 
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for the force is supposed to be constant during the displacement. 
The velocity indicated is that of the force in its own direction, 
that is, the virtual velocity. 

Art. 164.— Velocity Ratio and Mechanical Advantage. The 
scholium to Newton's third law of motion asserts that in the case 
of any machine, the rate at which work is done by the agent is 
equal to the rate at which work is done against the resistance, 
when there is no acceleration of the parts of the machine, and no 
loss of energy through friction. 

Suppose that the speed of the agent is z; L per T, and that of 
the resistance v' L per T ; then 

v/v' L displt. of agent = L displt. of resistance. 

But, as the value of F by L is the same for the agent and for 
the resistance, 

v'/v F agent = F resistance. 
The former is called the velocity ratio of the machine, and the 
latter the mechanical advaritage. The value of the one is the 
reciprocal of the value of the other. 



Examples. 

Ex. 1. If the thread of a screw makes 25 turns in 3 inches, and 
the arm is 24 inches ; what force must be applied to sustain 
a weight of 1 cwt. 1 

2ir X 24 inch, agent = turn of screw, 
25 turns of screw = 3 inch, resistance ; 
. • . 27r X 24 X 25 inch, agent = 3 inch, resistance ; 

3 

— — -- lb. wt., agent = lb. wt. resistance: 

:i:rx 24x25 ^ 

112 lb. wt., resistance, 

3x112 1, 
27r X 24 X 25 

i.e, -089 lb. wt., agent. 
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Ex, 2. In a crane the numbers of the teeth in the two wheels 

are 45 and 60 respectively; the numbers of leaves in the two 

l)ini(ms 9 and 15 ; the arm of the winch is 3 feet, and the radius 

of tlie weight-bearing axle 4J inches. Find the mechanical 

iidvantage of the crane. 

Gtt ft., agent = revolution of 1st pinion, 

45 rcvn. of 1st pinion = 9 revn. of 1st wheel, 

1 revn. of 1st wheel = revn. of 2nd pinion, 

GO revn. of 2nd pinion = 15 revn. of 2nd wheel, 

27r X 9 
1 revn. of 2nd wheel = - — — ft, resistance; 
2 X 12 

GiT X 45 X 60 X 12 X 2 -^ , «, . . 

— - — — — - — ft., a^ent = ft., resistance, 

9xl5x9x27r 

ie, 160 ft., agent = ft., resistance, 

.-. 1/160 F agent = F resistance: 

Ec, 3. In a small hydraulic press the ram is 2 in. and the 

plunger \ in. in diameter; the length of the lever handle is 2 ft., 

and the distance from the fulcrum to the plunger is li in. Find 

the power exerted on the ram when a 10-lb. weight is hung at the 

end of the lever. 

-^^ sq. inch plunger = sq. inch ram ; 

.-. 16 in. displacement of plunger = in. displacement of ram, 

and 24 in. displacement of agent = % in. displacement of plunger ; 

04 X 16 X •'^ 
.-."-- .^ — - in. displacement of agent = in. displacement of ram ; 

o 

.'. 1 lb. wt. agent = 256 lb. wt. ram, 
10 lb. wt. agent; 
.-. 2,560 lb. wt. ram. 

EXERCISE XXXVI. 

1. Find the steepest incliue up which a force of 5 cwt. can just move a weight 
of 2 tons, friction being left out of account. 

2. A man weighing 12*5 stones is lowered into a well by means of a windlass, 
the arm and axle of which are 30 inches and 8 in diameter. Find the force which 
must bo applied to let him down with uniform velocity. 
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3. The wire-rope working a railway signal passes over and has its end attached 
to the rim of a fixed grooved pulley ; the pulley is 1 foot in diameter, and is 
turned by a lever 3 feet long. Find the tension transmitted along the rope when 
a man pulls with a force of 37 lbs. at right angles to the lever and at its ex- 
tremity. 

4. Twelve sailors, each exerting a force of 48 pounds, work a capstan with 
levers 7 feet 6 inches long ; the radius of the capstan is 16 inches ; what resistance 
can they unitedly sustain t 

5. A driving wheel has 64 teeth, and the driven wheel 33 teeth ; how many 
revolutions per second will the latter make when the former makes 10 revolutions 
per second ? 

6. A screw having 4^ threads to the inch is worked by an arm 18 inches long ; 
what is the force exerted by the screw when a force of 15 lbs. is applied at the end 
of the arm ? 

7. A screw, the pitch of which is a quarter inch, is turned by means of a lever 
4 feet long ; find the force which will raise 15 cwt. 

8. The screw of a steamer has a pitch of p feet, and makes n revolutions per 
minute ; deduce the theoretical velocity of the steamer in knots per hour. 

9. If the thread of a screw be inclined at an angle of 30 degrees to the hori- 
zontal, the radius of the horizontal section of the cylinder 9 inches and the length 
of the lever 4 feet ; find what power will sustain 15 cwt. on it. 

10. In a screw-jack, where a worm wheel is used, the pitch of the screw is g 
inch, the number of teeth in the worm wheel is 16, and the length of the lever 
handle is 10 inches ; find the gain in power. 

11. A wheel and axle is used to raise a bucket from a well. The radius of the 
wheel is 15 inches ; and while it makes 7 revolutions the bucket, which weighs 
30 lbs., rises 5^ feet. Show what is the smallest force that can be employed to 
tiu:n the wheel. 

12. Suppose that we have four weightless pulleys, three moveable and one 
fixed, forming an example of the first system, and that the weight is a man 
weighing 160 lbs.; find what pull the man must exert on the i>ower end of the 
rope in order to raise himself thereby. 

13. A weight of 3 cwt, is raised 3 feet by means of a single moveable pulley, 
the block of which has three sheaves ; determine the power and the space through 
which it has acted. 

14. In the second system of pulleys, if there be three pulleys in the lower 
block, which weighs 8 lbs., and the string be fastened to the upper block ; find 
the weight which a power of 20 lbs. can support. 

15. Find the ratio of the power to the weight in a system of three pulleys, in 
which all the strings are attached to the weight, neglecting the weight of the 
pulleys. 

16. In a compound wheel and axle the diameters of the two parts of the axle 
are 5 and 6 inches respectively. The weight raised hangs from a single moveable 
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pulley in the usual manner, and is supported by a pressure applied perpendicu- 
larly to a lever handle 15 inches in length. Find the ratio of the agent to the 
resistance. 

17. In a lifting crab the lever handle is 14 inches long, the diameter of the drum 
is 6 inches, and the wheel and pinion have 57 and 11 teeth respectively. Find the 
weight in pounds which could be raised by a force of 50 lbs. applied to the lever 
handle, friction being neglected. 

18. The thread of a screw makes 12 turns in a foot of its length ; the power is 
applied at the end of an arm 2 feet long ; it is found that when the power is 30 
lbs. it can just raise a weight of 1,200 lbs. ; what portion of the power is used in 
overcoming friction, and how many foot-pounds of work are done by the power 
when the weight is raised 2 feet ? 



SECTION XXXVIL— MOMENT OF A FORCE. 

Art. 165. — Moment of a Force. When the virtual velocity of 
an agent is round a circle, F by L per T can be expressed as F 
by L radius by (radian per T). The angular velocities of the 
agent and the resistance being the same, the condition that the 
value of W per T must be the same for both reduces to the con- 
dition that the value of F by L radius be the same. This idea 
F by L radius is called the moment of a force. Special units are 
poundal by foot, lb. by weight by foot, kgm. by weight by 
metre, etc. 

Let r L and / L be the measures of the arms, then, since the 
angular velocity is the same for both, the velocity-ratio becomes 

r/'r L agent = L resistance ; 
and therefore the mechanical advantage becomes 
r'lr F agent = F resistance. 

Art. 166. — Horizontal Lever. In the case of a vertical force 
acting at the end of a horizontal lever, the displacement of the 
end of the lever is at the beginning in the direction of the force. 
Hence the condition for equilibrium is that the value of F by L 
arm should be the same for the two opposing forces. When the 
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two forces are the weights of masses, as the intensity of gravity is 
the same for the two, the condition reduces to M by L arm being 
the same for the two. 

Art. 167. — Coupla The resultant of two parallel forces is 
equal to their sum, and acts at any point round whicli the moment 
of the one force is equal to the moment of the other force. 

When the two parallel forces are equal and act in opposite 
directions, there is no resultant. The forces then constitute what 
is called a couple. Their effect is to produce rotation without any 
translation. 

The moment of the couple is the sum of the moments of the 
two forces about any point in the common arm. Hence its value 
is given by that of either force and the length of the arm. 

Kate at which work is done by a couple, 

1 W per T = F force by L arm by (radian per T). 

Examples. 

Ex, 1. Find the value of foot-ton of statical moment in terms of 

kilogrammetre. 

1 ton = 20 cwt., 

1 cwt. =60-8 kgm., 

1 foot =12 inches, 

39*37 inches = metre. 

Multiply the expressions on either side, and leave out such units 

as appear on both sides. 

39-37 ton by foot = 20 x 50-8 x 12 kgm. by metre, 

20 X 60-8 X 12 1 , , ^ x. c 4, 

kgm. by metre = ton by foot, 

39*3/ 

le,, 309*7 „ 

Ex, 2. Forces of 5 and 7 poundals act in the same direction 
along parallel lines at points 2 feet apart ; where is their centre ? 
If the direction of the former force is reversed, where will the 
centre be then ? 
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In the first case the resultant must act between the two given 
forces. Suppose x feet from the 7 poundal force, then it must be 
2-x feet from the 6 poundal force. Now 

7x0; poundal by foot = (2 - a;) 6 poundal by foot. 
7aj=10-5a;, 

Hence 10 inches from the greater force. 



T.ft, 



Fig.2i. 



Flg.22. 



xfr. 



2ff. 



2-xft. 



I In the second case the resultant acts outside 
JTand on the side of the greater force. Let the 

measure of its distance from the greater force 

be X feet Then 

cc X 7 poundal by foot = (a; + 2)5 poundal by foot, 
a; = — ; hence 5 feet. 



Ex, 3. The arms of a balance being of unequal lengths, a mass 
of 16 lbs. appears to be only 14 lbs. What would be its apparent 
mass if weighed in the other scale. 

Here we have to consider only lb. by L arm, because the inten- 
sity of gravity is the same for the mass and the counterpoise. 
14 lb. counterpoise = 16 lb. mass, 
.•. 16 L arm of counterpoise = 14 L arm of mass. 
But for second weighing 
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14 L arm of counterpoise = 16 L arm of mass, 
/. 16 lb. counterpoise = 14 lb. mass, 
16 lb. mass, 

16 X 16 ,r , 

— — — lb. counterpoise, 

t.e., 18-3 lbs. 

Ex. 4. A lever, 12 feet long, is fixed at one end and at a point 

3J feet from that end, and carries at the other end a weight of 20 

lbs.; find the forces at the two fixed points. 

20 X 12 lb. by weight by foot, 

3-5 feet j 

20x12 ,, , . . , . 
^,g lb. by weight, 

i.e., 68*6 ,, 

Hence the remaining force is 68-6 - 20 lb. by weight, O 

i.e., 48-6 pound weight. 
Ex. 5. A uniform bar weighs 2-5 gm. per cm. Find its length 
when a mass of 12*5 gm. suspended at one end keeps it in equi- 
librium about a fulcrum 12 cm. from the other end. 
2*5 gm. per cm. 
12 cm. .-. 12 X 2*5 gm. in one arm. 
Let length of other arm be x cm., then a; 2-5 gm. in it. 
The weight of each arm acts as if its mass were concentrated at 
its mid-point, hence the moments are 

12 ar* 

12 X 2*5 X -— gm. by cm.; and — 2*5 gm. by cm. 

But the moment of the suspended mass is 
12'5a; gm. by cm.; 

hence 12-5aj + p-5 = if-2-5 ; 

ar+10a; = 144, 
a;= 18, and the whole length is 30 cm. 
Ex. 6. ABC is a triangle right-angled at B^ AB being 2 feet 
long, and BC 10 inches. At -^ a force 1 F is applied at right 
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Fig.23, 




C 10in,B 



angles to AC, Sit C a. force 2 F in the same direction, and at 5 a 

force 3 F in the opposite direction. 

Find the moment of the resulting 

couple. 

The third side of the triangle is 

JW+W inch ; 

i.e.y 26 inch. 

Let X inches denote the distance of 

the centre of the parallel forces from 

C; then 

2 X ic F by inch = (26 - ») F by inch, 

26 
... x^^. 

The distance from C of the point of application of the force at 
B is the component of CB along CA, 

10 inches component along CA = 26 inches along CB, 
10 inches along CB, 

-J—- inches along CA. 

Hence the arm of the couple is ■- - - - inch ; 
therefore the moment of the couple is 

i.e., 26-11-5 
i.e., 14-5 



EXERCISE XXXVII. 

1. Find the value of foot-ton of statical moment in terms of inch-pound. 

7^^% 2. A substance is weighed from either arm of an unequal balance, and its ap- 
parent weights are 9 lbs. and 4 lbs. ; find the ratio of the arms. 
^ 3. An article placed in one pan of a balance weighs 425 grains, in the other 40G 

grains. What is its correct weight ? 
4. A body is weighed first in one pan and then in the other pan of a balance 
^with unequal arms ; the apparent weight of the body in the first experiment ia 
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29*62 grammes, in the second it is 2870 granunes. Find the true weight and the 
ratio of the arms. 

5. If a shopkeejDer use a false weight of 15^ pz. for a pound, what will a true 
hundredweight appear to weigh ? 

6. A har, 3 feet 4 inches long, rests horizontally over a peg, with two weights 
of 8^ lbs. and llf lbs. respectively hung at its ends. Find fche distance of the peg 
from the smaller weight. 

7. The arm of a steelyard is 30 inches long, the distance of the supporting hook 
from the hook for the weight is half an inch. What is the greatest mass which 
can be measured by means of a movable weight of 14 lbs.? 

8. A steelyard takes a horizontal position when there is no body attached, and 
the hook is at a distance of 6 inches from the point of suspension ; .to balance a 
certain body a 14 lb. weight must be placed at 2*5 feet from the point of suspen- 
sion. What is the mass of the body ? ^ 

9. A well-balanced dogcart when, loaded with 5 cwt. is found on a level road to ^ 
exert a pressure of only 7 lbs. on the horse's back. If the distance between the 

pad and axle be 6 feet, find the position of the centre of gravity of the load. ^ 

10. A lever, centred at one end, is 15 feet long ; a mass, hanging from the oppo- ^^ 
site end, is supported by an upward pressure of 28,270 lbs. at 13 feet from the ful- 
crum. Find the amount of the mass. 

11. A valve, 3 inches in diameter, is held down by a lever and weight, the •^^'^ 
length of the lever being 10 inches, and the valve spindle being 3 inches from the 
fulcrum. Find the pressure per square inch which will lift the valve when the 
weight hung at the end of the lever is 25 lbs., disregarding the weight of the 

lever. 

12. A safety valve having an area of 4 square inches is ktept down by means of 
a lever, one end of which is hinged, and to the other a 14-lb. weight is attached. 
The lever is applied to the valve at one third of its length from the hinge. Find 
the maximum pressure per square inch which the valve will stand. 

13. A mass of 3 lbs. is suspended from a lever at a distance of 2 inches from the 
fulcrum ; at what point on the same side of the fulcrum must a force of 2 oz. act 
to balance the weight of the mass ? 

14. Two men are to carry a block of iron of 176 lbs. suspended from a uniform W 
pole 14 feet long, each man's shoulder being 1 foot 6 inches from his own end of 

the pole ; at what point of the pole must the block be suspended, in order that ^ 
one of the men may bear 4/5 of the weight borne by the other? 

15. Two parallel forces act at two points in a straight line, 6 inches apart, in 
opposite directions ; their resultant is a force of 1 lb. acting at a point in the line 

4 feet from the larger of the forces. Determine the amounts of the forces. ^ 

16. A lever AB of the first order, 8 feet long, has the fulcrum 2 feet from B; \\J 
a weight of 5 lb. is hung from A, and one of 17 lbs. from B ; putting the weight of ^ 
the lever itself out of the question, from what point must a weight of 2*5 lb8.^be "[ 
hung to keep the lever horizontal ? \ .. ly^ 
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17. Where, in the above case, must the centre of gravity bo if wo are justified 
in putting the weight of the lever out of the question ? 

18. A uniform bar 12 feet long is supported by two men, one of them at an 
end ; where must the other be in order that he may support three fifths of the 
whole weight ? 

19. Three men are to carry a log which is of uniform size and density, and has 
a length of 12 feet. If one of the three lifts at an end, and the other two lift by 
means of a lever, how ought the lever to be applied in order that each man may 
bear one third of the weight ? 

20. A rod AB weighing 10 lbs. is found to balance about a point 8 feet distant 
from A ; a weight of 6 lbs. is then fastened to A ; about what point will the rod 
now balance ? 

21. A rod AB, whose length is 5 feet, and mass 10 lbs., is found to balance 
itself if supported on a fulcrum 3 feet from A ; if this rod were placed horizon- 
tally on two points, one under A and the other under B, what pressure would it 
exert on each point ? 

22. A uniform bar 20 inches long and weighing 2 lbs. is used as a common steel- 
yard, the fulcrum being 5 inches from one end. Find the greatest mass which 
can be weighed with a movable weight of 4 lbs. 

23. Forces equal to the weights of 1 lb., 2 lbs., 3 lbs., 4 lbs. act along the sides 
of a square taken in order ; find the magnitude and line of action of their re- 
sultant. 

24. A tiniform beam 18 feet long rests in equilibrium upon a fulcrum 2 feet 
from one end ; having a weight of 5 lbs. at the farther and one of 110 lbs. at the 
nearer end to the fulcrum ; find the weight of the beam. 



SECTION XXXVIIL— GRAVITATION. 

Art. 168. — Law of Gravitation. The law of gravitation, for- 
mulated by Newton, asserts that the attractive force between 
any two particles of matter is proportional to the mass of the 
attracted particle and to the mass of the attracting particle, and 
is inversely proportional to the square of the distance between 
them. Hence it is exprebsed by 

^ F = M attracted by M attracting per (L distance)^ 
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The unit of force F might be defined by means of this law, by 
making ^= 1 ; but when it is defined as in Art. 141, then h is 
not 1, unless by chance. 

Art. 169. — Intensity at Unit Distance. When the attracting 
mass considered is constant, say m M, we deduce 

mk¥ — lA attracted per (L distance)^. 
This is called the intensity of the attraction at unit distance. 

If, further^ the distance considered is constant, say d L, we 
deduce 

^F = M attracted. 
or 

This is called the intensity of the attraction at a given distance. 

Art. 170. — Intensity of a Field. Round any distribution of 
matter there is a field of force, and at each point of the field there 
is a value for 

F per M attracted. 

The intensity at the place is the resultant of the several 
intensities due to the different elements of matter in the 
distribution. 

A body of spherical form and of uniform density produces an 
intensity of force at any place outside it the same as if the whole 
of its mass were concentrated at the centre. 

Art. 171. — Potential. When a particle is moved from one 
position to another position in a field of force, the amount of work 
done is independent of the path taken, depending only on the 
starting point and the final point. This gives us the idea of 
change of potential, which means the amount of work done in mov- 
ing unit mass from one position to another. It is measured in 
terms of 

W per M moved. 
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Elbmbnts of the Sun and Planets.* 



Name. 


the Sun. 


Mean Diameter. 


Density. 


Sun, 




860,000 mile 


1-44 M perV = M 
per V of water. 








Mercury, 


35| (10« mile) 


2,992 „ 


6-9^ „ 


Venus, . 


66| 


7,660 „ 


4-8 




Earth, . 


92i „ 


7,918 „ 


5-7 




Mars, . 


141 


4,211 „ 


4-2 




Jupiter, . 


480 


86,000 „ 


1-38 




Saturn, . 


881 


70,500 „ 


•75 




Uranus, . 


1771 


31,700 „ 


1-3 




Neptune, 


2775 

1 


34,500 „ 


1-2 





Name. 


Period of Rotation. 


Relative Weight at 
Surface. 


Period of Revohition. 


Sun. 


25 to 26 days 


27*71 L per T per 






per turn. 


Tat surface =L 
per T per T at 
surface of earth. 




Mercury, 


24h.5m. 


0-46 


87*97 days per rev. 


Venus, . 


23h. 21m. 


0-82 


224-70 „ 


Earth, . 


23h.56m.4-098. „ 


100 „ 


365-26 


Mars, . 


i24h.37m.22-7s. „ 


0-39 


686-98 


Jupiter, . 


9h.55ra. 20s. „ 


2-64 


11 -86 years per rev. 


Saturn, . 


lOh. 14m. 


118 


29-46 


Uranus, . 




0-90 


84-02 


Neptune, 




0-89 


164-78 



Examples. 

Eoc 1, How far would a body fall towards the earth in one 
second from a point at a distance from the earth's surface equal to 
tlie earth's radius ? 

The earth, being very approximately a sphere, attracts as if its 
mass were situated at its centre. Hence, 

* Newcomb's Popular Astronomy ^ p. 542. 
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32 poundal = lb. per (radius)', 
2 radius, 
y poundal per lb.; 
.-. V f^- P®r sec. per sec; 
.-. V ft per sec. 2 ; 
1 sec. 
.-. ^ it., le,y \ it 

Ex. 2. The moon's mass is 136 x 10®* lbs., the moon's radius 
5-7 X 10« ft; the mass of the earth is 11,920 x 10®* lbs.; the radius 
of the earth 21 x 10* ft Find how far a stone at the moon's sur- 
face would fall in a second, the disturbance due to attraction of 
the earth being neglected. 

32 poundal per lb. = 11,920 x 10®* lb. attracting per (21 x W ft)® ; 
32 X 21® X 10*® 



poundal per lb. = lb. attg. per (ft. dist.)®, 
poundal per lb., 



Tl^OxlO®* 

136xlO®*lb. per(5-7xl0«ft)®; 
32 X 21® X 10*® X 136x10®* 



11,920 X 10®* X (5-7)® x 10*® 
32 X 21® X 136 ., 
^•^•' nmWif ^"""'"^""'"' 
. 16j<21®>^36^^^^^^^,^ 



11,920 X (5-7)® 

1 sec.', 
.-. 2-5 ft 

EXERCISE XXXVIII. 

1. Suppose that the earth shrank untU its diameter were 6,000 miles, what 
would be the effect on the weight of an inhabitant ? The diameter uf the earth 
is approximately 8,000 miles. 

2. If we suppose the mass of the sun to be 300,000 times the mass of the earth, 
and its radius to be 100 times the radius of the earth, find the attraction at the sur- 
face of the sun of a mass which at the surface of the earth is attracted by the force 
one pound weight. 
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3. The diameter of Jupiter is 10 tijnes that of the earth, and its mass 300 times 
that of the earth ; by how much per cent, of his former .weight would the weight 
of a man be increased by being removed from the surface of the earth to the sur- 
face of Jupiter? 

4. The intensity of gravity at the surface of the planet Jupiter being about 2'G 
times as great as it is at the surface of the earth, find approximately the time 
which a heavy body would occupy in falling from a height of 167 feet to the surface 
of Jupiter. 

5. Find the intensity of the earth's attraction at the distance of the moon, tak- 
ing 32 feet per second per second as its value at the surface of the earth. The 
diameter of the moon's orbit is 480,000 miles. 



CHAPTER FIFTH. 

THERMAL. 
SECTION XXXIX.— TEMPERATURE. 

Art. 172. — General Unit The temperature of a body is its 
thermal state considered with reference to its power of communi- 
cating heat to other bodies. Any unit of difference of temperature 
may be denoted by ©. 

Art. 173.— Standard Diflference and Derived Units. For a 
standard difference of temperature Newton chose the difference 
between the thermal state of pure water when freezing and the 
thermal state of the same substance when boiling under the 
standard atmospheric pressure. 

While there is unanimity in the choice of a standard, there is 
diversity in the mode of deriving a unit The degree of Fahren- 
heit is the one hundred and eightieth part of the standard interval, 
while the degree of Celsius is the one hundredth part, and is 
called on that account the Centigrade degree. The degree of 
Reaumur is the eightieth part of the same interval. Hence the 
following equivalences, 

9 degs. Fahr. = 5 degs. Cent. = 4 degs. R6aumur. 

Art. 174. — Scales of Temperature. As temperature is an 
ordinal quantity it is necessary to fix upon an origin from which 
to reckon, especially as the state of no temperature cannot be 
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directly observed, 
which is 32 of his 

Fig.24. 
120 



100 




Cantiffratft FahranbiK 



Fahrenheit chose for origin the temperature 
degrees below the freezing point of water; 
Celsius and K^aumur chose the 
lower fixed point, namely, the freez- 
ing point of water. In Fig. 24 
the three scales are compared, the 
Fahrenheit directly with the two 
80 others. 

8y the following rule a numerical 
comparative scale of the Centigrade 
and Fahrenheit degrees can be easily 
drawn out. On the Centigrade 
scale is identical with 32 on the 
Fahrenheit; for every 5 added to 
the add a 9 to the 32. 

For the absolute zero of tempera- 
ture see Art 199. 

Observe that the expression w° F. 
is used to denote a temperature ; 
while the expression n deg. Fahr. is 
used to denote a number of units of 
temperature. The former quantity 
is ordinal, the latter is not. 

Art. 175.— Use of Scales. The 
Centigrade scale has been generally 
adopted where the metric system 
has been adopted. It is commonly 
used along with the C.G.S. system. 
The Fahrenheit scale is very gene- 
rally used in English-speaking 
countries for purposes of ordinary 
life, and also for those of science, 
though the Centigrade scale is com- 
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ing into use among those who wish their results to be readily 
followed by foreigners. That of Reaumur is used to some extent 
on the Continent of Europe for medical and domestic purposes. 

Examples. 

Ex. 1. The point of maximum density of water is 4' Centigrade. 
What is the same point denoted by on the Fahrenheit scale % 
First, to convert the 4 Cent, degrees into Fahr. degrees. 
180 deg. Fahr. ilOO deg. Cent , 
i.e., 9 deg. Fahr. =* 5 deg. Cent., 

and 4 deg. Cent.; 

— ^r-deg. Fahr., 

i.e,, 7*2 deg. Fahr. 

Second, to find the ordinal number. The number is 7*2 degs. 
Fahr. above the freezing point, which is 32 degs. Fahr. above the 
zero of the Fahrenheit scale ; therefore it is 7*2 + 32' F., ie,y 
39'-2 F. 
Ex, 2. Express on the Centigrade scale 85° F., 0' F., - 20° F. 
We could proceed as above, first converting the degrees Fahren- 
lieit into degrees Centigrade, and then subtracting the 32 degrees 
Fahrenheit previously reduced to degrees Centigrade. But it is 
more expeditious to subtract the 32 from the given number, and 
then convert the algebraic remainder, the result being the ordinal 
number required. 

9 degs. Fahr. = 5 degs. Cent., 

(85 -32) degs. Fahr.; 

(^^-•f)-^degs.Cent., 

ie., 2r-U C. 

Similarly, (0-32)5 .^..^^ -17--78C.; 

y 
and (-20-32)5,^ .^ _g3..33c 
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EXERCISE XXXIX. 

1. Convert 212 degrees Fahrenheit into degrees Centigrade ; and 100 degrees 
Centigrade into degrees Fahrenheit. 

2. Express 800° C. and 200" C. in terms of the Fahrenheit scale. 

3. Express 500' F.^ 400* F., 300' F., 200' F., 100' F., in terms of the Centigrade 
scale. 

4. Express the British standard temperature of 62* F. in terms of the Centigrade 
scale, and the French standard temperature of 3''94 C. in terms of the Fahrenheit 
scale. 

5. Express 32r F., 86' F., 70' F., andf 30' F. in terms of the Centigrade scale. 

6. Express on the Centigrade scale .ijp following melting points :— 

Lead, - - - 630'F. / Brass, - - - 1869"F. 
Zinc, - - - 773' F. Copper,- - - im&Y, 

SUver, - - - 873' F. Cast-iron, - - 2786* F. 

7. Express on the Fahrenheit scale the following boiling points :— 

Alcohol, - - 78° C. Mercury, - - 357' C. 

Ether, - - - 35'C. Sulphuric Acid, - 838° C. 

8. The following melting points are expressed on the Centigrade scale, express 
them on the Fahrenheit scale : — 

Mercury, - - -39-44. Tin, - - - 235°. 

Sodium, - - 90*. Iron, - - - 1600°. 

9. The point at which mercury freezes is indicated approximately by the same 
number on the Fahrenheit and Centigrade scales. Find the number. 

10. At what point are the numbers on the scales of Fahrenheit and B^aumur 
identical ? 

11. Find the ^st four coincidences above the freezing point of the Fahrenheit 
and Centigrade degree divisions. 

12. What temperature is denoted on the Fahrenheit scale by double the num- 
ber it is denoted by on the Centigrade scale ? 



SECTION XL.— HEAT. 

Art. 176. — General Unit. — Heat, being a species of energy, 
can be measured in terms of the unit of ecergy, for example, by 
the foot-pound, or the erg, or the joule (Art. 226). But for cer- 
tain purposes it is found more convenient to define an independent 
thermal unit, which can afterwards be compared with the unit 
of energy. Any unit of heat is denoted by H. 
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Art. 177. — Thermal Unit. The thermal unit is commonly 
defined by the effect of heat in altering the temperature of a stan- 
dard substance, when the whole of the heat communicated goes to 
produce alteration of temperature. The substance chosen is pure 
water about the temperature of its maximum density, that is, 4° C. 
The amount of heat required to be communicated to a mass of 
water to change its temperature from the 7?i'* © to the w** © is 
strictly proportional to the mass of the water, but it is not strictly 
proportional to the difference of temperature ti - m 9. It depends 
upon the particular values of m aiid n, and is strictly proportional 
to the difference of temperature only when the difference is small. 
This is expressed by saying that the value k of the equivalence 

^ H = M of water by © difference 
depends upon the initial or average temperature of the change. 
The variation in the value of this equivalence is slight for the 
range between 0° C. and 4** C; consequently the unit of heat may 
be defined by 

1 H = M of water by © difference ; 
on the understanding that for exact purposes the change is limited 
to the interval mentioned. 

Art. 178. — Special Thermal Units. Different units of heat 
are obtained according to the special units of mass and of tempera- 
ture adopted. Some of these have no special name, and in conse- 
quence are specified by the quantities on which they depend. We 
have the pound of water hy degree Fahrenheit, which is the ordinary 
British unit ; the poimd of water hy degree Centigrade ; the Mo- 
gramme of water hy degree Centigrade, which is the ordinary French 
unit ; the gramme of water hy degree Centigrade. The third of these 
units is denominated the calorie, and the fourth is denominated the 
small calorie. 

Art. 1 79.— Dynamical Equivalent of Heat. By the mechanical, 
or, more appropriately, the dynamical equivalent of heat is meant 
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the value in terms of a unit of work of a thermal unit of heat. 
By his experiments Joule has found that 

772*55 foot-pounds = pound of water by degree Fahr., 
the intensity of gravity being that of the sea-level at Greenwich. 
For ordinary calculations the value 772 is sufficiently exact. The 
value for any other unit of work and any other unit of heat can 
be found by the arithmetical process of conversion. Thus 
9 degs. Fahr. = 5 degs. Cent, 
.•. 772 X 9 foot-pounds = 5- pound of water by deg. Cent., 
i.e., 1,390 foot-pounds = pound of water by deg. Cent 
In the case of the French units, 

424 kilogrammetres = kgm. of water by deg. Cent. 
It is customary to denote by / any one of these three factors. 

Examples. 
Ex, 1. How much boiling water and how much freezing water 
must be taken to make up a pound of water at blood-heat, that is, 
97' Fahr. ? 

Suppose X lb. of boiling water, then 1 —a lb. of freezing water. 
The change of temperature in the first case is 212-97 deg. 
Fahr., therefore the heat given out is 

X (212 - 97) lb. of water by deg. Fahr. 
In the second case the change of temperature is 97 - 32 deg. Fahr., 
therefore the heat taken in is 

(1 - a;)(97 - 32) lb. of water by deg. Fahr. 
Now, if there be no loss of heat to other bodies, 
a;(212-97) = (l-a;)(97-32); 
hence x = ^f , and 1 - fc = |f . 

Answer — Jf lb. of boiling, and §f lb. of freezing water. 
Ex, 2. Eeduce pound by deg. Cent, to ergs. 

1,390 foot-pounds = lb. of water by deg. Cent, 
1 -35 6 X 1 0^ ergs = foot-pound ; 
.-. 1-356 X 1,390 X 10^ ergs =lb. of water by deg. Cent, 
i,e,y 1*9 X 10^<^ ergs =lb. of water by deg. Cent 
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Ex, 3. In one of Rumford's experiments, a horse working for 
2 hours 30 minutes raised the temperature of a mass, equivalent in 
capacity for heat to 26*6 lbs. of water, by 180 degs. Fahr. Taking 
the work of one horse at 30,000 foot-pounds per minute, calculate 
from this experiment the dynamical equivalent of heat. 
The heat produced was 

26-6 X 180 lb. of water by deg. Fahr. 
Now 30,000 foot-pounds per minute, 

150 minutes ; 
.-. the work expended was 150 x 30,000 foot pounds. 

Hence 1^^^-^ foot-pounds = lb. of water by deg. Fahr. 
266 X 18 

i.«., 940 foot-pounds = lb. of water by deg. Fahr. 



EXERCISE XL. 

1. Reduce pound of water by degree Fahrenheit to ergs. 

2. Find the relation between the pound of water by degree Fahrenheit, and the 
kilogramme of water by degree Centigrade. 

3. The temperature of a fluid is ascertained by the hand to be the same as that 
of a mixture of 3 pounds of water taken at 0** 0. with 7 pounds of water 
taken at lOO" C. ; what is the temperature of the fluid ? 

4. What is the amount of available heat in a quart bottle, filled with water 
at 95** C, and capable of being cooled to 10° 0. ? 

5. A mass of 100 lbs. falls 100 feet, and after striking a fixed obstacle rebounds 
30 feet; calculate the value in terms of the British thermal unit of the work 
done. 

6. A leaden bullet of 2 oz. strikes a target at a speed of 1,000 feet per sec, and 
is stopped. Find in terms of the British unit the whole amount of heat 
generated in the impact ? 

7. The Niagara Falls are 165 feet in height. Find by how much the tempera, 
ture of the water will be increased by the fall, supposing that the whole energy 
of the water due to the fall is transformed into heat. 

8. Given that the frictional resistance to a passenger train is 17 pounds per ton 
of load ; what is the amount of work done against friction by a train of 75 tons 
in going a journey of 10 miles ? Also what is the amount of heat developed ? 

9. By the consumption of a gramme of carbon 8,000 units of heat are produced ; 
if 40 per cent, of this be employed in raising a mass of one gramme, how high will 
it be raised, the intensity of gravity being 981 cm. per sec. per sec. ? 

P 
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10. The oombnstion of one pound of coal nuses the temperature of 100 gallons 
of water through 4*4 de^irees Cent. What \b the mechanical equivalent of the 
absolute thermal effect of the coal? 

11. An engine oonsumeB 40 lbs. of coal of such calorific power that the heat 
developed by the combustion of one lb. is capable of converting 16 lbs. of water 
at 100° 0. into steam at the same temperature, and during the process the engine 
performs 16 x 10' foot-pounds of work. What percentage of the heat produced 
is wasted? 



SECTION XLI.— THERMAL CAPACITY. 

Art. 180.— Thermal Capacity per Unit Mass. The thermal 
capacity per imit mass of a substance, commonly called the thermal 
capacity, is the number of units of heat required to raise unit of 
ma^s of the substance one degree in temperature. It is expressed 
in the form 

c H = M of substance by © difference. 
The value of c varies from temperature to temperature, increasing 
as the temperature gets higher. 

When H is defined as 

1 H = M of water by © difference, 
the thermal capacity of water is evidently 1, unless the tempera- 
ture of the water differs much from the temperature at which the 
unit is defined. 

When the mass is constant, say m M, then 
wic H = © difference. 
This equivalence expresses the thermal capacity of a body. 

When, on the other hand, the interval of temperature is con- 
stant, ^1 9 to ^2 0> we have a rate of the form 

^ H = M of substance. 
When t2 — ti is large, k is not equal to {t^-t-^c, unless c is the 
average value of the thermal capacity for the inten^al. 
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Art. 181. — Thermal Capacity per Unit Volume. Given the 
thermal capacity per nnit ma;ss of a substance as 

c H = M of substance by difference, 
and the density of the substance as 

pM = V; 
then by eliminating M we get 

pc H = V of substance by difference. 
This expresses what is called the thermal capacity per unit 
volume. 

When the unit of heat is defined in terms of water, and the 
unit of mass by the density of water, the thermal capacity per 
unit volume for water is 1, unless the temperature of the water 
differs greatly from its standard temperature. 

Art. 182. — Relative Heat and Specific Heat Let the thermal 
capacities of two substances A and B be 

Ci H per M of ^ = difference, 
and Cg H per M of J5 = difference ; 

then Cj/cg H per M of ^ = H per M of B, 

This means that c^ units of heat communicated to unit mass of 
the substance A are equivalent in respect of changing the 
temperature to c^ units of heat communicated to unit mass of the 
substance B, 

When the substance B is water, and H is a water-unit, the 
relative heat becomes the specific heat ; c^ becomes 1, and Cj is 
equally the value of the thermal capacity per unit mass, and the 
specific heat referred to unit of mass. 

The specific heat is expressed by 

C] M of water by difference per M of ^ = M of water by 
difference per M of water ; 
which is a ratio so far as dimensions of units are concerned. 

It is evident that when the thermal capacity per unit volume is 
taken the relative heat will be 

Cjpi/c^>p-2 H per V of ^ = H per V of ^ ; 
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and that the specific heat referred to volume will be 
c^s M of water by © difference per V of -^ = M of water by © 
difference per V of water, 
where s denotes the value of the specific mass of A, 

Art. 183.—Besistance to Change of Temperature; Water 
Equivalent. Suppose that the thermal capacity of a substance 
A is 

Ci H = M of ^ by difference, 
and of a substance B 

Ca H = M of J5 by e difference. 
By taking the reciprocals we get 

1/ci M oi A = H per difference, 
and l/Ca M of 5 = H per difference ; 

therefore Cg/ci M of ^ = M of ^. 

This expresses equivalent masses, the equivalence being in respect 
of resistance to change of temperature. 

When B denotes water and H is defined in terms of water 
(Art. 177) Ca is 1, and 

c, M of water = M of -^. 
This is the water equivalent of unit of mass of the substance. 

When a bod}'- contains m^ M of substance Ay wzj M of J5, and 
7^3 M of (7, then its water equivalent is 

m^Ci + TW^Cg + wijCg M of water. 
In a similar manner we derive 

P'jCi/piCi V of ^ = V of 5, 
which expresses equivalent volumes with respect to the same 
property. 

When A is water about its standard temperature 
8C V of water = V of substance ; 
this expresses water equivalent referred to volume. 
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Specific Heat Referred to Mass of Solids and Liquids. 

« H per M of substance = H per M of water, 
or M of water — M of substance. 



Pure mbatancei 


in the 




Pure substances in the 




solid state. 




8 


solid state— cont. 


s 


Aluminium, 




•207 


Sulphur, 


•18 


Antimony, 




•050 


Tin, . - . . 


•065 


Bismuth, - 




•030 


Zinc, - . - . 


•093 


Cadmium, 




•055 






Copper, 




•095 


Artificial svbstances in 




Gold, 




•032 


tlie solid state. 




Graphite, - 




•310 


Brass, - - - . 


•09 


Ice, . . 




•50 


Glass, . . - . 


•19 


Iron, - 




•113 


Steel, - - . . 


•12 


Lead, 




•031 






Magnesium, 




•245 


Pure substances tw the 




Mercury, - 




•032 


liquid state. 




Nickel, . 




•109 


Alcohol, 


•60 


Platinum, - 




•033 


Chloroform, - 


•23 


Quartz, 




•19 


Mercury, 


•033 


Silver, - 




•056 


Paraffin, 


•68 


Sodium, 




•293 


Turpentine, - 


•50 



Art. 184.— The Two Specific Heats of a Gas. Let the specific 
heat, referred to mass, at constant pressure be 
Sj, H per M of gas at constant pressure = H per M of water about 

4-C.; 
and the specific heat, referred to mass, at constant volume be, 
s„ H per M of gas at constant volume = H per M of water about 

then we deduce 

sjs, H per M of gas at constant pressure = H per M at constant 
volume. 
The value of Sp for a substance can be determined with com- 
parative facility, but the determination of 5, is attended with 
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difficulty. Tlie value of s^js, can be determined from independent 
considerations, and is found to be about 1 -405 for a perfect gas- 
Air, oxygen, nitrogen, and hydrogen, in their ordinary state 
approximate to the ideal perfect gas. In the following table the 
best experimental values of these three ratios are given. 

The values of 5p and s„ are also the values of the thermal cap- 
acities, when H is a water-unit. 

Specific Heat of a Gas at Constant Pressuke, and at Constant 
Volume ; and the Ratio of the Fihst to the Second according to 
Independent Experimental Determinations. 

8p H per M of gas at constant pressure =H per M of water about 4* C. 
89 H per M of gas at constant volume =H per M of water about 4* C. 
Splsv H per M of gas at constant pressure=H per M of gas at constant vol. 



Gas. 


Sp. 


8p. 


Spis,, 


Air, 


•238 


•168 


1-40 


Oxygen, 


•218 


•155 




Nitrogen, 


•244 


•173 




Hydrogen, - 


3-41 


2-41 


1-39 


Chlorine, 


•12 


•0928 


1-32 


Muriatic acid, 


•19 


•130 


1-39 


Carbonic acid. 


•20 


•172 


1-30 


Steam, 


•480 


•370 




Marsh gas, - 


•593 


•468 




Olefiantgas - 


•388 


•359 


i-22 


Chloroform, - 


•146 


•140 




Ammonia, - 


•52 


•391 


i-30 


Ether, - 


•46 


•453 





Examples. 

Ex, 1. — Find the amount of heat which must be given to an 
iron armour plate 8 feet long, 7 feet wide, and 1 foot thick, in 
order to heat it from 12" C. to 900** C, assuming that its mean 
specific heat may be taken at ^2. 

•2 lb. of water = lb. of iron, 
480 lbs. of iron = cubic feet, 
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8x7 cubic feet ; 
•2 X 480 X 8 X 7 lb. of water, 
and 900 - 12 deg. Cent, diflference ; 

.-. -2 X 480 X 8 X 7 X 888 lb. of water by deg. Cent, 
i.e., 4-7 X 10® lb. of water by deg. Cent. 

Ex, 2. — Ten grammes of sodic chloride at 91* having been 
immersed in 125 grammes of oil of turpentine at 13*, the tempera- 
ture of the mixture was 16*. Find from these data the specific 
heat of sodic chloride, supposing no loss or gain of heat to have 
taken place from without, and taking the specific heat of oil of 
turpentine at 0*428. 

•428 gm. water = gm. oil of turpentine, 

125 gm. oil of turpentine ; 
125 X -428 gm. water, 
and 16 — 13 deg. Cent, rise; 

3 X 125 X -428 calories. 
Suppose s gm. water = gm. sodic chloride, 

10 gm. sodic chloride ; 

10 5 gm. water, 
and 91-16 deg. Cent, fall ; 

75 X 10 5 calories. 
As there is no loss or gain of heat from without^ 
3 X 125 X -428=75x10 6-, 
5 = -214. 
Hence '214 gm. water = gm. sodic chloride. 

Observe — When grammes are mentioned, the Centigrade scale 
is understood. 

Ex, 3. Into a calorimeter at the temperature of 16' C. are 
thrown 8*5 gms. of water at a temperature of 84* C, and the 
temperature of the two becomes 18*5* C. What is the water- 
equivalent of the calorimeter ? 

The heat given out is 

8*5 X (84 - 18*5) guL of water by deg. Cent. 
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The change of temperature of the calorimeter is 

18*5-16 deg. Cent; therefore the equivalent of its mass is 

8-5 X (84 -18-5) . , 

18-5-16 ^ g^'Of^^^^^> 

i.«., 222*7 gm. of water. 

Ex, 4. A leaden bullet, weighing 2 ounces, strikes a target with 
a velocity of 1,400 feet per second, and is stopped. Find the 
whole heat generated in the impact. Find also the rise of tem- 
perature of the bullet, supposing that two-thirds of the heat gene- 
rated goes to warm the bullet. 

\ foot-poundal = lb. by (ft. per sec.)^, 
i lb. by (1400 ft. per sec.) 2 ; 

i- — J— foot-poundal, 

1 foot-pound = 32*2 foot-poundal, 
1 lb. of water by deg. Fahr. = 772 foot-pound ; 

lb. of water by deg. Fahr., 



(1400)2 



2 X 8 X 32-2 X 772 

*.<?., 4*925 lb. of water by deg. Fahr. 

This is the whole heat generated in the impact 

The heat communicated to the bullet is 

f X 4*925 lb. of water by deg. Fahr., 

10,000 lb. of lead = 314 lb. of water; 

2 X 4*a25 X 10,000 lu i. 1 J I. •, -c . 
— 5—-^ lb. of lead by deg. Fahr. 

But the bullet contains J lb. of lead ; 
therefore its rise of temperature is 

2 X 4*925 X 10,000 x 8 , ^ . 

373n ^'^' ^^^-^ 

le,, 836 deg. Fahr. 
This is more than sufficient to raise it to its melting point 
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EXERCISE XLI. 

1. One pound of boiling water at 100° C. is placed in contact with one pound of 
mercury at 0° C, and heat is transmitted from the water to the mercury until 
both are at the same temperature. Calculate this temperature. 

2. If 10 lbs. of mercury at the temperature of freezing water were poured into 
a vessel containing 3 lbs. of water at 50° C, how much would the water be 
cooled ? 

8. A ball of platinum whose mass is 200 grammes is removed from a furnace 
and immersed in 150 grammes of water at 0'. If we suppose the water to gain 
all the heat which the platinum loses, and if the temperature of this water rises to 
30°, determine the temperature of the furnace. 

4. Two lbs. of mercury at 100° C. are dropped into one half pound of water 
at 10° C. and stirred about with the water. Find the final temperature of the 
water and mercury. 

5. A piece of iron of 60 ounces mass, and at the temperature of 100° C, is im- 
mersed in 120 ounces of water at 20° C. Find the resulting uniform temperature. 

6. If the heat yielded by one kilogramme of water in cooling down from 
100° C. to 0° C. were employed in heating ten kilogrammes of mercury initially at 

-20° C, to what temperature would the mercury be raised ? 

7. An iron saucepan weighing two kilogrammes contains 1*5 litres of water. 
Given that, when the vessel and its contents are heated from 0° to 80°, the 
water absorbs 6*58 times as much heat as the saucepan, determine the specific 
heat of the latter. 

8. The specific heat of iron is 113 ; how many pounds of iron at 250* C. must 
be introduced into an ice calorimeter in order to produce 2 pounds of water? 

9. The mass of a copper calorimeter and stirrer is 135 grammes ; 156*5 grammes 
of water at 15° *3 C. are put in ; when 85 grammes of a metal at a temperature of 
98° is dropped in, the resulting temperature is 19° '1. Find the specific heat of 
the metal. 

10. Two hundred grammes of zinc are heated to the temperature of 99° 0. and 
plunged into 200 grammes of water contained in an iron calorimeter having the 
temperature 14° C. Assuming that* all the heat lost by the zinc is transferred to 
the water and calorimeter, and that the water equivalent of the calorimeter is 14 
grammes ; find the temperature to which the water rises. 

11. The mass of a copper calorimeter is 110 grammes ; 400 grammes of water 
at the temperature of 16° C. are put into the calorimeter ; and then 60 granmies 
of a substance which has been heated to 98° C. are placed in the water whose 
temperature is now found to be 21° 0. Find the specific heat of the substance. 

12. 280 grammes of zinc are raised to the temperature of 97°, and immersed 
in 150 grammes of water at 14° contained in a copper calorimeter weighing 96 
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giammes. What will be the temperature of the mixture, supposing that there 
is no exchange of heat except among the substances mentioned? What is the 
water-equivalent of the calorimeter employed ? 

13. The mechanical equivalent of heat is 1,390 foot-pounds >» pound of water 
by deg. Cent.; if the standard substance were iron instead of water, what 
would be the value of the equivalent ? 

14. How much will a mass of copper be raised in temperature by striking a 
hard non-conducting surface after a fall of 368 feet ? 

15. A bullet moving at 1,605 feet per second strikes an iron target ; how 
much is its temperature raised ? 

16. With what velocity must a mass of iron strike a hard non-conducting 
substance to have its temperature raised by one degree Centigrade ? 



SECTION XLTI.— LATENT HEAT. 

Art. 185. — Latent Heat. The latent heat of a substance is 
the quantity of heat which must be communicated to unit mass of 
the substance in a given state in order to convert it into another 
state without any change of temperature. It is expressed in the 
form 7 L, absorbed km x. :i 

' "given out "'^^^^"g^d- 

When the unit of heat is defined as in Art. 177, the above rate 
becomes 

Z M of water by = M of substance. 
As the unit of mass appears in the same mode on either side of 
the equivalence, the value of I is independent of the unit of mass, 
depending only on the unit of temperature. 

Art. 186. — Changes of State. There are two changes of state 
of the kind referred to, and each has a diflferent name according 
to the direction of the change. A substance may change from 
the solid to the liquid state, or oppositely, from the liquid to the 
solid ; and it may change from the liquid to the gaseous state, or 
oppositely, from the gaseous to the liquid. These changes are 
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denominated respectively, liquefaction or fusion, solidification, 
vaporization, condensation. 

As pressure has only a slight effect on the change from liquid 
to solid, the latent heat of liquefaction or solidification is constant. 
But as pressure has a great effect on the change from liquid to gas, 
the latent heat of vaporization or condensation depends on the 
pressure at which the change takes place. If heat is absorbed in 
one change it is given out in the opposite change and according 
to the same rate. 

Art. 187. — Total Heat. By total heat is meant the number of 
units of heat required to. change unit of mass of a substance from 
one temperature to another temperature, the interval including a 
change of state. Thus for changing water-substance from water 
at 0* C. to steam at lOO** C, and under a pressure of 760 mm., 
636 lb. of water by deg. Cent. - lb. of water changed. 



Latent Heat op Fusion, and of Vaporization at the Peessure of 
One Atmosphere. 



; M of water by deg. 


Cent. 


per M of substance changed. 




Fusion. 


Vaporization. 


SubBtance. 


Melting, 
pointing. 


I. 


Substance. 


Boiling 
point in 'C. 


U 


Bismuth, - 


267 


12-6 


Alcohol, - 


78 


202 


Cadmium, - 


321 


13-7 


Ammonia, - 


12 


294 


Ice, - - - 





79 


Bisulphide of Car- 






Iron, grey cast, - 


1200 


23 


bon, - 


46 


96 


Lead, - 


325 


5-61 


Bromine, - 


58 


46 


Mercury, - 


-40 




Carbonic Acid, - 


4-6 


48 


Phosphorus, 


43 


51 


Ether, 


35 


90 


Platinum, - 


1779 


27-2 


Mercury, - 


350 


62 


Silver, 


999 


21-1 


Sulphur, - 


316 


362 


Sulphur, - 


115 


9-37 


Water, - 


100 


536 


Tinf . - - 


230 


13-8 








Zinc, . 


415 


28-1 
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Examples, 

Ex, 1. The latent heat of fusion of ice is 79*25 in terms of the 
degree Centigrade. Express this constant in terms of the degree 
. Fahrenheit. 

79-25 M of water by deg. Cent. = M melted, 
^ deg. Fahr. = deg. Cent.; 
. •. 79-25 X I M of water by deg. Fahr. = M melted, 
i.g., 142-65 M of water by deg. Fahr. = M melted. 

Ex, 2. One pound of boiling water is poured over two pounds 
of powdered ice ; what will be the temperature, and what the 
physical condition of the result ? 
Since the latent heat of water is 

79 lb. of water by deg. Cent. =lb. of ice melted, 
it will require 158 of these units of heat to melt the 2 pounds of 
powdered ice. But the reduction of the one pound of boiling 
water to the temperature of 0° C. can give only 100 units of heat ; 
hence a portion only of the ice will be melted. Suppose x lbs.; 
then 

•ax 79 = 100, 
a =1-27. 
Hence the resulting temperature will be that of melting ice, and 
1-27 lbs. of the ice will be melted. 

Ex, 3. Assuming the latent heat of inelting ice to be 142, that 
of steam at 212* to be 966, and the specific heat of ice to be 0*5 ; 
find the temperature of a solid weighing 40 lbs., and having a 
constant specific heat 0-1, which on being plunged into 1 lb. of 
snow at temperature zero would just convert it into steam at 212°, 
supposing that no heat is received from or imparted to any other 
bodies by the ice and the solid. 

The total heat of the lb. of snow is 

32 X -5 + 142 + 180 + 966 lb. of water by deg. Fahr. 
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Suppose that the temperature of the solid is f F., then the heat it 
loses is 

40 X •1(^-212) lb. of water by deg. Fahr. 
Hence 4 (<- 212) = 1,304, 

.-. ^ = 538. 
^n5w;er— 638^* Fahr. 

Ex. 4. The latent heat of fusion of ice is 79-5, and its specific 

gravity is -917. Ten grammes of metal at 100' C. are immersed 

in a mixture of ice and water, and the volume of the mixture is 

found to be reduced by 125 cubic millimetres without change of 

temperatura Find the specific heat of the metal. 

s gm. of water = gm. of metal, 

10 gm. of metal ; 

.'. IO5 gm. of water, 

and 100 deg. Cent, of fall ; 

.'. 100 X IO5 gm. of water by deg. Cent. 

917 
Again -^^^ gm. ice = gm. water ; 

1000 
.'. -frzr=- cc. ice = cc. water: 
917 

i — --^ cc. difference = cc. water, 



1 25x917 
1,000 X 83 
125x917 
1,000 X 83 



1000 
cc. water ; 

gm. water. 



125 

cc. difference \ 



Hence, ^^^x^^^^^z^ S"^' ^^ ^^^^^ ^^ ^^S- Cent ; 

and, by equating the two quantities of heat, 
125 X 917 X 79-5 



5 = 



1,000 X 83 X 1,000' 
11. 
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^ EXERCISE XLH. 

1. 1-6 lb. of ice at 0° C. mixed ytiih. 9 lb. of water at 20^ yielded 10-6 lb. of 
-water at 5^; find the latent heat of water. 

2. If a lb. of ice at 0° C. be dropped into 2 lbs. of water at 26" '5 C, how much 
of the ice will be melted ? 

3. How much ice at O*' C. can be converted into water at 0° C. by an ounce of 
steam at 100° C, if we assume heat to be transmitted from the steam only to 
the ice ? 

4. How much steam at 100° 0. is required to raise the temperature of 54 ounces 
of water from 0° C. to 100° C. ? 

5. How many pounds of steam at 100° C. will just melt 20 pounds of ice 
At 0° C. ? 

6. It is found that a kilogramme of water at 100" C, mixed with a kilogramme 
of melting snow without loss of heat, gives two kilogranmies of water at the tem- 
perature of 10° '36 ; iind the latent heat of water. 

7. One lb. of steam at 100^ C. is parsed into a vessel containing 5 lbs. of water 
At the temperature of 20** C, and then condensed. What will be the tempera- 
ture of the mixed steam and water? 

8. Half a pound of powdered ice is mixed with 4 pounds of water at S*' C. ; 
-w hat is the result, and what the final temperature of the mixture ? 

9. It is found as the result of experiment that 25 grammes of copper at the 
temperature of 100** C. are just suflScient to melt 2 '875 grammes of ice at 0**, so 
that water and copper are finally at 0". Find from these data the specific heat of 
copper ? 

10. If a pound of steam at lOO*' C. be injected into a gallon of water at 15*" C, 
calculate the temperature to which the water will be raised. 

11. Into a mass of water at O*' C, 100 grammes of ice at - 12^ are introduced ; 
7*2 grammes of the water freeze about the lump immersed, while its tempem- 
ture rises to zero. What is the specific heat of the ice ? 

12. By proper arrangement a vessel, whose capacity for heat is to be neglected, 
containing 10 grammes of water, is reduced in temperature 15 degrees Cent, be- 
low the freezing point of water. A small spicule of ice is then dropped in ; cal- 
culate the quantity of ice formed. 

13. Two kilogrammes of steam at 100° are conducted into a copper vessel 
weighing J kilogramme, and containing 30 kilogrammes of water at the tempera- 
ture of 10** ; find the temperature of the resulting mass after condensation, 
supposing no heat to be lost by radiation. 

14. The heat produced by the complete combustion of one gramme of carbon in 
a calorimeter can convert 100 grammes of ice at 0** C. into water at 0** C. How 
many grammes of water could be raised by the same amoimt of heat from 
0^ C. to 1*=* C? 
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SECTION XLIIL— EXPANSION OP SOLIDS 
AND LIQUIDS. 

Art. 188.— -Rate of Linear Expansion. The expansion of a 
substance in the form of a bar is proportional to the original 
length of the bar, and to the change of temperature, provided that 
the change of temperature is small Hence the rate of expansion 
is expressed in the form 

a L increment = L original by © difference, 
or a L increment per L original = © difference, 

or a L increment per L original per © difference. 

It is evident from the expression of this rate that its value is 
independent of the magnitude of the unit of length, and depends 
only on the magnitude of the unit of temperature. It is commonly 
called the coefficient of expansion per degree Centigrade, or per 
degree Fahrenheit, as the case may be. Its value in the case of 
most substances varies slightly for different original temperatures. 

This rate is similar in its nature to rate of interest (Art. 28), 
length taking the place of value, and temperature the place of 
time. 

Art. 189.— Coefficient of Expansion and Mean Bate of Ex- 
pansion. When the interval of temperature through which the 
solid is raised is constant, we have what is called the coefficient of 
expansion ; it is expressed in terms of 

k L increment per L original. 

By the mean value of the rate of expansion for an interval is 
meant the coefficient of expansion for the interval divided by the 
number of units of temperature in the interval. When the inter- 
val is such as that between the freezing point and the boiling point 
of water, the mean value of the rate of expansion is very nearly 
the same as each of the true values. 
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Mean Cobfficient per Degree Centigrade op the Linear 
Expansion of Solids. 

Range from O^'C. to 100'> C. 
a L increment per L original per degree Cent. 



metallic solid. 


ax 10*. 


NON-METALLIC SOLID. 


ax 10*. 


Elements. 




Elements, 




Aluminium, . . • 


•234 


Graphite 

Sulphur, .... 


•079 


Bismuth, along axis, . 


•16 


•64 


Bismuth, perpendicular to axis 
Cadmium, 


•12 
•31 


Compounds. 




Copper, . 
Gold, 




•179 


Brick, .... 


•05 




•145 


Glass, .... 


•09 


Iron, . 




•12 


Granite, .... 


•09 


Lead, 




•295 


Sandstone, 


•12 


Magnesium, 




•27 


Slate, .... 


•104 


Platinum, . 




•09 






Silver, 




•194 


Woods. 




Tin, . 
Zinc, . 




•227 
•29 


Range from 0" C. to 24° C. 








Boxwood, across the fibre, 


•61 


Alloys w Compouiids. 




Boxwood, along the fibre, . 


•03 






Oak, across the fibre, 


•54 


Bail/s Metal, . 


•177 


Oak, along the fibre, • 


•05 


Brass, 71 Cu + 29Zn, 


•187 


Pine, across the fibre. 


•34 


Bronze, 86 Cu + 10 Sn+4 Zn, 


•180 


Pine, along the fibre, 


•05 


German Silver, . 


•18 


Walnut, across the fibre, . 


•48 


Steel, .... 


•111 


Walnut, along the fibre, . 


•07 



Art. 190. — Rate of Contraction. Suppose that the mean rate 
of expansion for a particular solid between 0° C. and 100° C. is 

a L increment per L original = deg. Cent, rise ; 
and that the solid experiences a change of t degs. Cent, within the 
interval and starting from 0° C. Then the rate of growth is 

l + atLB,tf=LaitO% 
and the reciprocal of the rate of growth is 

1 



1 + a/ 



L at 0' = L at t\ 



Now 



1 +at 



== I — at + {aty - etc.; 
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but as at in the case of any soKd or liquid is very small compared 
with 1, the terms after the second may be neglected ; so that 
1 - a/ is practically equal to 1/(1 + d). Thus 

l-a^LatO' = Latr 
Hence 

- a L increment per L original = deg. Cent, fall, 
or a L decrement per L original = deg. Cent fall ; 

provided the original temperature is within the range from 0' to 
100°, or not far beyond either extremity of the interval. The 
approximation is the same in principle as reckoning discount by 
banker's discount (Art. 30). 

Art. 191.— Cubical Expansion of Solids. The term dilatation 
is sometimes used for cubical expansion. A solid may or may not 
have the same physical properties in all directions ; in the former 
case it is said to be isotropic, in the latter aeolotropic. If the rate 
of expansion of an isotropic substance in any direction is 

a L increment per L original = © rise, 
its rate of cubical expansion is (Art. 97) 

3a L^ increment per L* original = rise. 
When a body is aeolotropic, it has three principal directions of 
expansion or contraction, which are at right angles to one another. 
If the values of the rate of expansion along these three directions 
are a, (3, y, the rate of cubical expansion is (Art. 97) 

a + ^ + y L^ increment per L^ original = rise. 

Art. 192. — Expansion of Liquids. The rate of expansion is 
expressed in the form 

a V increment per V original = rise. 
As the special values of a are small fractions, the same approxima- 
tions may be used as in the case of solids. 

When the interval of rise of temperature is constant we have a 
coeflficient of expansion which is expressed in the form 
k V increment per V original ; 
Q 
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from which we derive 

1 + A; V final = V original. 
The dilatation or contraction which a substance experiences in 
passing from the solid to the liquid state is expressed in the same 
manner by a coefficient 

Art. 193.— Coefficient of Bxpansion of Water. Owing to the 
importance in Physics of water and of mercury, their change 
of volume has been studied with great care. Appended is a table 
of the best results in the case of water. 

Coefficient op the Change of Volume of "Watek. 
l + ifcV at fC. = V at 4'*C.; or Ijp cubic cm. =gm. at <°C. 



t 


\+kov\lp 


t 


l+ifeorl//) 


t 


\+k or \Ip 





100013 


11 


100035 


50 


10119 


1 


100007 


12 


1-00045 


55 


1-0144 


2 


1-00003 


13 


100057 


60 


1-0169 


3 


1-00001 


14 


1-00070 


65 


1-0197 


4 


1-00000 


15 


1-00084 


70 


10226 


6 


1 00001 


20 


1-00174 


75 


1-0257 


6 


1-00003 


25 


100287 


80 


1-0289 


7 


1-00007 


30 


1-00425 


85 


1-0322 


8 


1-00012 


35 


100586 


90 


1-0357 


9 


1-00018 


40 


1-00770 


95 


1-0394 


]0 


1-00026 


45 


1-00972 


100 


10432 



Art. 194. — Apparent Dilatation of a Liqnid. By the apparent 

dilatation of a liquid is meant its dilatation as evidenced by the 

envelope in which it is contained. Let the apparent dilatation of 

the liquid be 

m V increment per V original, 

and the dilatation of the envelope, 

n V increment per V original ; 
then 1 + m V apparent = V original, 

and 1 +7i V true = V apparent; 

(1 + m)(l + 7i)V true = V original. 
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Since m and n are both small, the true dilatation of the liquid is 
m + ny increment per V original. 

Mean Coefficient per Degree Cent, op the Cubical Expansion of 

Liquids. Between 0° C. and 100° C. 

a V increment per V original per degree Centigrade. 



liquid. 


ax 102 


liquid. 


axlO^' 


Alcohol, 


. -128 


Olive Oil, 


- 08 


Aniline, - - - 


. 092 


Petroleum, 


. 104 


Benzol, - 


•138 


Sulphuric Acid, 


- 049 


Bisulphide of Carbon, • 


. 147 


Turpentine, - 


. -105 


Bromine, 


. 125 


Water, pure, - 


- 043 


Chloroform, - 


. -140 


Water, ordinary sea. 


- 05 


Mercury, 


. -018 







Examples. 

Ex. L A piece of iron wire in a fence is 136 yards long in the 
middle of summer ; how much shorter will it be in the middle of 
winter, in a climate where the maximum summer temperature is 
88** F., and the minimum winter temperature - 5** F. The rate 
of expansion of iron per degree Centigrade is -0000123. 

•0000123 yard shorter per yard original = deg. Cent, fall, 

^ deg. Cent. = deg. Fahr.; 
.•. '0000123 X 4 yds. shorter per yd. original =deg. Fahr., 
i.e., '0000068 yd. shorter = yd. original by deg. Fahr. 
136 yd. original by 88 + 6 deg. Fair.; 
.-. 136 X 93 X -0000068 yd. shorter, 
le., -086 yd. shorter, 
or 3*1 inch shorter. 
Ex. 2. An isotropic solid at 0° C. when immersed in water dis- 
places 600 cubic inches, at 30® it displaces 503 cubic inches ; find 
its mean coefficient of linear expansion between 0** and 30**. 
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503 cubic incli at 30' = 600 cubic inch at 0' ; 
"" cubic inch increment = cubic inch at 0* ; 



500 
503-^500 
500 X 30 
1 503-600 



cubic inch increment per cubic inch at 0* = deg.Cent.; 

• • « lr/^/^ o/^ ^^^^ incTemcnt per inch at 0' = deg. Cent., 
3 500 X 30 

i.e., inch increment per inch at 0° = deg. Cent 

lOUOv/ 

Ex. 3. The linear contraction of a casting of tin is \ inch per 
foot ; find the superficial contraction. 

J inch = ft.; 
.-. :,Vft.=ft. 
Hence 1 - -^^ ft = ft; 

••• (l-,V'.sq. ft=sq. ft; 
.*. 1 - (1 - tV)^ sq. ft. decrement = sq. ft., 

i.e., ^- - r^ sq. ft. dect. = sq. ft original, 

95 
!.«., -jr^^ sq. ft. dect=sq. ft original. 

2o04: 

—- is a good approximation for the value arrived at 

Ex. 4. The true coeflficient of expansion of mercury per degree 
Centigrade being 1/5550, and its apparent coefficient of expansion 
per degree Centigrade in glass being 1/6480; find the coefficient 
of cubical expansion of glass per degree Centigrade. 

1 + ^— TTT V apparent = V original, 
d4oO 

1 + a; V true = V apparent ; 
.-. (1 + x)(\ + g^g^V true = V original. 

But we are given 1 + p-— V true = V original ; 
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* • 5550 6480* 

for each of the three quantities is small ; 

1 1 



5550 6480' 
= •0001802 --0001643, 
= •0000259, 
1 
38700* 
Hence 1/38700 V increment per V original per degree Centi- 
grade. 

EXERCISE XLIII. 

1. The coefficient of the linear contraction of a casting of tin is \ inch per foot ; 
what is the coefficient of the volume contraction ? 

2. A lightning-rod made of copper measures 50 feet in length when at the tem- 
perature of 0°C.; find its length in summer when heated to the temperature 
of27'C. 

3. What effect will a rise of temperature of 25 degrees Centigrade have on a 
measuring chain, supposing that it is correct at 0° C? What will be the effect of 
a fall of temperature of the same amount ? 

4. If a bar of iron has a length of 10 yards at O'C, what will be its length 
at 30" a? 

5. Find how much an iron girder 100 feet long will expand between 32° F. 
and 68° F. 

6. If the expansion of steel is two thirds that of brass under the same change of 
temperature, what will be the best arrangement of rods of these metals to form a 
gridiron pendulum? 

7. Calculate the cooling effect of a cube of ice 2 feet in the side, taken at 0° C, 
and reaching 27° C. when its cooling power has been exhausted. 

8. A solid weighs 320 grammes in vactu), 240 grammes in distilled water at 
4° C, and 242 grammes in water at 100' C, of which the density is 0*959 gms. per 
cc Find the volume of the solid at these two temperatures, and deduce there- 
from its mean coefficient of cubical expansion per degree Centigrade. 

9. An isotropic solid when immersed in water at 10° C. displaces 600 cubic 
inches, and at 40° it displaces 604 cubic inches ; find its mean rate of linear expan- 
sion between 10° and 40°. 
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10. A solid is weighed in a liquid at 0* C. and 100° G. The volume of the solid 
at 0° C. is unity, and at 100' C. 1*006. Also the loss of weight by weighing in the 
liquid is, at 0* C, 1,800 grains, and at 100* C. 1,750 grains. Find the coefficient 
of dilatation of the liquid. 

11. In a vessel of glass of which the coefficient of expansion for the rise of tem- 
perature used is 1/7740, the apparent coefficient of expansion of mercury is 1/1296 ; 
find the true coefficient of expansion of mercury. 

12. Suppose that an English barometer with a brass scale giving true inches at 
the temperature 62° F., reads 29*5 inches at 45° F.; what is the pressure in true 
inches of mercury reduced to the density it has at 32° F. ? 

13. Find the reading of a thermometer, the bulb of which is plunged in water 
at the temperature of 100° C, while the stem is exposed to air at the temperature 
oflO°0. 



SECTION XLIV.— EXPANSION OF GASES. 

Art. 195. — Rate of Expansion. When a gas receives an in- 
crease of temperature, it may either increase in volume or it may 
increase in pressure. Hence the rate of expansion due to increase 
of temperature is specified under the condition that the pressure re- 
mains' constant ; and the rate of increase of pressure due to increase 
of temperature under the condition that the volume remains con- 
stant. The former rate is expressed in the form 

ap V increment per V at standard temperature = rise. 
The standard temperature chosen is the freezing point of water. 
The value % remains constant whatever the change of tempera- 
ture from the standard temperature, provided that the gas is not 
brought near its point of condensation. 

For air we have, 

1/273 V increment per V at 0° C. = deg. Cent. rise. 

It will be observed that the values for other gases not easily 
condensed are very approximately the same. 

Art. 196.— Rate of Increase of Pressure. The rate of increase 
of pressure under constant volume is expressed in the form 

a, P increment per P original = rise ; 
where P denotes any unit of pressure per square inch. 
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The value of the rate of increase of pressure under constant 
volume is theoretically the same ; thus 

1/273 P increment per P at 0° C. = deg. Cent. rise. 



Coefficient per Degree Cent, of the Expansion of a Gas; and the 
Coefficient per Degree Cent, of the Change of Pressure of a Gas. 

ap V increment per V original per degree Cent. ; 
Cr P increment per P original per degree Cent. 



Gas. 


Op X 10* 


a, X 10* 


Air, ... - 


•367 


'366 


Oxygen, 




•367 


Nitrogen, - 


•367 


•367 


Hydrogen, - 


•366 


•366 


Carbonic acid. 


•371 


•368 


Sulphurous acid, • 


•391 


•385 


Steam, 


•415 





Art. 197. — Derived Bates. The rate of expansion for a gas is 
similar in its nature to rate of simple interest, consequently the 
derived rates are similar. 

Since for a gas 

— — V increment per V at 0" C. =deg. Cent rise; 
therefore for a change to f C. 



and 

and, reciprocally, 



--5 V increment = V at 0**, 



1 + 



-7- Vat 0" = Vat r. 



273 
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1 

Hence 1 p V decrement per V at T = deg. Cent, fall, 

*'^-' '^1^ "^ Wz ^ ^®^*' ^^^ V at f = deg. Cent fall, 

i.«., 273 " (lis)' ■*" ^ ^^^ P®^ V at r = deg. Cent. fall. 
Hence the value //273 is correct only when </273 is a small frac- 
tion^ The constant changes its value axjcording to the initial tem- 
perature selected. 

The above rate applies to any change from 0** to a lower tem- 
perature, provided the substance is not brought near its point of 
condensation. It is modified to 

^— - V decrement per V at 0' = deg. Cent. fall. 

Art. 198.^Change from a Temperature other than the Stan- 
dard Temperatura To find the volume of a mass of gas originally 
at t^ C. when changed to t^^ the pressure being constant. 

It is done in two steps, by supposing that ^e gas is reduced 
from tC to^0° and then raised from 0** to t^. 
1 
— X VatO' = Vat^', 

"*" 273 
l + 2|3Vat^- = VatO'; 



1+^ 



1^^ 



^^^Vat<i' = VatV, 



273 

^^•' 2TO:Vat/.- = VatC 

Art. 199. — Absolnte Zero of Temperatnre. If temperature 
be reckoned, not from the freezing point of water, but from a point 
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273 degrees Centigrade lower, then the volume of a constant mass 
of gas will always be proportional to its temperature, provided 
that the pressure is maintained constant throughout. Hence the 
connection will be expressed by 

m V volume = © temperature. 
The temperature 273 degrees Centigrade below the freezing 
point of water is called the absolute zero of temperature. It 
means the temperature at which the pressure or the volume of a 
mass of gas would vanish, on the supposition that the same rate 
of expansion held throughout which holds for the gaseous state. 

Examples. 

Ex. 1. 500 cubic centimetres of oxygen gas are measured when 
the temperature is 20° C, and the temperature is then raised to 
40' C, the pressure meanwhile remaining constant. What is the 
volume of the oxygen at the latter temperature? The coefficient 
of the expansion of oxygen per degree Centigrade is irJihr' 
500 cc. at 20°, 

— — — cc. at 0" = cc. at 20°, 

J 20^<n 

3000 
1 + ^3QQQ^cc. at 40° = cc. at 0°; 

, 40x11 

"** 3000 

.• . 500 2o7n^^- ** ^^ ' 

^'^""soocr 

U, 500?22^±i40,^^t40°, 
' 3000 + 220 ' 

i.«., 534 cc. at 40°. 

Ex, 2. Find the mass of 1,000 cubic centimetres of dry air at 
80° C. and the pressure of 25 cm. of mercury. 1,000 cubic centi- 
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metres of dry air at 0** C. and 76 cm. pressure have a mass of 
1 '293 grammes. 
By Art 134, 

1*293 gm. per 1000 cc. at 0* = 76 cm. pressure, 
25 cm. pressure ; 

\i 1-293 gm. .- 1000 cc. at 0', 
1 cc. at O'* = 1 + ^ cc. at 80% 
1000 cc. at 80"; 

U 1-293 X ^'^^ gms., 
^^ 273 -I- 80^ * 

I.e., '829 gms. 

EXERCISE XLIV. 

1. A given mass of air occupies a volume of 600 cubic inches at the tem- 
perature of 20' G. ; find the volume which the air wiU occupy at 100° C, supposing 
the pressure to remain constant. 

2. A mass of gas occupying a volume of 273 cubic inches at 0° C. is raised 
in temperature to 150' C. If it be allowed to expand under constant pressure 
during the process, what will be its new volume ? 

3. One hundred cubic centimetres of air at 0' C. are heated to 300° C. under 
constant pressure. What wiU be the volume of the air at the higher tem- 
perature ? 

4. A thousand cubic inches of air at the temperature of 30' C. are cooled down to 
zero, and at the same time the external pressure upon the air is doubled. 
What is its volume reduced to? 

5. Find the temperature to which 500 cubic centimetres of air, measured at 
W C. must be raised in order that the volume of the air may become 700 
cubic centimetres, no change of pressure taking place meanwhile. 

6. Twenty litres of air are taken at 16* C. and 74 cm. pressure; find the volume 
of the air at 0' 0. and 76 cm. pressure. 

7. One thousand cubic inches of gas are taken when the barometer stands at 
30*5 inches, and the temperature is 16' C. Find the volume of this gas when 
the pressure is 29*5 inches and the temperature 12'. 

8. Find the absolute zero on the Fahrenheit and on the B^umur scale. 

9. A substance, of the approximate specific gravity 3*2, weighs 180 grammes 
in dry air of 730 reduced mm. pressure and temperature of 16' G. Also the ap- 
proximate specific gravity of the weights against which it is weighed is 8*5. 
Find the real weight of the substance, assuming that the weight of one litre of 
dry air at 0' G. and 760 reduced millimetres pressure is 1*293187 grammes. 
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SECTION XLV.— THERMAL CONDUCTIVITY. 

Art. 200. — Conductivity. By the thermal conductivity of a 
substance is meant the rate connecting the current of heat with 
the gradient of temperature, when there is a steady flow of heat 
through the substance. It is expressed in the form 

k H per T per S cross-section = per L normal 
By " L normal " is meant unit of length along the line of flow, and 
"0 per L normal" expresses what is called the gradient of tem- 
perature, after the analogy of gradient of gravity (Art. 72). 
The reciprocal idea is thermal resistance ; it is expressed by 

1/^ per L normal = H per T per S cross-section. 
When the unit of heat is a dynamical unit, we have conduc- 
tivity expressed in terms of 

W per T per S = per L 
For example, by 

erg per sec. per sq. cm. =deg. Cent, per cm.; 
or, which is the same thing, by 

erg per sec. per sq. cm. per (deg. Cent, per cm.). 
When the unit of heat is a thermal unit, we have 
M of water by per T per S = per L ; 
for example, 

gm. of water by deg. Cent, per sec. per sq. cm. = deg. Cent, per cm. 
A value, expressed in terms of this kind of unit, is independent 
of the magnitude of ; for O enters to the same power in the 
two members of the equivalence. When the units are allowed to 
cancel one another as much as possible, there remains M/TL, 
which expresses the dimensions of the unit 

Art. 201. — Thermometric Conductivity. Suppose that the 
conductivity of a substance is 

kM of water by O per T per 8 = per L, 
and that the density of water is 

pM = V; 
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then, by substitution, 

- V of water by G per T per 8 = G per L 
P 
Suppose further that the specific heat of the substance, referred 
to volume, is 

5 V of water = V of substance ; 
then, by a second substitution, 

— V of substance by © per T per 8 » 3 per L. 

8p 

The idea here expressed is called by Clerk-Maxwell the ther- 
mometric conductivity of a substance.* 
Its dimensions, if a systematic unit, are 

L2/T. 

Thermal Condcjctivity. 

h (gm. of water by deg. Cent.) per sec. per cm.^ per (deg. Cent, per cm.). 

Bange from 0° C. to lOO** C. 



METALLIC SUBSTANCE. 


NON-METALLIC 


SUBSTANCE. 


Elementary, k 


Solid, 


kx\(fl 


Aluminium, ... '35 


Glass, . 


. 05 


Bismuth, 






. 015 


Ice, . . 


. -5 


Cadmium, . 






•21 


Marble, 


. ^52 


Copper, 






•80 


Sandstone, . 


. 53 


Iron, . 






•17 


Slate, . . 


. '4n 


Iron, wrought, 






•18 


Liquid. 




Lead, . 






•078 


Water. . 


. -14 


Magnesium, . 






•38 


Oaaeoua. 


ixlO» 


Mercury, 






•017 


Air, 


. -054 


Silver, . 






1-09 


Hydrogen, . 


. ' . .•34 


Tin, 






•15 


Nitrogen, 


. ^052 


Zinc, . 






•29 


Oxygen, 


. ^053 


Compound, 








Carbonic acid, 


. ^038 


Brass, . 






•25 


Ammonia, 


. -06 


German silver, 






•081 


Marsh gas, . 


. . •oe 


Steel, . 






•14 












""Heat, 


p. 235. 
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Akt. 202. — ^Relative Conductivity and Besistance. Let the 
conductivity of two substances A and B be 

\ H per T per S = O per L, 
and ^2 H P®^ T P®^ S = G per L 

Then 1/^j S per L of ^ = H per T per G, 

and 1/^ S per L of 5 = H per T per ; 

therefore hjh^ S per L of ^ = S per L of A. 

This is the form for expressing the relative resistance in terms 
of the cross-section and length of the conductor. 

The reciprocal is 

kilh L per S of 5= L per S of ^ ; 
and it expresses the relative conductivity. 



Examples. 

Ex, 1. How much heat is transmitted per day per square metre 
of surface, across a slab of rock 10 centimetres thick, whose sides 
differ in temperature by half a degree Centigrade, supposing the 
conductivity of the rock to be -004 ? The centimetre is the unit 
of length, and the unit of heat is the quantity of heat required to 
raise the temperature of one gramme of water one degree. 
•004 gm. of water by deg. Cent, per sec. per sq. cm. 

= deg. Cent, per cm., 

^-— j^ deg. Cent, per cm.; 

/. - - - gm. of water by deg. Cent. = sec. by sq. cm., 

60 X 60 X 24 sec. = day, 

1002 gq^ cm. = sq. metre ; 

,. •^!2iii60^i!ilMV of water by deg. Cent 

= day by sq. metre, 
i.e,, 1-728 X 10^ gm. of water by deg. Cent, per day per sq. metre. 
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Ex, 2. Calculate the conductivity in the following instance. A 

square metre of a substance, one centimetre thick, has one side 

kept at 100® C, and the other by means of ice at 0' C; and in 

the course of 30 minutes one kilogramme of ice is melted by this 

operation. 

We shall express conductivity in terms of 

Calories per min. per sq. cm. = deg. Cent, per cm. 

79 calories = kgm. of ice melted, 

1 kgm. of ice melted = 30 minutes ; 

•'• a calories per minute. 

Hence 

■Jl calories per min. per lOO^ sq. cm. = 100 deg. Cent per cm., 

79 
.'. oQ— 1003 calories per min. per sq. cm. = deg. Cent, per cm. 

i,e,y 2*6 X 10"^ calories per min. per sq. cm. =deg. Cent, per cm. 



EXERCISE XLV. 

1. How miuiy gramme-degreeB of heat wiU be conducted in an hour tlirough 
an iron bar two square centimetres in section and four centimetres long, its two 
extremities being kept at the respective temperatures of 100'' C, and 178*' C, 
the mean conductiyity of iron being '12. The units are a gramme, a centimetre, 
a second, and a degree centigrade ? 

2. Calculate the quantity of heat lost per hour from each square metre of the 
surface of an iron steam-boiler 0*8 centimetres in thickness, when the temperatiire 
of the inner surface of the boiler is 120^, and that of the outer surface 119^^ the 
coefficient of conductiyity of iron being 11*5, referred to the centimetre as the 
unit of length, the minute as the unit of time, and the quantity of heat required 
to raise the temperature of a gramme of water from 0^ C. to 1** C. as the unit of 
heat. 

3. Find how much heat is conducted in an hour across a plate of copper, one 
square metre in area, 16 centimetres thick, one side of the plate being kept 25 
degs. Cent, hotter than the other. The conductiyity of copper for heat is 1*108 
in centimetre-gramme-second units. 

4. The thermal conductivity of iron is about 0*0133, the units being the foot, 
minute, and degree Centigrade. Find how much heat per hour is lost by a 
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boiler of J inoli plate, whose surface is 10 square yards, and "whiSiat the dimen- 
at 110*» C, the external surface of the boiler being kept at 100*» 0. ^ 

5. Find how much heat is conducted in half an hour through an irob^ 
centimetres thick and 1000 square centimetres in area, the temperature V. 
two sides being kept at 0*» 0. and 20*» 0. ^s^ 

6. The inside of the wall of a house is kept at 16** C, while the outside is at 
0^ C; the wall is of soUd stone, and two feet thick. How much heat ia lost 
across it per square foot per hour? Take the conductivity at 0*001^ lb. of water 
by deg. Cent, per sec. per sq. ft. - deg. per ft. thick. 

7. The conductivity of silver in terms of the millimetre, second, deg. Gent., 
and water is 109 ; express it in terms of the C.G.S. thermal unit. 

8. From the table deduce the thermal resiBtance relatively to silver, of lead, 
copper, mercury, German silver. 




Ex, 2. 
square 



SECTiux 



/ER SIXTH. 

i:CTRICAL. 
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kLVL— MAGNETIC. 



Art. 203. — Unit Magnetic Pole. A quantity of magnetism 
concentrated at a point is called a magnetic pole. The repulsive 
or attractive force exerted by one magnetic pole on another is 
proportional to the amount of magnetism of the one pole and to 
the amount of magnetism of the other pole, and is inversely pro- 
portional to the square of the distance between the poles. The 
law is the same as that of gravitation (Art. 168), with the excep- 
tion that there may be repulsion as well as attraction. Let P 
denote any unit of magnetism, concentrated at a point ; then the 
law is expressed by 

^' F = P repelled by P repelling per (L distance)^ ; 
or, using the symbols for " by " and " per " (Art. 79), 
^ F = P repelled x P repelling / (L distance)^. 
By means of this law we are enabled to define P in terms of L, 
M, T ; for F is already so defined (Art. 79). Take the case 
when the poles are of equal strength, then 

j[;F = PV(Ldistance)2; 
.-. l/A;P2=Fx(Ldistance)2, 
or 1/ J Jc P= J F xL distance. 

Thus P can be defined in magnitude by assigning a special value 
to k, and the most convenient value is 1. Hence 
1 P2=FxL2, 

= MxL/T/T X U. 
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It is evident from the expression for the unit that the dimen- 
sions of P are \ for M, f for L, and - 1 for T. 
It is assumed that the medium is air. 

Art. 204. — Special Units. In the C.G.S. system F becomes 
the dyne, and L the centimetre. Hence 

PJ.g.8. = dyne by centimetre^. 
Before the establishment of the C.G.S. system, it was customary 
in Britain to use for a unit pole that obtained by taking F as the 
grain by ft. per sec. per sec, and L as the foot In that case 
Pf.g... = 1/7000 poundal by ft.2. 
It was proposed by Clausius at the Paris Congress of Electricians 
(Art. 221) to give the name of weber to the unit magnetic pole of 
the practical system of units. The denomination was not adopted 
on account of its having been used to denote a unit of current. 
It would be defined by 

1 weber = 10^ J dyne by centimetre. 

Art. 205. — ^Intensity of Magnetic Field. We have then the 
law, 

1 F = P repelled x P repelling / (L distance)^. 
If the strength of the repelling pole is m P, then 

m F = P repelled / (L distance)^ ; (1) 

and this expresses the iiUensity at unit distance of the magnetic 
field round the attracting pole. 

If, further, the distance is constant, say d L, then the intensity 
at this distance is 

|^F = P repelled. (2) 

Suppose that the repulsion is due not to one pole, but, as is 
always the case, to a distribution of magnetism. In the neigh- 
bourhood of any distribution of magnetism, or of a current flow- 
ing in a conductor, there is a field of magnetic force, just as in 

R 
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the neighbourhood of the earth there is a field of gravitational 
force. At each point of the magnetic field there is a certain 
value of 

F per P repelled, (3) 

which is the resultant of the intensity at that point of all the 
elements of which the distribution is made up. 

The C.G.S. unit is dyne per Pe.g.^ 

Sir W. Thomson has suggested the denomination of gauss for 
the practical unit of intensity of field. 

Art. 206.— Magnetic Potential. To move a magnetic pole 
from one position to another in a magnetic field involves an 
amount of work which is independent of the path taken, and 
which is proportional to the amount of magnetism in the pole 
moved, provided that the amount of magnetism of the pole is not 
large enough to change sensibly the intensity of the field. It must 
be a particle of magnetism compared with the magnetism produc- 
ing the field. This gives us the idea of magnetic potenticU, which 
is expressed in terms of 

W per R repelled. 
In the C.G.S. system it is expressed by 

erg per P^ ,. repelled. 

As the idea involves two points, or rather two surfaces, we con- 
sider either difference of magnetic potential ; or, if we consider 
magnetic potential simply, we imply that the zero surface is at an 
infinite distance ; that is, a surface at every point of which the 
intensity of the field is inappreciable. 

Art. 207. — Magnetic Moment. When a magnet has the form 
of a long thin bar, there are two equal and opposite poles situated 
near the extremities. Such a magnet, when placed in a field of 
magnetic force, with its axis transverse to the direction of the 
force at the place, experiences a couple. Let the strength of a 
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pole of the magnet be w P, its length I L, and the intensity of 
the field at the place i F per P ; then the couple experienced is 

iml F by L arm. 
The dependence of this couple, so far as it depends on the magnet 
itself, is expressed by the factor 

mZ P by L distance between poles. 
This is the idea of magnetic moment. 

Art. 208. — Intensity of Magnetization. Consider a bar 
magnet I L long and of uniform cross-section a L^, which has been 
magnetized longitudinally, so that its poles are near its extremi- . 
ties. Suppose this bar divided longitudinally and cross -wise into 
small bars. The magnetic moment of such small bar is propor- 
tional to its length and to its cross-section. Hence we have the 
idea of intensity of magnetization, which is expressed in the form 

i P by L = L long by U cross-section. 
In the case of the bar magnet considered, i is constant throughout 
both in direction (the direction of the axis of the moment) and in 
amount ; hence the moment of the bar is 

UaPhjL. 
When a magnet is not uniformly magnetized, the direction and 
magnitude of the intensity of magnetization vary from point to 
point ; and in consequence one value of i can be considered con- 
stant only within a small region. 

Art. 209. — Declination, Dip, Horizontal Intensity. The 
earth acts as a magnetic body in producing a field of magnetic 
force in its neighbourhood. The intensity at any point in the 
field is fully specified by stating its magnitude and the direction 
of the lines of force. It is, however, more convenient to measure 
the horizontal component of the intensity than the intensity itself. 
The direction of the line of force is specified by the declination^ 
that is, the angle between the North and the direction of a mag- 
netic needle free to move in a horizontal plane (Fig. 25) ; and by 
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the dip or inclination, that is, the angle between the former direc- 
tion and the direction assumed by a magnetic needle free to move 
in that vertical plane (Fig. 26). 



Zenith 




Zenith 



E S2(fE- 



-JSr2€PW 



Nadir 
Fi8r.26 



Let the horizontal component be A F horizontal per P, and the 
dip 5 degrees ; then the total intensity is 

A sec 5 F along per P. 



Magnetic Elements of Towns in Gbeat Britain, for Jan., 1884.* 





Declination. 


Dip. 


Total Intensity in 
dynes per Pe.g.8. 


Greenwich, . 


IS** \(y W 


67'* 30' 


•472 


Bristol, 


wm w 


67° 45' 


•474 


Manchester, 


20' C W 


68° 60' 


•478 


Dublin, 


22° 15' W 


69° 30' 


•481 


Newcastle, . 


i^'^mw 


69° 45' 


•480 


Edinburgh, . 


2V la w 


70° 30' 


•484 



* Lupton's Numerical Tables, p. 54. 
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Art. 210.— Determination of the Horizontal Intensity. When 
a magnet performs small oscillations freely in a horizontal plane, 
under the influence of the magnetic field of the earth only, the 
following relation holds true 

4 7r2(M X V) X (vibration/T)^= (F/P) x (P x L) ; 
in which M by L^ is the unit for moment of inertia about the 
centre of figure (Art. 161), F per P the unit for the horizontal 
intensity, and P by L the unit for the magnetic moment of the 
magnet. 

Examples. 

Ex, 1. Two magnetic poles, 7 and 9 C.G.S. units respectively, 
are placed at a distance of 5 cm. apart; find the force in grammes 
between them. 

1 dyne = P^g... x P^.^^ / (cm. distance)^ 

7 Peg... X 9 Peg.../ (5 cm.)^; 

7x9 . 
-25- dyne; 

7x9 

-gramme-weight, 



25 X 981' 
i.g., -0026 gramme-weight. 
Ex, 2. A magnetic needle, the magnetic moment of which re- 
mains constant, is suspended so as to move freely in a horizontal 
plane. When deflected from the magnetic meridian at three 
different places on the earth's surface, it is observed to oscillate 
7*5, 8*3, 10*4 times respectively in one minute. Compare the 
intensities of the earth's horizontal magnetic force at the three 
places. 

As the moment of inertia and the magnetic moment of the 
needle are constant, we have (Art. 161) 

h F horizontal per P = (vibration per minute)*. 
Hence the three horizontal intensities are as 

(7-5)« : (8-3)« : (10-4)=; 
t.e., 100 : 122 : 192. 
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Ex. 3. The absolute horizontal intensity of the earth's maglietic 
force at London is 3*8 in terms of the foot-grain-second unit. 
Find its value in terms of the C.G.S. unit. 

The intensity at a place is expressed in terms of F per P. Now 
lF = MxL/T/T, 
and lP2 = MxL/T/TxU; 

therefore the change-factor for F per P is-^^. 



Now -— . gramme = grain, 

and -— -cm.=ft.; 



log •394 = 1-59550 log 15-4 = 1-18752 

2-26670 log 12 =1-07918 



2 )3-32880 2-26670 

2-66440 



log 3-8 =0-57978 



i-24418 
Ans, — -175 dyne per Peg.,.. 

EXERCISE XL VI, 

1. If the horizontal iniiensity of the earth's magnetic force at a place is 3-8, and 
the vertical 8*5, what is the total intensity ? 

2. When two long magnets of equal strength are placed in a straight line at 
a distance of 1 mm., the repulsive force is 3,290 dynes. Find the strength of a 
ix>le. 

3. A smaU freely suspended magnet performs 72 oscillations per minute under 
the action of another magnet. How many would it perform if the distance be> 
tween them were half as great again ? 

4. At various places on the earth's surface a declination needle vibrates 70, 60, 
and 50 times per minute. Compare the horizontal intensity at the three 
places. 
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5. Find the number of foot-grain-second units of intensity of magnetic field 
equivalent to one G.G.S. unit. 

6. The horizontal component of terrestrial magnetic force at Glasgow is about 
*16 C.G.S. unit. Find to two places its amount in terms of the foot-grain-seoond 
unit. 

7. The dip at Paris in 1880 was 66*^, and the total intensity *47 dynes per 
Po.g.8. What was the horizontal intensity? 

8. If the value of the magnetic moment of a magnet be 10, when the units of 
length, mass, and time are the centimetre, gramme, and second, what will be 
the value of the magnetic moment when the units are the metre, kilogramme, and 
minute ? 

9. The bearing of a ship's compass fiom a station on shore is N, 44^ 2Xy E., and 
the bearing of the station by the ship's compass, taken at the same time, is S. 
SO"" 50" W. What is the deviation for this position of the ship's head ? 

10. Find by means of Art. 161 the moment of inertia about its centre of figure 
of a bar magnet, which is 5 cm. long, and has a section of 2 mm. square. 

11. The horizontal intensity of the earth's magnetic field at Gdttingen was 
found by Gauss to be 1782 millimetre-milligramme-second imits. Express it in 
terms of the O.G.S. unit. 



SECTION XLVIL— ELECTKOSTATIC. 

Art. 21 1.— General Unit of Electricity. Any unit of quantity 
of electricity may be denoted by Q. 

There are two laws, by means of either of which the unit of 
electric quantity may be defined ; namely, the electrostatic law, 
and the electromagnetic law. The electrostatic law states how 
the repulsive or attractive force between two quantities of elec- 
tricity depends on the magnitude of each, and on the distance 
between them. The electromagnetic law states how the intensity 
of the magnetic field depends on the current in the influencing 
^vire. A unit of quantity defined by the former law, as well as 
any derived unit, is called an electrostatic unit ; while a unit of 
quantity, defined by the latter law, as well as any derived unit, is 
called an electromagnetic unit. 

Art. 212.— Electrostatic Unit of Quantity. The law of re- 
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pulsion or attraction for two quantities of electricity condensed on 
two small spheres is precisely similar to that for two magnetic poles. 
The repulsive force exerted by the one quantity on the other is 
proportional to the magnitude of the one and to the magnitude 
of the other, and is inversely proportional to the square of the 
distance between the centres of the spheres. Let Q denote any 
unit of electric quantity (Art. 211), then the law is stated by 

A; F= Q repelled x Q repelling/(L distance)^. 
When the two quantities of electricity are equal, we have 
A;F = Q2/(Ldistance)2; 
.• . l/Jk Q2 = F X (L distance)', 
or 1/ /s/^ Q = V F X L distance. 

The systematic unit is defined by the condition 
1 Q2=Fx(Ldistance)2. 
In the case of the C.G.S. system F is the dyne, and L is the 
centimetre ; so that 

1 electrostatic Q^g.^ = dyne by (cm. distance)*. 
It is implied that the attraction is across air. 

Art. 213. — Intensity; Potential The ideajs of intensity of 
electric force at unit distance, and of intensity at a given point, 
are precisely similar to those for magnetic force, and are derived 
in a similar manner. 

We have also the corresponding idea of electric potential, the 
general unit for which is 

W per Q repelled. 

It is supposed that the quantity of electricity repelled is so 
small as not to alter sensibly the field of electric force when it 
changes its position. 

For zero surface of potential the surface of the earth is generally 
chosen. 

Art. 214.— Electric Density. A charge of electricity, when at 
rest on a conducting body, resides entirely on the surface. The 
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density of such a distribution is a surface density, and is accord- 
ingly expressed in the form 

o- Q per S. 

Art. 215. — Electric Capacity. When a quantity of electricity 
is at rest on a conductor, the value of the potential, that is, of W 
per Q repelled, at any point of the surface of the conductor is the 
same. The quantity of electricity on the conductor is propor- 
tional to that potential, provided that all conductors in the 
neighbourhood are in connection with the earth. Hence the idea 
of the capacUy of a conductor^ which is expressed in the form 

c Q charge per (W per Q repelled), 
or c Q charge = W per Q repelled. 

This idea is analogous to that of the capacity of a body for heat 
(Art. 180), electricity taking the place of heat, and potential the 
place of temperature. 

Art. 216.— The Capacity of Diflbrent Forms of Conductors. 
The value c depends on the form and size of the conductor, but 
not on the nature of its material, provided it is conducting. 

For a sphere of conducting material, having a radius r L, and 
at a practically infinite distance from all other conductors, the 
capacity is r Q charge = W per Q repelled. 

For example, a sphere of 5 cm. radius has a capacity of 
5 Qcg.^ = erg. per Qe.,.,. repelled. 

For a spherical Leyden jar formed of two nearly equal concen- 
tric conducting surfaces of radius r L, and separated by a thickness 
of air (i L, the capacity is 

-7 Q charge = W per Q repelled ; 
d 

^^ -J— Q charge = W per Q repelled, 

where s U is the area of one of the surfaces. This formula multi- 
plied by k (Art. 217) holds for the ordinary form of Leyden jar. 
For a condenser formed of two equal parallel plates separated 
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by a thickness e? L of air, the capacity per unit of area of a plate is 
— -^ Q charge per U = W per Q repelled 

Art. 217. — Speciflo Inductive Capacity. Let the capacity of a 
condenser, such as that mentioned in Art 216, when air is the 
insulating substance, be 

Cj Q charge, for Air = W per Q ; 
and when paraffin is the insulating substance 

c^ Q charge, for Paraffin = W per Q. 
It was first shown by Faraday that c^ and c, are not necessarily 
equal From these two capacities we derive 

Ca/Cx Q charge, for Paraffin = Q charge, for Air. 

This rate expresses the relative inductive capacity. As air is the 
reference substance, it also expresses the specific inductive capacity^ 
cjc^ being commonly denoted by k 

The capacity of a condenser formed of an insulating substance 
other than air, is k times that of an equal condenser having air 
for the insulating substance. 

In the following table the gases are compared with vacuum, and 
the values given are those which have been determined by 

Boltzmann : — 

Specific Inductivb Capacity. 
ka Q charge, for substance = Q charge, for air. 
ko Q charge, for substance = Q charge, for vacuum. 



insulating substance. 



insulating substance. 



Solid. ka 

Beeswax, . . . .1*9 

Caoutchouc, pure, . .2*3 

Caoutchouc, vulcanized, . .2*9 

Ebonite, 2*7 

Glass, flint, .6*8 

Glass, plate, . . .6*1 

Guttapercha, . . .4*2 

Mica, 5 

Paraffin, 2-1 

Resin, 2-6 

Shellac, 33 

Sulphur, 3-4 



Liquid. 


ka 


Benzene, 


. 1-5 


Oil of turpentine, . 


. 1-5 


Petroleum, . 


. 1-4 


Oas. 


ko 


Air, 


. 100059 


Carbonic acid, 


. 1-00095 


Carbonic oxide, 


. 100069 


Hydrogen, . 
Marsh gas, . 


. 1-00026 
. 1-00095 


Nitrous oxide. 


. 1-00099 


Olefiantgas, . 


. 100131 
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Art. 218. — Energy of a Charge. Suppose that a conductor, 
having a capacity of c Q charge = W per Q moved, has been 
charged with q Q. What is the energy of this charge ? 

Suppose that the q Q has been moved up to the conductor in n 
equal portions from such a distance that the repulsive force of the 
charge placed on the conductor was, at that distance, inappreci- 
able. There is no charge on the conductor to repel the first ti*^ 
portion on its being moved up. The rate of the work which must 
be done when the second portion is brought up, is 

-^ W per Q moved ; 

TIC 

hence the work done is -2- x ? W. 

nc n 

The potential in the third case is 

-i W per Q moved, and the work _? x -^ W. 
TIC nc n 

The potential in the n^ or last case is 

(^"^^^ W per Q moved ; and the work is i^izili x i W. 
nc nc n 

Hence the total work is, since the potential increases uniformly, 

7lf O + (?l-l)g ) gyy 

2( nc J w ' 

2 \nj c 
When 71 is a very large number, w - 1 is equivalent to n, and 
the above expression becomes 



Compare Art. 117. 



liw. 



Examples. 



Ex. 1. Two equal small spheres, charged with quantities of 
electricity represented by the numbers 2 and 4, attract each other 
with a force represented by 10, when the distance between them 
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is 5. If the spheres are allowed to touch, and then separated by a 
distance 8, what force will they exert on one another ? 

Let the unit symbols F, Q, and L denote the arbitrary units 
mentioned. 

10F = 2Qby4Qper(6L)=; 

Since the spheres have equal radii, they have equal capacities, and 
therefore equal charges after separation. Hence 
3Qby3Qper(8L)2; 
10x25x9 p 
*'* 2x4x64 ' 
/.e., 4-4 F. 

Ex, 2. Two small spheres of radii 3 mm. and 4 mm. respec- 
tively are in electrical connection, at the potential of 500 C.G.S. 
units, and at the distance of 6 cm. apart; find the force in 
grammes tending to separate them. 
The capacity of the former sphere is 

•3Qe.,,. = ergperQ^,,., 
500 erg per Q^.^.^; 

.-. 150 Qe.,., 
Similarly the charge on the latter sphere is 200 Q^.,. 

Now 1 dyne = Qc.g.B by Qcg... per (cm. dist)2, 
150 X 200 



36 
150 X 200 

36 
150 X 200 



dyne; 
gramme-weight, 



36 X 981 
t.tf., '85 gm.-wt. 

Ex, 3. Of two Leyden jars of the same kind of glass, the coat- 
ings of one measure each 1 sq. ft., and the glass is -^V inch thick ; 
the coatings of the other measure each 3 sq. ft., and the glass is 
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\ inch thick. The knobs of both are placed at the same time in 
contact with the prime conductor of an electrical machine, so that 
on working the machine they are both charged. Show what are 
the relative charges of the jars, and the relative amounts of heat 
produced by discharging them. 
The capacity of a Leyden jar is 

— -^ Q charge = W per Q repelled. 

When two jars of the same substance are at the same potential, 
we derive 

-- Q charge in former = -Q charge in latter. 
Cb d 

Hence in the case mentioned, 

10 Q in former = 3 x 5 Q in latter, 
le., 2 „ =3 
Again, the amount of energy in a jar is \qv W ; hence the relative 
amounts of energy and therefore of heat developed in discharg- 
ing is 

2 W in former = 3 W in latter. 



EXERCISE XLVII. 

1. Find in terms of the G.G.S. unit the quantity of electricity which will 
attract an equal quantity at the distance of a metre with a force of 100 dynes. 

2. Two insulated spheres, whose diameters are 5 and 8 centimetres, are charged 
with equal quantities of positive electricity ; determine their relative potentials. 

3. Two spheres of 5 cm. and 10 cm. diameter are charged with 25 and 30 units 
of electricity respectively ; they are then connected by a long thin wire, and 
separated. What will now be the respective charges on the spheres ? 

4. If a globe one metre in diameter be insulated and charged to a potential of 
7 electrostatic units ; what is the amount of the charge ? 

5. One pole of a powerful battery is connected to earth, and a long insulated 
wire projects from the other end. Two insulated metal bolls, of 1 inch and 
5 inch diameter respectively, are put one after the other in contact with the end 
of the insulated projecting wire. What are the comparative quantities and den- 
sities of the electricities on the two balls ? 

6. A spherical conductor of 5 cm. diameter has a charge of 6 electrostatic units; 
what is the density of the distribution ? 
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7. Equal qnantitieB of electricity are placed on apheres of 1 oeDtimetre and 1 
decimetre diameter ; compare the densities of the distributions. 

8. The charge on a sphere of 4 inches diameter is allowed by means of a long 
thin wire to distribute itself over another sphere of 6 inches diameter. Compare 
the energy of the final with that of the original distribution. 

9. The areas of the armatures of three condensers, exactly alike in all other 
respects, are as the numbers 3, 4, 5. Find their relative charges when at the 
«ame potential. 

10. live units of electricity are conducted into the interior of a Leyden jar of 
200 sq. cm. surface, and 6 units of electricity are 'conducted into the interior of a 
similar jar of 300 sq. cm. surface. Compare the heat developed by discharging 
each. 

IL A Leyden jar is charged from an electric machine, an unit jar being inter- 
posed, and ten discharges of the imit jar occur. Compare the energy expended 
by the person working the machine in each successive time of charging the 
unit jar. 

12. A condenser is formed of two concentric spheres, one of which is 100 mm. 
;and the other 101 mm. in radius. The specific inductive capacity of the dielectric 
is 2. The condenser is charged with 1,000,000 electrostatic units. Calculate in 
calories the amount of heat developed by the discharge. 



SECTION XLVIIL— ELECTROMAGNETIC. 

Art. 219. — Electromagnetic Unit of Quantity. As before, 
let Q denote any unit of quantity of electricity ; then the strength 
of a uniform current of electricity flowing round a wire will be 
expressed in terms of Q per T. When a uniform current flows 
round a circular arc, the intensity of the magnetic field produced 
at the centre of the arc is directly proportional to the strength of 
the current, and to the length of the circular arc, and inversely 
proportional to the square of the radius of the arc. Thus we have 
the law 

h F/P = (Q/T) X L arc/(L radius)2 ; 
a reciprocal form of which is 

l/ifcQ/T = (F/P) X (L radius)VL arc. 
It has been already shown that the units F and P can be defined 
systematically in terms of L, M, T. Hence Q is defined syste- 
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matically by making k^\. It is implied that the medium 
is air. 

Art. 220. — Ratio of the two Units of Quantity. Since both 
are units for the same thing, there is an equivalence 
n electrostatic Q = electromagnetic Q, 
in which n denotes a numerical quantity. 

It is evident that there may be a particular set of fundamental 
units, for which % is 1 ; let them be L, M, T. The multiplier for 
changing the electrostatic Q is llm^t'^, and that for changing the 
electromagnetic Q is l^rr^. Hence when we change from the units 
L, M, T to the units L', M', T' the equivalence changes to 
;fm^^"* electrostatic Q' = Zim^ electromagnetic Q', 
i,€.y Zr* electrostatic Q' = electromagnetic Q'. 
Now It"^ is the value of a velocity ; and according to the theory 
of Clerk Maxwell,* it is the value of the velocity of light. It has 
been found as the result of a large number of experiments that 
the value ranges about that of the velocity of light in air, which is 
3 X 10i<^ cm. per sec. 

Art. 221. — Coulomb; Ampere. The C.G.S. systematic unit is 
defined by a special case of the above, namely 

1 Qc.g.8. per sec. = dyne per P^g .. by (cm. radius)' per cm. arc. 

At the International Congress of Electricians, which met at 
Paris in 1881, one-tenth of this electromagnetic unit of quantity 
was adopted as a convenient practical unit, and denominated a 
coulomb. 

As it is not the unit of electricity but the unit of current 
which is directly measured, it is important to have a single word 
for denoting coulomb per second. At the Congress referred to, 
the term ampere was chosen for the purpose. 

1 ampere =^ Qe.g.s. per sec. 

The practical imits form a system in which L is 10' metres, M 
is 10"" gramme, and T is the sound. 

* Electricity and Magnetismj vol. II., chap. XX, 
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Art. 222.— Unit of Electromotive Force ; Volt. The electro- 
motive force of a circuit is the amount of work done on a unit of 
positive electricity in passing once round the circuit It is ex- 
pressed in terms of W per Q moved round; hence in the C.G.S. 
system, by erg per Qo^.... The Congress adopted as a practical 
unit the unit which had been defined and adopted by the British 
Association, namely, 10^ erg per Q^g..,, denominated the volt 
Hence 1 volt = 10* erg per Qo.t.fc, 

= 10* erg per coulomb. 
The volt, as will be seen from the following short table, is 
nearly equal to the electromotive force of a Darnell's cell. 

A customary abbreviation for the term electromotive force 
is e.m.f. 

Electbomotive Force op Voltaic Cells. 

NameofColL Daniell. Grove. Bonsen. Latimer-Clark. Ledanch^. 

volts 112 1-96 1-85 1-46 1*42 

Art. 223.— Unit of Capacity; Parad. We have seen that the 
idea of capacity is expressed in terms of Q per (W per Q). The 
ordinary C.G.S. unit is Qe.,.., per (erg per Qcg...). 

The Congress adopted the practical unit of the British Associa- 
tion, namely, the farad. It is defined by 

1 farad = coulomb per volt, 

or = 10-» Qe^.^ per (erg per Q^^^). 

The microfarad, which is the one millionth part of the farad, is 
the most convenient unit for actual work. 

A cable is an infinitely long cylindrical condenser. For a cable 
having a metallic core of a L radius, an insulating sheath of 5 L 
radius, and a specific inductive capacity k, the capacity per unit 
of length is 

: — jQ per L long « W per Q. 

2 a log - 

a 

Art. 224. — Unit of Besistance; Ohm. When a steady current 
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of electricity flows round a circuit, the amount of the current is 
the same at every cross-section of the circuit. When the electro- 
motive force is varied, the circuit being kept the same and at the 
same temperature, the amount of the current is found to be pro- 
portional to the electromotive force. Hence we have the law, 
discovered by Ohm, 

^ W per Q = Q per T. 
This gives us the idea of dedric resistance. 

The C.G.S. unit is erg per Qe.g., per (Qcg... per sec). 
The practical unit, originated by the British Association and 
adopted by the Electrical Congress, is 

volt per ampere. 
The single equivalent term is ohm; so that 
1 ohm = volt per ampere, 

= 10^ C.G.S. unit of resistance. 

Art. 225. — The Standard Ohm. The British Association after 
defining the ohm appointed a committee to construct a standard 
which should realize the definition. The result of their measure- 
ments was that the ohm is represented by the resistance of a 
column of pure mercury at 0° C, one square millimetre in section 
and 105 centimetres long. In accordance with this result, stan- 
dard coils were constructed of an alloy of two parts of silver to 
one of platinum, and issued to experimenters. 

Subsequent measurements, made by various experimenters, 
agreed in showing that the standard ohm was slightly less than 
the ohm of the definition. The Paris Congress appointed a com- 
mittee of electricians to make a fresh determination; and on their 
report the standard ohm has been authoritatively defined as the 
resistance of a column of mercury at 0" C, having a section of one 
square millimetre and a length of 106 centimetres. 

The Siemens unit of resistance was defined as the resistance of 
a column of mercury at 0' C, having one sq. mm. in section, and 
1 metre long. 
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Art. 226.— Watt ; Joule. We have 
1 W per T = ( W per Q moved round) x Q passing round per T. 
A special unit of activity, called the vxjMy is obtained from this 
equivalence by making W per Q the volt> and Q per T the 
ampere. Thus 

1 watt = volt by ampere, 

= 10^ ergs per second. 
ThQJovle is the corresponding unit of energy, 
1 joule = volt by coulomb. 
These two denominations were proposed by Sir W. Siemens in 
his address to the British Association, 1882 ; they appear likely 
to be adopted, but they have not as yet the authoritative stamp 
of the other denominations defined in this section. 

Alsa since 
1 W per T= {(W per Q) / (Q per T)} x (Q per T) x (Q per T), 
= R X (Q per T)'; 
1 watt = ohm x (ampere)'. 
The relation of the watt to the horse-power is 
746 watts = horse-power. 



Examples. 

Ex. 1. Find the multiplier for changing the electrostatic unit of 
potential from the centimetre, gramme, and second, to the metre, 
kilogramme, and second. 

The old unit of potential is expressed by 
erg per Q,,.^ 
Now 1 erg=gnL by cm. per sec. per sec. by cm.; 

^^ 1 QVg... = dyne by cm.^ 

= gm. by cm. per sec. per sec. by cm.* 
But '01 metre = cm., 

and '001 kgm. = gm.; 

hence, when we substitute instead of cm. and gm., we obtain 
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1 erg= '001 X '01 X '01 kgm. by metre per sec. per sec. by metre, 
= •0000001 
Also 

1 Qlg,g. = *001 X '01 X (•01)^kgm.bymetrepersec.persec.bymetre2, 
'=•000000001 „ „ 

^ Q**-- " 10000 ViO '^^g^ ^y °^®^re per sec. per sec. by metre. 
Hence 

-jgg- kilogrammetre per Q„,.kg... = erg per Q^.^.^, 

ie,, -00316228 „ „ „ 

The kilogrammetre here meant is the absolute not the gravita- 
tional unit 

Ex, % Find the current in a circuit of 50 ohms, generated by a 
dynamo machine having an internal resistance of 5 ohms, when 
the electromotive force of the dynamo is 450 volts. 
1 ohm = volt per ampere, 
1 ampere = volt per ohm, 
450 volts per (50 + 5)ohms ; 



450 
55 
8*2 amperes. 



— — amperes, 
55 



EXERCISE XLVIII. 

1. Find the multipliers in the electrostatic system for changing the units of 
Quantity, Capacity, and Current from centimetre, gramme, and second, to metre, 
kilogramme, and second. 

2. Find the corresponding multipliers when the units mentioned ahove belong 
to the electromagnetic system. 

3. Find the multipliers for changing the electromagnetic imits of Electro^ 
motive Force, Current, and Besistance, from the C.G.S. units to the F.P.S. 
units. 

4. A table of electromotive forces is expressed in terms of the miUimetre, 
milligramme, and second ; find the factor for chaoging to the C.G.S. imit. 
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5. Compare the millimetre-milligramme-second unit of current with the 
ampere. 

6. Find the multiplier for changing cheval-vapeur to watt. 

7. Gomi>are the kilogrammetre with the joule. 

8. If an electromotive force of 90 volts is maintained hctween the terminals of 
an incandescent lamp, and a current of 1*5 amperes flows through the lamp; 
what is the rate at which energy is supplied to the lamp ? 

9. A dozen incandescent lamps, each having a resistance of 2*75 ohms, are 
joined in a single circuit, and the resistance of the wires connecting the terminals 
with the terminals of the dynamo machine is 1*2 ohms. If the maximum electro- 
motive force of the dynamo is 250 volts, what is the maximum current which can 
ho sent through the lamps ? 

10. A single Grovels ceU is employed to send a current through an external 
resistance of 100 ohms. What is the strength of the current taking the internal 
resistance of the cell at *25 ohm ? 

11. Calculate, in terms of the watt, the activity of the ahove circuit. 

12. When the poles of a battery were connected with the terminals of a 
tangent-galvanometer, a current of 24 amperes was produced; and when the 
resistance of the circuit was increased by 1 ohm, all else remaining as before, the 
strength of the current was 11 amperes. Find the electromotive force of the 
btittery. 

13. A circuit is formed containing galvanometer, battery, and connecting wires, 
the total resistance of the circuit being 4 '85 ohms ; the galvanometer shows a de- 
flection of 48i% When a piece of platinum wire is introduced into the circuit, 
the deflection falls to 29°. Calculate the resistance of the platinum wire, given 
tan 48i' - 1121, and tan 29' « 0-554. 

14. The ratio of the electrostatic to the electromagnetic unit of quantity is 
3 X 10^0 in the C.G.S. system ; what is it in the F.P.S. system ? 

15. A battery of 50 Grove cells, having a total internal resistance of 13*5 ohms, 
is joined by a short-circuit ; find the current which will be given. 

16. The Board of Trade, acting under the Electric Lighting Act, have adopted 
a unit of energy which is defined as **the energy contained in a current of 1,000 
amperes flowing under an electromotive force of one volt during one hoiir." 
Compare this unit with the joule. 



SECTION XLIX.— EESISTANCE. 

Art. 227. — Resistance of a Substance. When a steady cur- 
rent of electricity flows along a wire of uniform material, having 
a uniform cross-section, the strength of the current is directly 
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proportional to the difference of the electro-motive forces at the 
ends and to the cross-section, and inversely proportional to the 
length of the circuit, depending otherwise only on the nature and 
the temperature of the material of the wire. Hence we have a 
rate 

k Q per T per S cross-section = ( W per Q) diflference per L length ; 
it is called the electric conductivity of the substance. The idea is 
analogous to that of thermal conductivity ; ( W per Q) difference 
per L length takes the place of © diflference per L normal ; it 
may therefore be called the gradient of electromotive foixe. 

The reciprocal is 
l/k (W per Q) dilff. per L length = Q per T per S cross-section ; 
it is called the electric resistance of the substance. It may be ex- 
pressed in the equivalent form 
l/k (W per Q) diflf. per(Q per T) curt. = LlengthperS cross-section. 

The C.G.S. unit for the resistance of a substance is 

erg per Qog... per cm. per (erg per sec. per cm.*). 
The practical unit is 

volt per cm. per (ampere per sq. cm.), 
or volt per ampere = cm. per sq. cm. 

It is equivalent to 10^ of the above C.G.S. units. 

Art. 228. — Relative Resistance; Specific Resistance. Let 
the electric resistance of a substance A be 

n( W per Q) per L of .4 = (Q per T) per S of -4 ; 
this can be put into the form 

Ti (S per L) of -^ = (Q per T) per (W per Q). 
Similarly for a substance B, 

ra (S per L) of ^ = (Q per T) (per W per Q). 
Hence rz/ri (S per L) of B = (S per L) of A ; 

which denotes the resistance of B relatively to that of A. 

If A is the standard substance (at a standard temperature) with 
v^hich other substances are compared, then the relative resistance 
becomes the specific resistance. In the table below the standard 
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substance is mercury at 0*" ; it is the most suitable substance for 
the purpose as the ohm is now defined in terms of a column of 
mercury (Art. 225). 

Observe — The word " specific " is used throughout in the sense 
which it has in the term ** specific gravity." 

Spbcific Electric Conductivity. 

h L length per S section of substance at 0^ = L length per S section of 
mercury at 0" C. 

The resistance of mercury at 0" C. is '943 ohm 3= metre per sq. mm. cross 
section. 



»111S»1\A 


JMUK. 






K 


Meial 


Aluminium, . . . .31 


Bismuth, 








•8 


Cadmium, 








14 


Cobalt, 








9-7 


Copper, 








54 


Gold, . 








44 


Iron, . 








8-5 


Lead, . 








4-9 


Lithium, 








10-7 


Magnesium, 








23 


Nickel, 








7-4 


Palladium, 








. 6-9 


Platinum, 








8-2 


Silver, . 








. 62 


Tin, . 








8-9 


Zinc, . 








16-5 
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Compound Metal, 
Brass, 30 Zn + 70 Cu, . . 13 
German Silver, . . .3*8 

Steel, 6-7 

^on-Tnetal. 
Gas coke, .... '015 
Glass at 200° . . 91 x 10 -1* 
Phosphorus at 20° . 69 x 10-^ 
Liquids. ifcxlO"* 

Nitric acid, 3 V acid per 7 V water, '73 
Sulphuric acid, concentrated, . -12 
Sulphate of copper, saturated 



solution. 

Sulphate of zinc, saturated solu- 
tion, 



•04 



•05 



Water, 11 V water per V sul- 
phuric acid, . . . '37 
Water, distilled, . . *0000007i 



Art. 229.— Hesistance in terms of Linear Density. Let the 
resistance of a substance be 

r S per L = (Q per T) per ( W per Q). 
Let its density be 

/>M = SbyL, 
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then p M per L = S. 

Hence, by substituting for S, 

rp (M per L) per L = (Q per T) per (W per Q). 
It is evident that M per L denotes the unit of Hnear density. 
The relative resistance becomes 

^W^iPi (M per L) per L of -B = (M per L) per L oi A. 

Art. 230.— Multiple Circuit. Let the points P and of a 
circuit (Fig. 27) be connected by three wires A^ £, and 67, the 
respective resistances of which are r^ ohm, r^ ohm, r^ ohm. Then 




Flgr. 27 

the conductivity of A is 1/ri mho, of B l/r2 mho, and of C l/r^ mho. 
The collective conductivity is the sum of the conductivities of the 
different wires j hence it is 

— + _ + — mho, 
r r^ r^ 

i !V3±VL±Ii!Jniho. 

The word-symbol mho is used by Sir W. Thomson to denote the 
reciprocal unit to the ohm, that is, for ampere per volt 

The resulting resistance is the reciprocal of the collective con- 
ductivity ; hence it is 



^/(r + ^ + n^^^' 



t.6., ?i!2?3 ohm. 

^2^8 + ^3^1 + ^/2 

If the three resistances are equal, the collective conductivity is 
3/r mho, and the resulting resistance r/3 ohm. This is the case 
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when three similar cells are joined in multiple arc ; and, generally, 
when n similar cells are so joined, the resulting resistance of the 
battery part of the circuit is one nth of the resistance of a single 
cell. 

Compare the ideas of Arts. 104 and 105. 

Art. 231. — ^Wheatstone's Bridge. This name is applied to a 
special arrangement of a battery circuit by means of which the 
resistance of a wire may be determined (Fig. 28). The terminals 

C 




Fl?. 28 

A, B of the battery are connected by a two-fold circuit, each 
branch of which contains two resistances; and the points of 
junction, 67, D, are connected by the galvanometer wire. The 
resistance of each of the wires AC and CB is known, the resist- 
ance of AD can be varied by altering its length, and DB is the 
wire of unknown resistance. The length of AD is varied until 
no current passes through the galvanometer. 
For any length of the circuit the value k of the rate 
k volts fall = ohm of length 
is constant. That is one way of stating Ohm's Law. Let e volts 
be the fall of potential in passing from A to B, then for the one 

volts fall = ohm : 
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and for the other branch 



volts fall = ohm. 



r + x 

Hence the fall from -4 to (7 is r^el{r^ + r^ volts, and that from A to 
D is re/(r + x) volts. When there is no current through the galvan- 
ometer, these falls of potential must be equal ; therefore we get 
the equation r^e _ re 

7\ + ?'2 ^ + ^' 
from which 



^2 

^1 



MuLTiPLiEiis FOB Changing from one System of Electtbioal 
Units to Anotheb. 
Fundamental Equivalences — I new L = old L ; m new M - old M ; t new 
T - old T. 

Derived Equivalence — n new unit =• old unit. 
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Magnetic pole, .... 




Zfm*<-i 


Intensity of magnetic field, 




r^m^i'^ 


Magnetic potential, . 




Z*m*ri 


Magnetic moment, . 




lim^t'-^ 


Intensity of magnetization, 




r^mh'^ 


Quantity of electricity, 


lim^t'^ 


l^m^ 


Intensity of electric field, . 


r*m*<-i 


l^mh-^ 


Electric potential, 


l^m^t'-^ 


lim^t'^ 


Electric density. 


r*m*<-i 


l-im^ 


Electric capacity, 
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l'-^^ 


Specific inductive capacity. 


1 


l-^fi 


Current, . . 


Z*m*<-« 


^m*«-i 


Resistance, .... 


I'^t 


It-^ 


Conductivity of a substance re- 






ferred to length and section. 




I'H 


Conductivity of a substance re- 






ferred to length and line-density. 




Im-H 
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Examples. 

Ex. 1. What is the relative resistance of two copper wires, the 
one 10 feet long and weighing 35 grammes, the other 6 feet long 
and weighing 10*5 grammes ? 
Let the resistance of the copper be 

c ohm = (ft long)2 per gramme. 
For the former piece 

100/35 ft*, per gm.; 
100C./35 ohms. 



For the latter piece 



36/10-5 ftl per gm.; 
36C./10-5 ohms. 



Hence .., ^ . .- ohms in former = ohm in latter, 

do X 00 

t.e., 5/6 ohms in former = ohm in latter. 

Ex. 2. Two points, A and B^ are joined by three wires in mul- 
tiple arc, the resistances of which are 3 ohms, 5 ohms, 7 ohms. 
What is the resulting resistance between A and B ? 

1 ohm = volt per ampere. 
For the 1st wire the resistance is 3 ohms, 

.-. the conductivity is ^ ampere per volt. 
The conductivity for the 2nd is | ampere per volt, 
and for the 3rd, \ ampere per volt ; 

hence the total conductivity is ^ + ^ + ^ ampere per volt, 

5x7 + 7x3 + 3x5 1^ 

^.e., — - — ampere per volt, 

tj X X 7 

71 ,^ 

*-^-» TTT^ ampere per volt. 

lOo 

Hence the resulting resistance is 

105 ,, 

f—- volt per ampere, 

^.«., 1*5 ohm. 

Ex. 3. Find the arrangement of 100 equal cells which will give 
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the greatest current in a conductor whose resistance is 25 times 
that of one cell. 

Take for unit of electromotive force that of one cell and denote 
it by E, and for unit of resistance that of one cell and denote it 
by R. Let O denote a unit of current such that 

1 = Eper R. 
First, for the arrangement in series. The electromotive force is 
100 E, and the resistance is 100 + 25 R ; therefore the current is 
100/125 O. 

Second, for the arrangement in multiple arc. The electromotive 
force is 1 E, and the resistance -01 + 25 R ; hence the current is 
100/2501 O. 

The ratio of the current given by the former arrangement to 
that given by the latter is 2501 to 125. 

Ex. 4. Determine the electric resistance of the material of a 

wire 437 millimetres long, which has a resistance of -1257 ohms, 

and which weighs 411 milligrammes in air, and 365 milligrammes 

in water. 

The resistance of a material is measured in terms of 

. ohm = cm. long per sq. cm. cross-section. 

For the material in question 

•1257 ohm = 43-7 cm. long per x sq. cm., 

•1257 X X 
*•«•> — 7ir-= — ohm = cm. per sq. cm. 
43-7 ^ ^ 

To find X. 

411 



411-365 



gm. per cm. long = sq. cm, section, 



•411 gm. per 43*7 cm. long, 

•411x46 

j-sq. cm. 



43-7x411 



„ •1257x -411x46 , , V 

^^^® 43-7x43-7x411 ^^^ ^^^' ^^ ®^* ^^'^' 

i.e., 3-028 microhms per (cm. per sq. cm.). 
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Ex, 5. The resistance of the wire of a galvanometer is 4,000 
ohms ; it is required to find the resistance of a wire, which, acting 
as a shunt, will reduce ten-fold the sensitiveness of the galvan- 
ometer. 

Let it be x ohms. The conductivity of the galvanometer is 
1/4000 ampere per volt, of the shunt Ijx ampere per volt; there- 
fore of the two together 1/4000 + 1/aj ampere per volt. Hence 
the ratio of the current through the galvanometer to the total 
current will be 

— --■ ampere through galvanometer = -tkc^ "^ " ^™P®r® total, 

t.e., X ampere through galvanometer = 4000 + z ampere total. 
But this is given to be 1 to 10 ; hence 

10 a; = 4000 + a;, 

a? = 444. 
Ans, — 444 ohms. 



EXERCISE XLIX. 

1. Compare the ourrentB which the same electromotiye force is capable of pro- 
ducing in two wires of the same material, whose lengths are as .5 to 1, and cross- 
sections as 3 to 2. • 

2. The resistance of a piece of platinum wire, 41 metres long, and *5 millimetres 
in diameter, is found to be '19 ohms. What is the resistance of a bar of the same 
material 1 decimetre long and 1 square centimetre in section ? 

3. Compare the resistances of two copper wires, one of them 8 feet loDg and 
weighing 1/4 ounce, the other 14 feet long and weighing 6/7 ounce. 

4. A piece of copper wire 100 yards long weighs 1 lb.; another piece of copper 
wire 500 yards long weighs 1/4 lb. Find the relative resistance of the latter piece 
to the former. 

5. Find the resistance of 485 m. of copper wire, one mm. in diameter, at 0^ C. 

6. Find the resistance per mile of iron wire, *24 inch in diameter. 

7. What length of (German silver wire one mm. in diameter will give a resist- 
ance of one ohm ? 

8. What is the resistance of 2000 yards of German silver wire, *0108 inch in 
diameter ? 
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9. Find the length of a copper wire 1 mm. in diameter which ha^ 
of one O.G.S. electromagnetic unit. \ 

10. The resistance of a column of silver 100 cm. long and 1 gm. in V 
'1687 ohms. Find the resistance of silver in terms of the O.G.S. unit. ^. 

11. Two brass plates, 10 inches square, are separated from one another V^ 
plate of gutta-percha 1/4 inch in thickness. How many miles of copper wir^ 
*056 inch in diameter, will have a resistance equal to that between the plates. ^ 
The relative resistance of guttapercha to copper is 2*8 x 10^? 

12. An electrical current may pass from ^ to £ by either of the wires ^(Tfi and 
ADB, the resistances of which are 3 ohms and 7 ohms respectively. What is the 
resistance of a single wire, which can replace ACB and ADB in such a way as not 
to produce any alteration in the current in the rest of the circuit ? 

33. "With the shunts 1/999, 1/99, 1/9, compare the currents in the galvano- 
meter, when any two of the shunts, and when all three are in circuit together. 

14. In a submarine cable 1000 knots in length, the electrical resistance of the 
conductor is 5 ohms per knot, and the whole insulation resistance of the gutta- 
percha sheath is 115,000 ohms. Determine the total resistance of the cable 
exclusive of batteries. 

1.5. Three incandescent lamps having a resistance of 50 ohms each, are joined 
in multiple arc. What is the resulting resistance ? 

16. Two wires, whose conductivities, lengths, and cross-sections are as 7 to 6, 
5 to 3, 2 to 1 respectively, are in the same circuit. Compare the rate at which 
heat is developed in the former to the rate at which heat is developed in the 
latter. 

17. A galvanometer of 500 ohms is shunted by a shunt of 50 ohms. Compare 
the amounts of heat generated in the galvanometer and shunt. 

18. Show how to arrange 12 similar galvanic cells, each of which has a resistance 
of 1*2 units, so as to give the current of greatest strength through a wire whose 
resistance is 2*5 units. 

19. A battery of 12 similar cells is connected in series ; each cell has an electro- 
motive force of 1*1 volt, and a resistance of 3 ohms; and the resistance of the 
external circuit is 240 ohms. What is the strength of the current ? 

20. If there are 20 cells in a battery, each having a resistance of 2 ohms, and if 
the external resistance is 1 ohm, what arrangement of cells will give the strongest 
current ? 

2L Find the condition which must hold, when the current given by the arrange- 
ment in series is equal to the current given by the arrangement in multiple arc. 

22. Find the current when a battery of 12 cells, each having a resistance of 100 
ohms and an electromotive force of 1*5 volts, is joined to an external circuit of 
1000 ohms ; first, when the cells are arranged in multiple arc ; second, in series ; 
thirdf in two series joined in multiple arc. 
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prove*! eellii, having each an. eleetromotiTe 

W>hm8, iB pasied through a piece of platinnm 

^liameter for one minute. Find th.e amount 



ined of Beven Daniell'i cells in series are 
Iding Borew of a galvanometer is joined by 
\ reckoning from the copper end. "With 
Vther Hcrew of the galvanometer be oon- 
Vfleoted? 

8 expreiaed in termB of the niillimetre, 
i^lnd the multiplier for changing to the C.O.S. unit. 



CHAPTER SEVENTH. 

ACOUSTICAL. 

SECTION L.— MUSICAL SOUND. 

Art. 233. — Period and Frequency. It is a property of a 
vibrating body that it vibrates always in the same amount of 
time, whether the amplitude of its vibration is large or small, 
provided that the amplitude does not exceed certain limits, which 
differ for different bodies. For instance, if an iron bar be held in 
a vice, and the upper end be displaced from the perpendicular, 
the bar, when let go, will vibrate on either side of the perpen- 
dicular, each point in the bar performing a simple harmonic 
motion (Art. 123). Each succeeding vibration has a less ampli- 
tude than its predecessor, but the time occupied in making the 
vibration remains the same. This constant time is called the 
pmod of the body, and is expressed in terms of 

T per vibration. 
The vibration may be defined in one or other of two ways; either 
as the movement from one side to the other, or the movement 
from one side to the other and back again. The latter is the 
more appropriate definition ; for distinction it is sometimes called 
a complete vibration. 

The reciprocal idea is the frequency ; it is expressed in terms of 
vibrations per T. 

Art. 234. — ^Wave-length. A disturbance initiated at any part 
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of a material medium is propagated outwards in all directions and 
with a constant velocity, provided the medium is uniform. 
Let the velocity of propagation be 
V L per T, 
and the frequency n vibrations per T ; 
then, by eliminating the time-unit, we get 
vjn L per vibration- 
This gives us the idea of wave-length. The wave-length is the dis- 
tance-period, that is the uniform distance from one point of 
greatest condensation to the next point of greatest condensation. 
The reciprocal is 

n/v vibrations per L 

Art. 235. — Pitch, The pitch of a sound depends on the 
number of vibrations received by the ear per unit of time. It is 
the same as the frequency, when the spectator and the source of 
sound are at rest relatively to one another. 

If the spectator and the vibrating body move towards one 
another with a velocity v^ L per T, the velocity with which the 
vibrations will arrive will be t; + t^i L per T ; and as there are n/v 
vibrations per L, he will receive n{v + v-^jv vibrations per T. 

If they move from one another with a velocity v^ L per T, the 
velocity with which the vibrations will arrive will be t' - Vi L per 
T, and the spectator will receive n{v - v^jv vibrations per T. 

Art. 236. — Intensity. By the objective intensity of a source 
of sound is meant the amount of energy transformed per unit of 
time. It is expressed in the form 

fi W per T. 
Its amount at any time is proportional to the square of the ampli- 
tude of the vibrations. 

By the intensity of the sound at a given position in the medium 
is meant the amount of energy received per unit of time per unit 
of cross-section ; it is expressed in terms of 

W per T per S cross-section. 



MUSICAL SOUND. 289 

Suppose concentric spheres drawn round the source of sound. 
If there be no absorption, the same amount will pass across 
each, namely, 

fi W per T. 
Now, by Art. 87, 

47r S spherical surface = (L radius)*, 
hence the intensity is given by 

fi W per T = 47r S per (L radius)', 

i.e., ii W per T = S cross-section per (L radius)^, 

or iL W per T = steradian. 
Air 

The last form shows that the current through a constant cross- 
section is proportional to the solid angle subtended by the 
cross-section. 

The intensity perceived by the ear is the objective intensity per 
unit of cross-section, modified by diflference in sensitiveness to 
sounds of different wave-lengths. 



Examples. 

Ex, 1. Find the wave-length in air of a note making 50 vibra- 
tions per second, taking the velocity of propagation in air at 1100 
feet per second. 

50 vibrations = sec. , 
1100 feet = sec; 

-^- feet = vibration, 
50 

i.e., 22 feet = vibration. 

Ex, 2. An express train rushes past a station at the speed of 
40 miles an hour, and blowing a whistle, the frequency of which 
is 1000 vibrations per second. What will be the difference in 
pitch of the notes heard by a spectator as the train comes up and 

T 
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goes away I The velocity of sound in air is then 1090 feet per 
second. 

Velocity of train —^- — feet per second, 

t.«., 60 feet per second approximately. 

Hence on coming up 60 feet additional per second, 

and on going away 60 feet less per second ; 

but 1000 ., ^. o ^ 

-— vibrations per foot, 

1U»/V/ 

1000x120 ., ^. j./r J 

- - - - — vibrations difference per second, 

{.«., 110 vibrations difference per second. 



EXEBCISE L. 

1. Find the wave-length of a note making 1,000 vibrations per second, both in 
air and in water ; the velocity of sound in air being 1,100 ft. per sec, and in 
water 4,900 ft. per sec. 

2. A tuning-fork makes 256 vibrations per second, and the velocity of sound is 
340 metres per second; what is the value of the wave-leugth of the note 
l)roduced ? 

3. It is observed that 6^ seconds elapse between the flash and report of a light- 
ning discharge. At what distance did the discharge take place ? 

4. A stone is dropped down a well, and is heard to strike the bottom after an 
interval of 3 seconds ; determine the depth, the velocity of sound being 1,140 ft. 
per sec. 

5. Three observers are stationed, the first at a mile, the second at two miles, 
and the third at three miles from a gun. At 12 o'clock precisely the gun is fired; 
state the times at which the explosion will be heard at the several stations. 

6. Taking 1,120 ft. per sec. as the velocity of sound in air, find the number of 
vibrations which a middle C tuning-fork (which vibrates 264 times per second) 
must make before its sound is audible at a distance of 154 feet. 

7. A shot is fired at 500 yards, and a roan standing at a distance of 100 yards 
from the target hears the reports of the firing and of the impact at the same 
time. The time of flight of the shot is 1 sec; find the distance of the man from 
the place of firing. 

8. A locomotive moving at 100 ft. per sec. carries a steam- whistle which pi-o- 
duces 1,000 vibrations per second. What will be the pitch of the note heard 
by a person standing close to the rails before and after the locomotive has 
passed? Velocity of sound as in question 1. 
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SECTION LL— VELOCITY OF SOUND. 

Art. 237.— Eztensibility of a Solid. Suppose that a bar of 
a substance of unifonn cross-section is subjected to an equal pull at 
either end. The effect will be an alteration of the length of the 
bar ; and so long as the stretching force is not sufficiently great to 
strain the bar beyond the limit of elasticity, the extension is pro- 
portional to the force. The bar, in its strained state, exerts a 
force equal and opposite to the stretching force. The relation 
between the effect and the cause is expressed in the form 

€ L increment per L original = F per & 
This is called the exlensibUity of the solid. The reciprocal idea is 

l/€ F per S - L increment per L original ; 
it is called Young's modulus, or the modulus of elasticity, or the 
resilience due to longitudinal extension.* 

The rate of longitudinal compression, when the bar is subjected 
to an equal compressing force at either end, is expressed in terms 

of 

L decrement per L original = F per S. 
Its value is the same as that of the extensibility. 

Art. 238. — Compressibility of a Solid or Liquid. AVhen a 
solid or liquid is subjected to an equal increment of pressure all 
over the surface, the change of volume produced per unit of 
original volume is proportional to the additional pressure. The 
relation between the effect and the cause is expressed in the form 

c V decrement per V original = (F per S) increment. 
This is called the comp'fissibility of the substance. The reciprocal is 

1/c (F per S) increment = V decrement per V original; 
it is called the modulus of compressibility, or (by Everett) the 
resilience due to hydrostatic pressure. 

The expansibility of a solid or liquid is expressed in terms of 
V increment per V original = F per S. 
Its value is the same as that of the compressibility. 

* Everett, Units and Physical Constants, p. 47. 
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Art. 239.— Ccmpres^ibility of a Oas. In the case of a gas 
one value of the compressibility is true only for a small range of 
increase of pressure. Let the original pressure of a portion of gas 
be ^ F per S and its volume v V, and let the pressure be changed 
by a small amount 5p F per S. The volume will in consequence, 
there being no change of temperature, suffer a decrement &o V. 
Now by Boyle's Law 

pv F per S by V = (p + 8p) (i? - 5v) F per S by V, 
jw =^ + 8p X » - j? X 5i? — 5p X 5r. 
As ^ and ^ are each small fractions, their product ^ x St; will be 
still smaller, and may be left out of account. Hence 

^ _\ 
t? X Sp p* 

Now 5- is the value of V decrement per V original = F per S ; 

.', - is the value of the compressibility, and p the value of the 

modulus of elasticity. 

Observe that Sv and ^ each denote one numerical value ; the 
S is used to denote that the value is small. 

Art. 240. — ^Velocity in a Solid or Liquid. In a solid 
medium the square of the velocity of sound is directly proportional 
to the modulus of elasticity and inversely proportional to the 
density. Thus 
/: (L per T)"^= F per S per (L inct. per L origl.) per (M per V). 

If F, S, and V are each systematic units, then 
1 ( L per T)2 = (M by L per T per T) per L^ per(L inct. per L origl.) 

per (M per L^). 

The dimensions of the right-hand expression are the same as 
those of the left-hand expression. 

For a liquid we have the same law, only compressibility is sub- 
stituted for extensibility ; thus 

Z; (L per T)^ = F per S per (V inct. per V origl.) per (M per V); 
and k is equal to 1, when all the units are systematic. 
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Art. 241. — Velocity in a Gas. The same law modified holds 
for a gas. The modulus of elasticity of a gas has the same value 
as the pressure (Art. 239) ; but the law 

1 (L per T)2 = (F per S) total per (M per V) 
does not hold, though the units are systematic, on account of the 
development of heat during the compression, by means of which 
the sound is propagated. The true law is 

y (L per T)^ = (F per S) total per (M per V), 
where y denotes the value of the ratio of the specific heat of the 
gas at constant pressure to the specific heat at constant volume 
(Art. 184); namely 1*408. The unmodified law is called New- 
ton's Kule. 

Since for a gas we have 

R e total = (F per S) total per (M per V), 
the total temperature being measured from the absolute zero, 
by means of the above law we deduce 

7(LperT)2 = 5etotal, 
or y/i? (L per T)2 = total 

The velocity of sound in dry air at 0* C. is 332 metres per second. 

Art. 242.— Frequency of a Stretched String and of an Organ 
Pipe. The square of the velocity with which a disturbance 
travels along a stretched string is directly proportional to the 
stretching force, and inversely proportional to the line-density. 
If the units are systematic, 

1 (L per T)^= F per (M per L), 
that is, = (M by L per T per T) per (M per L). 

The disturbance has to travel twice the length of the string 
before it makes a complete vibration ; hence 
2 L per vibration = L string. 

This is the fundamental wave-length. The string can also make 
a vibration in one half, one third, one fourth, etc., of the funda- 
mental wave-length. The frequencies corresponding to these wave- 
lengths are called the liarmonics of the fundamental frequency. 
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In the case of an open organ pipe, 

2 L per vibration = L length of pipe, 
and when the pipe is stopped, 

4 L per vibration = L length of pipe. 



Examples. 

Ex. 1. Water is diminished 1/21000 of its bulk by an additional 
atmosphere of pressure. Find the modulus of compressibility. 

1/21000 V decrement per V = atmosphere additional, 
21000 atmospheres = V per V, 
76 X 13*6 gm. weight per sq. cm. = atmosphere ; 
.-. 21000 X 76 X 13*6 gm. weight per sq. cm. = V per V, 
t.e., 2*16 X 10^ gm. weight per sq. cm. = V per V. 
or 21 -6 gm. weight per sq. cm. = 10"® V decrement per V. 

Ex. 2. The velocity of sound being 33300 cm. per sec. at 
0° C. and 760 mm. pressure ; what is it when the temperature 
is 25° C. and the pressure 745 mm. ? 

It is independent of the change of pressure. 

33300- (cm. per sec.)^ = 273 deg. Cent., 
273 + 25deg. Cent, 

^'^^J;^^ 33300^ (cm. per sec.)=; 



33300A/^-cm. per sec.; 
i.e., 34800 cm. per sec. 



Ex. 3. The mass of a cubic foot of wrought iron is 480 lbs. 
The velocity of sound in an iron bar is 17,000 feet per sec. 
Find the force required to elongate an iron bar of one square 
inch sectional area by 1/10000 of its original length. 

Let the modulus be 
fjL lb. by ft. per sec. per sec. per sq. ft. per (ft. inct. per ft. origl.) ; 
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the density is 480 lb. per cubic foot; therefore (Art. 240) tho 
velocity of sound along the bar is 



4. 



j^ feet per sec. 



But this is 17,000 feet per sec, 

ft = 170002x480. 
Hence 170002 x 480 poundals = sq. ft. by (ft. per ft), 

TIT sq. ft. by (txtW ^^- P^r ^0 i 

170002 X 480 , , 

144 X 10006 P"^^^^^' 

Or at a place where gravity is 32*2 ft. per sec. per sec, 

170002 X 480 A ' x.^ 

144x10000x32-2 P^^^^-weight, 

i.e., 2992 pound-weight. 

Ex, 4. Calculate the lowest number of vibrations per second 
of a pianoforte wire 6 feet long, \ oz. to the foot, stretched by 
a tension of 10 lbs. weight. 

The line-density is - — — lb. per foot, 
4x16 

The stretching force is 

10 X 32 -2 lb. by ft. per sec. per sec; 

.-. the velocity of the disturbance along the wire is 

^/lO X 32-2 X 4 X 16 ft. per sec, 

Le,, 8 ^/322 ft. per sec 

Now 2 ft. per vibration = ft. wire, 

6 ft. wire ; 

1 2 ft. per vibration ; 

8n/322 



12 



■ vibrations per sec; 



i.e,, ^ vibrations per sec, 

o 

ue.y 12 vibrations per sec. 
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EX^OISE LI. 

1. The Telocity of sound in air at 0' C. is 333 metres per second ; what is it at 

2rc.? 

2. One o^dook is signalled by a time-gun, at what time will the si^^al be heanl 
by a person at the distance of one mile, the temperature being 70* F.? 

3. Assuming the velocity of sound in air to be 1,120 ft. per sec, determine the 
length of the wave produced in air by a tuning>fork which vibrates 384 times per 
second. Determine also the length of an open organ pipe which would yield the 
same note as the tuning-fork. 

4. The length of the column of air which resounds most freely to a given 
tuning'fork is 32*2 cm.; if the velocity of sound in air be 33,000 cm. per aeoond^ 
determine the frequency of the fork. 

5. Find the number of vibrations made in a second by an organ pipe 16 ft. lon^, 
open at both ends, soimding its fundamental note, the velocity of sound in air 
being 1,100 ft. per sec. 

6. When the velocity of sound in air is 1,100 ft. per sec., how many vibrations 
per second are made by a closed organ pipe 4 feet long, sounding its funda- 
mental note ? 

7. Calculate the frequency of an open organ pipe 3 ft. long sotuiding its 
fundamental note, when the temperature is such that the velocity of soiind is 
1,092 ft. per sec. By how many would the frequency be increased by a rise of 
temperature of the air to the extent of 2*74 deg. Cent. 

8. A pianoforte wire, 5 ft. long, which weighs 14 lbs. per nautical mile, is 
stretched with a pull of 100 lbs. Find the number of vibrations made per 
second when it is sounding its lowest note. 

9. Supx>osing, at any particular time and place, the pressure of the atmosphere 
to be 14} lbs. to the square inch, and a cubic foot of it to weigh 536 grains, and 
the intensity of gravity to be 32*2 ft. per sec. per sec, what would be the velocity 
of sound in air, there and then, according to Newton's rule. 



CHAPTER EIGHTH. 

OPTICAL. 
SECTION LIL— PHYSICAL. 

Art. 243. — Light. The term light may be used in two senses; 
first, as equivalent to radiant energy; second, to denote that 
species of radiant energy which aflfects our organs of vision. 
Both of these quantities are properly measured in terms of W, 
the unit of energy, or rather, in terms of W per T, the unit for 
current of energy. In measuring the subjective quantity it is 
difficult to give proper weight to the preference exercised by the 
organs of vision for particular kinds of radiation. 

Art. 244. — Intensity of a Source. Suppose that we have a 
single source of light placed in a homogeneous medium, and that 
it is sending forth a constant current 

fi W per T. 
The light will be propagated in straight lines and equally in all 
directions. Suppose a spherical surface drawn round the source, 
having the source for centre. Any small portion of this surface 
will be cross-sectional to the direction of the current at the place, 
and the whole amount of cross-section is given by (Art. 87) 

47r S cross-section per (L distance)^. 
The total current crossing this surface is the same as that emitted 
by the source, provided none of the light is absorbed by the 
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medium. Hence the current per unit of cross-section at unit 
distance, or the intensity of the source at unit distance is given by 
lijiv W per T = S cross-section per (L distance)^, 
- steradian (Art. 88). 

Art. 245. — Illaminating Power. By the iUuminating power 
of a source of light is meant the relative intensity as judged by 
the human organs of vision. If two sources emit the same kind 
of light, that is, light of the same colour, their illuminating 
powers are strictly comparable. The comparison is commonly 
effected by finding the distances at which they produce equal 
illuminating effects as judged by the eye. 

When two sources emit white light, their illuminating powers 
are also comparable, and the more so the greater the agreement 
in composition of the two lights. 

Art. 246. — Standards of Light. Hitherto it has been the 
custom to measure illuminating power by means of a standard 
source. The English standard source is a sperm candle burning 
120 grains per hour, six of the candles weighing one pound. The 
French standard source is a Carcel burner; it is equal to 9*3 
standard candles. 

The Paris Congress of Electricians appointed a committee to 
report on a standard of light, and recently the following standard 
was adopted. The unit of each kind of simple light is the quan- 
tity of light of the same kind emitted in a normal direction by a 
square centimetre of surface of molten platinum at the temperature 
of solidification. The practical unit of white light is the quantity 
of light emitted normally by the same source. 

Art. 247. — Luminosity ; Brightness. The luminosity of an 
incandescent surface may be defined as the amount of current of 
light emitted per imit of surface. 

The brfghtness of an object is estimated by the light received 
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on the surface of the eye when directed towards the object per 
unit of solid angle (Art. 88), subtended by the object at the eye.* 

The term brightness is also used to denote the subjective 
intensity of the current of light received from a small luminous 
bod}^ such as a star or planet. 

Art. 248. — Wave-length. The kinds of radiant energy are 
distinguished by diflferent values of wave-length. The class of 
visible rays have smaller wave-lengths than the class of heat 
rays, and the photographic rays have smaller wave-lengths than 
the visible rays. The velocity of propagation in space is the 
same for all, namely, 300 million metres per second according 
to the most recent experiments. From the wave-length and 
the velocity the frequency can be deduced as in the case of 
sound (Art. 234). 

Wave-lengths in Air fob the Lines in the Solab Spectrum. 
X mUlionths of a millimetre per wave. 



Namfl of 
Line. 


Substance. ' 


X 


Name of 
Lino. 




X 


Visible portion of Spectrum. 




Ultra- Violet portion. 


A 


Atmospheric 


760 


L 




382 


B 


Atmospheric 


687 


M 




373 


C 


Hydrogen 


656 


N 




368 


I)i 


Sodium 


590 







344 


D. 


Sodium 


689 


P 




336 


E 


Iron 


627 


Q 




329 


b 


Magnesium 


517 


R 




318 


F 


Hydrogen 


486 


S 




310 


G 


Iron 


431 


T 




302 


h 


Hydrogen 


410 


U 




295 


H 


Calcium 


397 




Ultra-Red 


portion. 


K 


Calcium 


393 j 

1 


A^'^ 




1444 






* Tait, Lii 


ilht, p. 33 


. 
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The rate at which vibrations are received by the eye is the 
same as the rate at which they are emitted by the luminous 
body, provided that the distance between the spectator and the 
luminous body remains constant. A velocity of separation or 
approach modifies the rate of reception, and consequently the 
sensation of colour, in the same manner as it modifies the pitch of 
a musical sound (Art. 235). 

Refractive Index of Solids and Liquids foe Sodium Light (D Line). 



fi L parallel per L along m air = L parallel per L along in substance, 

about 18* C. 


Solid. 




/* 




Liquid. 


M 


Canada balsam, 




1-53 




Alcohol, . 


1-36 


Diamond, 




. 2-47 




Benzol, 


. 1-50 


Glaas, crown, 




1-52 




Bisulphide of carbon, 


, 1-63 


GIms, flint. 




1-6 




Chloroform, 


1-46 


Ice, 




. 1-31 




Ether, 


1-36 


Iceland spar. 




1-66, 


1-49 


Oil of cassia, 


1-60 


Phosphorus, 




. 214 




Oil of turpentine, 


1-47 


Quartz, . 




1-54, 


1-55 


Olive oil, . 


1-48 


Bocksalt, . 




. 1-64 




Petroleum, 


1-46 


Sulphur, . 


. 1-9 


5, 204, 


2-24 


Water, . . . . 


1-33 



Absolute Refractive Index of Gases fob Sodium Light. 



n L parallel per 


L along in vacuum = 


= L parallel per L along in 
and 760 mm. 


gasatO'C. 


Oas. 


n 


G(M. 


n 


Air . . 
Hydrogen, . 
Nitrogen, . 


. 1-000294 
. 1000138 
. 1000300 


Oxygen, . 
Carbonic acid, , 
Nitrous oxide, . 


1000272 
1-000449 
1000503 



Art. 249. — Befractive Index. When a ray of light passes 
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from one medium -4 into another medium B, it is bent out of its 
former straight course in such a manner that the ratio of the sine 
of the angle of incidence to the sine of the angle of refraction is 
constant. This physical ratio is expressed by 

ft L parallel per L along in ^ = L parallel per L along in B, 
By " parallel " is meant parallel to the surface of separation of 
the medium. 

This ratio, of which ft denotes the value, is called the refractive 
index of the medium B relatively to the medium A. The values 
are commonly given in terms of air, as a standard incident 
medium. When the incident medium is vacuum, or, to speak 
more properly, the pure ether, the index is called the absolute 
index for the medium B, 

Refractive Index and Dispessive Power op Water and Glass. 



At/» 



Mi? 



— ^ degrees dispersion = degree of refraction. 



Kind of Light. 


Water at 19' C. 


Crown Glass (hard). 


Flint Glass, extra 
dense. 


A 


1-329 


1-512 


1-639 


B 


1-330 


1-514 


1-643 


C 


1-331 


1-516 


1-645 


D 


1-333 


1-517 


1-650 


E 


1-335 


1-520 


1-668 


F 


1-337 


1:623 


1-664 


G 


1-341 


1-528 


1-677 


H 


1-344 


1-533 


1-689 


Dispersive power, 








HE- I 


•030 


•025 


•040 



Art. 250. — Dispersion ; Dispersive Power. The value of the 
refractive index is different for the different kinds of light, 
being greater the smaller the wave-length. The angle between 
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the extreme red and the extreme violet rays is called the 
dispersimi. 

By the dispersive power of a substance is meant the ratio of 
the dispersion produced to the angle by which the mean visible 
ray has been refracted ; hence it is expressed in the form 

h degs. dispersion of extreme rays = deg. refraction of mean ray. 
The rays corresponding to the Fraunhofer lines C and G may 
be taken for definite extreme rays, and that corresponding to 
E for the mean ray. Let figj f^oi f^ju denote the respective in- 
dices of refraction of the substance for the rays mentioned. 
Then the dispersive power of the substance is 

'^^ - '^^ degrees dispersion of G from (7 = degree refraction of B. 

Art. 251.— Eotary Power ; Apparent Eotary Power. When 
a beam of polarized light is passed through a plate of quartz, 
the plane of polarization after emergence is found to be turned 
in the one or the other direction round. The amount of the 
change is proportional to the thickness of the plate. Hence we 
have a constant called the rotary power of a substance, 
a degrees rotation = L thickness of substance. 
When the active substance is a liquid, or is dissolved in an 
inactive liquid, it is more convenient to consider the apparent 
rotary power, which is expressed by 

[a] degrees rotation = L length of liquid x M of active substance 

per L^ of liquid. 

Rotary Power of a Crystal for Sodium Light. 
a degrees rotation = mm. thickness of crystal. 



Crystal. 



Quartz, 
Sodium chlorate, 



Crystal. 



+ 21-7 Hyposulphate of lead, . 5-5 
3*2 Potassium hyposulphate, . 8*4 
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Apparent Rotary Power fob Sodium Light. 



[a] degrees rotation = dm. length of 


liquid X gm. of active substance per 
c.c. of liquid. 


Active Svhstance, 


[a] 


Active Svhstance, 


[a] 


Cane-sugar, 


. +07 


Cinchonine, . 


+ 235 


Milk-sugar, 


. -i-54 


Tartaric acid, 


+ 15 


Lactose, . 


. +80 


Oil of turpentme, . 


+ 14 


Grape-sugar, . 


. +53 


j> 


- 37 


Camphor, 


. +55 


Quinine sulphate, . 


- 164 



Examples. 

Ex. L A lamp and a candle, placed at 10 feet and 3 feet dis- 
tance respectively from a screen, illuminate it to an equal extent. 
Compare the illuminating power of the lamp with that of the 
candle. 

The currents of light from the candle and from the lamp are 
equal at the screen. Take that current as unit, and denote it by 
W per T per square foot. The intensity of the candle at unit 
distance then is 

1 W per T = square foot by ^ (foot distance)-, 
i.e., 9 W per T = square foot by (foot distance)-, 

i.e,, 9 W per T = steradian. 

Similarly, the intensity of the lamp is 

100 W per T per steradian. 
Hence the intensity of the lamp is 100/9 of that of the candle; 
that is, 1 1 nearly. 

Ex, 2. Find the number of vibrations per second made by 
sodium light (D line), and the period of vibration of a sodium 
atom. 

The wave-length is 590 millionths of mm. = vibration, 
i,e., 59 X 10"^ metres = vibration. 
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The velocity of light is 300 x 10^ metres = second, 
t.«., 3x10® metres = second. 

'J'herefore the frequency is 

3 X 10* vibrations =s 59 x 10'® seconds, 
*•«•> 7 9 '^ 10" vibrations = second, 
ie., 5 085 x 1 0^* vibrations = second. 
Hence tlie reciprocal 

1 -97 X 10" " second = vibration 
is the period of vibration of a sodium atom. 

Ex, 3. The refractive indices of water and glass relatively to 
air are 1*33 and 1*52; what is the refractive index of glass 
relatively to water. 

1 '33 L parallel in air == L parallel in water, 

1*52 L parallel in air= L parallel in glass ; 

multiply cross-wise, leaving out the unit common to both sides, 

1*52 L parallel in water = 1-33 L parallel in glass, 
t.e., 1*14 L parallel in water = L parallel in glass. 

Ex, 4. Find the rotation produced by a column of solution of 
cane-sugar, 20 cm. in length, having a strength of 15 gm. per 100 
cubic cm. 

67 degi-ees = 10 cm. length by (gm. per c.c), 
20 cm. length by 15 gm. per 100 c.c, 
67x20x15 , 
-10x100-'*^^^^'' 
t.e., 20*1 degrees. 

EXERCISE LII. 

1. A gas jet 16 feet and a candle 4 feet from a photometer are found to iUumi- 
nate it equaUy. Compare the quantities of Ught emitted from the two sources. 

2. Two gas jets with 6-ft. and 8-ft. burners, when placed at distances of 8 
feet and 6 feet from a screen, produce equal illumination ; compare their illu- 
minating powers. 

3. A standard candle is placed one yard behind a paper screen having a 
grease spot ; at what distance in front must a Carcel burner be placed to neu- 
tralize the illuminating effect of the candle ? 
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4. A pencil is held before a paper screen which is simultaneonsly illuminated 
by a standard candle and a gas-burner. The standard candle is at a distance 
of 18 inches, and it is found that the burner is at a distance of 40 inches, 
when the shadows cast on the screen by the pencil are equally dark. Find 
the illuminating power of the burner. 

5. Express the velocity of light in terms of the earth-quadrant and second. 

6. Assuming the velocity of light to be 200,000 miles per second, and the 
wave-length for a green colour to be the 40,000th part of an inch, how many 
vibrations will it make per second ? 

7. The wheel constructed by Fizeau to determine the velocity of light had 
720 teeth and the width of a notch was equal to the width of a tooth. An 
angular speed of 12*6 revolutions per sec. stopped completely on its return a ray 
which had passed through the notch and been reflected back in the same line 
by a mirror at the distance of 8,663 metres. Calculate the velocity of light. 

8. If the refractive index of a ray of light in passing from air to water be 
4/3, and in passing from air to glass 3/2; find what it is for passing from 
water to glass. 

9. The angle of incidence being 60', and the index of refraction being a/3, 
find the angle of refraction. 

10. A ray of light falls at an angle of 45' upon the separating plane between 
air and glass. Determine its path, firsts when the incident ray is in the air ; 
and secondly, when it is in the glass. 

11. Find the dispersive power of water, flint-glass, and crown-glass, taking tbe 
rays A^ Ej and D. 

12. The indices of refraction of the extreme and mean rays being assumed an 
1-.5466, 1-5258, 1*5330 for crown-glass, and as 2*4670, 2*4110, 2*4390 for diamond^ 
compare the refracting powers and the dispersive powers of the substances. 



SECTION LIIL— GEOMETEIOAL. 

Art. 252.— Plane Mirror. When the light from a luminous 
point is reflected by a plane mirror, the image is in the same 
perpendicular with the luminous point, and at a distance behind 
the mirror equal to the distance of the point before the mirror. 
Hence the dimensions of the image of an object are given by 

1. L distance in image = L corresponding distance in object. 

Art. 253.— Spherical Mirror. Let the radius of the mirror 
be denoted by r L When a luminous point is at the distance 
u L along the axis from the mirror, the distance of its image 

u* 
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from the mirror along the axis is i; L, t' being such that 

u V r 

The unit which is implied in this equation is evidently the 
unit of curvature (Art. 74). The full meaning of the equation 
is that the arithmetical mean of the curvatures at the mirror 
due to the distances of the point and its image is equal to the 
curvature of the mirror. 

When the source of light is at an infinite distance from the 
mirror along the axis, l/u=0, and therefore v=r/2. This dis- 
tance of the image is called the focal length. 

Let dL he the distance of an object from the centre of the 
mirror, and d' L the distance of its image, then 

d'/d L length in image = L corresponding length in object. 



i,e,. 






Art. 254— Refraction at a Plane Surface. When a luminous 
point inside a refracting medium is looked at perpendicularly 
to the surface, the image is in the same perpendicular with the 
luminous point, and its distance is given by the ratio 

1/ft L behind = L behind of point 
Hence the image of an object of moderate size is altered in the 
perpendicular direction according to the above ratio, and is 
unaltered in the two transverse directions. 

Art. 255. — Lens. Let a double-convex spherical lens have 
radii of curvature r L and r' L, and let the refractive index of 
the glass relatively to the air be ft. When a luminous point 
is at a distance u L along the axis from the central point of 
the lens, its image is in the same axis at a distance v L, such 

that l^l=(^_l)(iaV 
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= (/x-l)?, 
r 

if / = r. 

The focal length is the reciprocal of the constant value on the 
right hand ; it is denoted by the single letter /. 

The dimensions of the image are given by the scale 

vju L distance in image = L corresponding distance in object, 
or (V"f)lf „ „ = „ „ 

Examples. 

Ex, 1. An object, 6 inches long, is placed symmetrically on 
the axis of a convex spherical mirror, and at a distance of 1 2 
inches from it; the image formed is found to be 2 inches long. 
What is the focal length of the mirror 1 
By Art. 253. _/„ = 2 

12-/ ^' 

/=3. Afis. — 3 inches. 

Ex, 2. The focal length of a lens in air is 5 feet. The refrac- 
tive index of glass and water being 3/2 and 4/3 respectively with 
respect to air, find the focal length of the lens when placed in 
water. 1 / i\ /I 1 \ 



i = (t-l)(^J> 



Now the refractive index of glass relatively to water is (Ex 3, 
above) f x f ; hence 

);=a-i)i, 

__ 2 
-TXT* 



/' = 20. Hence 20 feet 
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EXERCISE LIII. 

1. A candle-flame is placed at a distance of 3 feet from a concave mirror formed 
of a portion of a sphere, the diameter of which is 3 feet. Determine the positioo 
of the image of the candle-flame produced by the mirror, and state whether it is 
erect or inverted. 

2. The radius of a convex mirror is 6 inches. If the linear dimensions of an 
object be twice those of its image, where must each be situated ? 

3. A straight stick is partially immersed in water. The image, when looked at 
normally, is inclined at 45° to the surface, and the index of refraction is 4/3. 
Find the inclination of the stick. 

4. A bright point, 6 inches above the surface of still water, is reflected from 
the bottom of the vessel, which is 2 feet deep, as well as from the surface of the 
water. Find the positions of the images formed by the reflections. 

5. The eyes of an angler in air and of a salmon in water being supposed each 
12 feet from the separating plane of their media ; if those of the salmon appear 
to the angler but 9 feet below it, how far above it will those of the angler appear 
to the salmon ? 

6. A convex lens, held 12 inches from the wall, forms on the wall a distinct 
image of a candle ; when the lens is held 6 inches from the wall, it is found that 
the distance of the candle from the lens must be doubled to produce a distinct 
image on the wall. Find the focal length of the lens. 

7. On a double convex lens, of 10 inches focal length, light is incident from a 
point 6 inches from the lens. Find the position of the focus. 

8. A small object 0*1 inch long is placed at a distance of 3 feet from a convex 
glass lens of 12 inches focal length. What is the length of its image, and its 
distance from the lens ? 

9. The focal length of a convex lens is 1 foot. Determine the position and 
the character of the image of a small object in the axis of the lens at distances 
respectively of 20 feet, 2 feet, 10 inches, and 1 inch. Determine also in each 
case the size of the image compared with that of the object, 

10. The chief focal length of a lens is 12 inches ; how far must I place a 
luminous object from the lens in order to obtain an image twice as large every 
way as the object ? 

11. Find the geometrical focus of a small pencil of rays refracted through a 
double convex lens, the radii of which are 9 and 18 inches, and the refractive 
index 3/2, the origin of light being at a distance of 12 inches. 



CHAPTER NINTH. 

CHEMICAL. 

SECTION LIV.— COMPOSITION. 

Art. 256.— Composition of a Substance. Suppose that a 
substance is formed by the combination of three elementary- 
substances, J, B, and 0, and that a M of ^, & M of :5, and c M 
of C have been used up in forming the substance. A substance is 
perfectly homogeneous throughout; hence, as in the case of a 
homogeneous mixture (Art. 25) but with much greater exactness, 
aMof^ + 5Mof^ + cMofC = a + 5 + cMof substance. 

Partial equivalences and equivalences of the tangent kind are 
derived as in the case of mixture. Thus the composition is fully 
given by taking together the equivalences 

b/aMofB=M of^;andc/aM ofa=M of^. 
From these two ratios the third 

c/hM ofC=M ofB 
follows by necessary consequence. 

These ratios differ from the corresponding ratios of a mixture 
in the respect that they are each limited to a few values. 

Art. 257. — Combining Weight. Suppose that aM o{ A and 
bM oi B unite to form a substance X The composition then is 
aMofA+bMofB = a + bMo{X, 
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and the combining weight (by which is meant the combining 
mass) of B relatively to A for the substance X is 

J/aMof^ = Mof^. 
But VIA of ^ may combine with a M of -^ to form another sub- 
stance F, so that 

aMof^ + 6'Mof^ = a + yMof y; 
and the combining weight of B relatively to -4 is in this case 
hjalA ofB = M of A. 
It is found that the value b'/a is either a multiple of Z>/a, or is 
related to b/a by a simple fraction. 

For example, the ratio of oxygen to hydrogen in water is 
8 M of oxygen = M of hydrogen ; 
while in the case of peroxide of hydrogen it is 

16 M of oxygen = M of hydrogen. 
By comparing the several elements directly or indirectly with one 
element, a set of combining weights can be formed. The standard 
element is hydrogen, and the set of combining weights which has 
been chosen is exhibited in the following table. The values have 
been deduced from a comparison of those published by Meyer and 
Seubert with those published by Clarke. 

Combining Weights of the Elements. 
r M of element = M of Hydrogen. 



Nota- 
tion. 


Name. 


r 


Nota 
tion. 


Name. 


r 


Ag 


Silver {Argentum), 


107-66 


G 


Carbon. . 


11-97 


Al 


Aluminium, 


27 


Ca 


Calcium, . 


40 


A8 


Arsenid, . 


74-9 


Cd 


Cadmium, 


112 


Au 


Gold (Aurum), 


196-2 


Ce 


Cerium, . 


141 


B 


Boron, . 


10-9 


a 


Chlorine, 


35-37 


Ba 


Barium. . 


136-8 


Co 


Cobalt, . 


58-6 


Be 


Beryllium, 


9 1 


Cr 


Chromium, 


52 


Bi 


Bismuth, 


208 


Cs 


Caesium, 


133 


Br 


Bromine, 


79-75 


Cu 


Copper {Cnpriim)y 


63-2 



COMPOSITION. 
Combining Weiohts of the Elements. — Continued, 
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Nota- 
tion. 


Name. 


r 


Nota- 
tion. 


Name. 


r 


D 


Didymium, 


145 


Pd 


Palladium, 


106 


E 


Erbium, . 


166 


Pt 


Platinum, « . 


194-4 


F 


Fluorine, 


19 


Rb 


Rubidium, 


85-2 


Fe 


Iron {Ferrum),, 


55-9 


Rh 


Rhodium, 


104 


O 


Gallium, 


69 


Ru 


Ruthenium, . 


103-5 


H 


Hydrogen, 


1 


S 


Sulphur, 


31-98 


Hg Mercviry{Hydrargyrun 


i) 199-8 


Sb 


Antimony {StiUum), 


120 


I 


Iodine, . 


126-55 


Sc 


Scandium, . i 


44 


In 


Indium, . 


113-4 


Se 


Selenium, 


78-8 


Ir 


Iridium, . 


193 


Si 


Silicon, . 


28 


K 


Potassium {Kalium), 


39-03 


Sn 


Tin {Stannum\ 


118 


La 


Lanthanum, 


139 


Sr 


Strontium, 


87-3 


Li 


Lithium, 


7-01 


Ta 


Tantalum, 


182 


Mg 


Magnesium, . 


24 


Te 


Tellurium, 


128 


Mn 


Manganese, 


54 


Th 


Thorium, 


232 


Mo 


Molybdenum, . 


96-8 


Ti 


Titanium, 


50 


N 


Nitrogen, 


14-01 


n 


Thallium, 


204 


Na 


Sodium [Natrium), . 


23-00 


U 


Uranium, 


240 


Nb 


Niobium, 


94 


V 


Vanadium, 


51-2 


m 


Nickel, . 


58 


W 


Tungsten, 


184 





Oxygen, . 


15-96 


T 


Yttrium, 


90 


08 


Osmium, . 


197 


Tb 


Ytterbium, 


173 


P 


Phosphorus, . 


30-96 


Zn 


Zinc, 


64-9 


Pb 


Lead {Plumbum), 


206-4 


Zr 


Zirconium, 


90 



Art. 258.— Empirical Formula. The symbols Ag, Al, etc., 
may be used in a qualitative sense merely, or they may have a 
quaatitative signification attached. In the latter case the quan- 
tity attached to the qualitative meaning of the symbol is the 
value of the combining weight. 

If the combining weights of A, By C, the elements forming a 
compound are a, p, y relatively to hydrogen, and the multiples 
according to which the^e combining weights occur in the par- 
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ticular substance^, q, r ; then the compositioii of the substance is 
palA oi A-^-qPlA oi B + rylA oi C=pa + jj8 + ry M of compd.; 
and an empirical formula for the compound is derived by a short 
notation for this equivalence, namely, Ap B^ Cr reduced to its 
simplest form. 

The notation A^ B, Cr in its simplest form expresses the com- 
bining weight of the compound, and it also serves for a name, 
excepting in the case of the class of substances which have the 
same chemical composition, but different physical properties. 

Art. 259. — Percentage Composition. The composition of a 
substance A^ B^ Cr is 

j?a M of ^ + g-jS M of -B + ry M of C^pa + (^j8 + ry M of subst 
This equivalence will remain true, after each term is multiplied 
by 100 and divided by pa + qp-^ ry. Hence 

pa + qp + ry pa + qp + ry pa-\-qp + ry 

= 100 M of substance. 
Let the values of the three percentages be respectively Uj, n^ n^ 
Then we deduce the equations 

pa n^ pa n^ 
There are only two independent equations. Hence from the 
percentage data given by analysis we can determine only the 
ratios to one of the elements of each of the remaining elements, 
that is, the empirical formula. To determine the molecular for- 
mula an additional datum is required (Art. 266). 

Art. 260.— Composition by Volume. Suppose that the three 
elements A^ By G are gases, having at a common temperature and 
pressure the bulks x^y^z^ per M. Let the composition by mass 
of a substance X formed by them be 

palA ofA + qpM ofB + ryM of 0==pa + qp -{-ryM of X 
The composition by volume is obtained by finding the volumes of 
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the several components. The volume of A is ipax, etc.; therefore 
the composition by volume is 

p€xx V of ^ + qPy y oi B-\-ryz\/ of C=pa + g-^ + ry M of X 
The mass of a compoimd is necessarily equal to the sum of the 
masses of its components ; but a similar statement is not true for 
volume. 

Here the composition by volume is deduced from the composi- 
tion by mass, in the same manner as in the case of mixture of a 
commodity the composition by value is deduced from the com- 
position by mass (Art. 26). 

Art. 261. — Strength of a Solution; Solubility. The com- 
position of a solution is expressed in the form 

g- M of solid + (1 - 2) M of solvent = M of liquid. 
The strength of the solution is expressed by 

ql{\ - g) M of sohd dissolved = M of solvent. 
The ratio ^/(l - 2') is not restricted to a few values like a ratio of 
combination, but may have any fractional value up to a certain 
limit, which depends on the temperature of the solvent. 

By the solvhUUy of a solid in a liquid at a given temperature 
is meant the maximum value of the strength. The reciprocal idea 
is the minimum value of 

(1 - q)lgi M of solvent = M of solid dissolved ; 
it gives the idea of resistance to solution. 

Art. 262. — Absorptive-power. The solution of a gas in a 
liquid is called absorption. The composition of the solution is 
expressed by 

2' M of gas absorbed + (1 - j) M of solvent = M of liquid, 
and the strength of the solution by 

9il0- - S') M of gas absorbed = M of solvent. 
If the bulk of the gas before absorption is v V per M, then 

qvjQ. - 3') V of gas absorbed = M of solvent ; 
and if. the density of the absorbing liquid is /) M per V, then 

qypH). - j) V of gas absorbed = V of solvent 
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The absorptive power of the substance is the maximum value of 
any one of these three equivalent rates. 

Examples. 

Ex, 1. — Calculate the percentage composition of nitric acid. 
The formula is HNO^ ; hence the composition is 
1 M of jBr+ 14 M of i\r+3 X 16 M of (9 = 1 + 14 + 48 M oi HNO^ 

Hence , ^^^ ,, M of H=^ 100 M of HNO^, 

1 + 14 + 4o 

Le., 1 -6 M of jff = 100 M of HNO^, 

Similarly 22-2 M of N= 100 M of HNO^, 

and 76-2 M of (9 = 100 M of HNO^ 

Ex. 2. — ^Dumas foimd that water contains 88-864 per cent, 
of oxygen. Deduce the empirical formula for water. 
88-864 M of 0+11 -136 M of j?=100 M of water, 

.-. |^MofO=Mof^; 

but n X 15-96 M of (9= M of jff, 

88-864 



» = - 



11-136 X 15-96 

= i. 
Hence EO^ or H^O, 

Ex, 3. — Find the empirical formula of a substance the analysis 
of which yields the following results — Carbon 20*00, Hydrogen 
6-67, Nitrogen 46-67, Oxygen 26-66. 
Let it be G^^OrHy then 

^12Mof(7=Moffi^, 
jl4MofiV^=Mofir, 
r 16Mof(9=Mofir; 

hence i^l^^^^, 

_ 500 _. 
' ' ^ 2001 *' 
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Similarly q is found to be ^, and r to be J. Hence the empirical 
formula is G^N^O^ or CN^OH^. 

Ex, 4. — From the following data calculate the composition 
of water by weight, the density of oxygen being 15*96. 
Volume of oxygen taken 96*45 

Volume of oxygen + hydrogen 567*26 
Volume after explosion 271*06. 

Let V denote the unit of volume. 
95*45 V of combined, 
271*06 V of 5^ left, 
366*41 V of combined plus H left ; 
but 557*26 V of combined plus H combined plus H left, 

190*85 V of JT combined. 
Hence the composition of water is 

95*45 V of + 190*85 V of 5", 
i.e., 1 Vof + 2 Vof JT. 

But 15*96 M per V of = M per V of H, 

15*96 M of + 2 M of^, 
or 7*98 M of 0+MofH. 

EXERCISE LTV. 

1. State the composition of ferrocyanide of potassium, and of hyposulphite 
of soda. 

2. How much carbon is there in 100 grammes of marsh gas? 

3. Give the percentage composition of iron pyrites and of epsom salt. 

4. What is the percentage composition of calomel, corrosive sublimate, oxalic 
acid? 

5. Calculate the percentage composition of mercurous nitrate. 

6. As the result of nineteen experiments Dumas found that 840*161 grammes 
of oxygen were consumed in the production of 945*439 grammes of water. 
Calculate from that datum the percentage composition of water by weight. 

7. The percentage composition of a body is 

Carbon 54*55 
Hydrogen 9*09 
Oxygen 36*36 

100*00 
Deduce a f oimula for the body. 
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8. A salt has the following percentage composition:— Sodium 22*55; Phos- 
phorus 30*39 ; Oxygen 47*06. Calculate the simplest formula. 

9. A salt on analysis gives the following percentage numbers — ^iy-9^; 
O - 20*77 ; Ag - 70*13. Calculate the simplest formula. 

10. 24*94 grains of an iron ore yielded on analysis- 

Copper 8*63 grains. 
Iron 7*61 „ 
Sulphur 870 „ 
To what empirical formula does the analysis conduct ? 

11. 50 cc. of oxygen are mixed with 500 cc. of hydrogen, both measured at 
the normal temperature and pressure. An electric spark is passed through the 
mixture, what volume of gas will be left ? 

12. Water consists of one volume of oxygen and two volumes of hydrogen. 
Taking the specific gravity of oxygen as 1*108, and that of hydrogen as *0693, 
what is the percentage composition of water? 

13. Acetic acid is found on combustion to yield 40 per cent, of carbon, 6*6 per 
'cent, of hydrogen, and by difference 53*4 per cent, of oxygen. What conclusion 
can be drawn from these data ? 

14. The coefficients of absorption of oxygen and nitrogen being 01)411 and 
0*0203 respectively; find the percentage volume composition of air dissolved 
in water, on the supposition that air is a mixture, and that these gases obey 
Dalton's law. 



SECTION LV.— ATOM AND MOLECULE. 

Art. 263. — Atomic Weight. Let us suppose that an elemen- 
tary substance is made up of atoms which are precisely alike 
in all respects. Let Mir denote not any unit of mass, but the 
mass of an atom of hydrogen. Then from the combining weight 
of any element we derive the mass of its atom, so that the table 
of combining weights becomes a table of atomic weights. 
Chemists have chosen that particular set of combining weights 
which is believed to be identical with the set of atomic weights. 
The mass of the atom of silver is 107*66 Mjr, of oxygen 15*96 
Mm and so on. 

The combining weight of a compound becomes the mass of its 
compound atom. 
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Art. 264. — Atomic Heat. By Art. 183 the specific heat 
of a solid substance is expressed by 

^ M of water = M of substance. 
Take as a particular unit of mass Mj^^ the mass of an atom 
of hydrogen; then the specific heat of an element when solid 
is expressed by 

5 Mj of water = M^ of element. 
Now r Mir of element = atom of element, 

therefore sr IAh of water = atom of element, 

This equivalence is called the atomic heat of the element; its 
value is the product of the value of the specific heat and atomic 
weight of the element. Its value is nearly the same for the 
different elements, namely about 6*2. 

This relation affords one means of determining which of the 
combining weights of an element is its principal combining 
weight. 

Art. 265. — Molecular Weight By a molecule of a substance 
is meant the group of atoms which exist together, when the sub- 
stance is in a free state. If the substance is elementary the atoms 
in a molecule are necessarily of the same kind ; if the substance is 
compound, the molecule may consist of one group of the constitu- 
ent atoms, as in the case of hydrochloric acid, or of several such 
groups, as in the case of acetylene. 

Let Mir denote as before the mass of an atom of hydrogen ; 
then the mass of a molecule expressed in terms of Mir is called the 
molecular weight of the substance. 

Art. 266. — Number of Atoms in a Molecule; Molecular 
Formula. If we assume that the molecule of hydrogen contains 
2 atoms, then the number of atoms in the molecule of any other 
gas can be determined by comparing its density with that of 
hydrogen under the same conditions of temperature and pressure. 

Let the atomic weight of the gas be 

r M^ = atom (or compound atom). 
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the number of atoms in a molecule 

n atoms = molecule, 
and the number of molecules in unit of volume 

q molecules = V ; 
then we deduce 

mq Mirof gas = V. 
In the case of hydrogen r is 1 and n is 2, and q is the same for 
aU gases, therefore 

2q IAe of hydrogen = V. 
Hence 

m Mjj of gas per V = 2 Mir of hydrogen per V. 
Now this expresses the relative density; hence if its value is 
Imown, say dy we have the equation 

2 
The molecular formula expresses not only the atom or compound 
atom, but also the number of atoms or compound atoms in the 
molecule. 

The density of hydrogen at 0** and 760 mm. is 
•0895 gm. per litre. 

MoLECULAB Weights of the Gases. 
771 Mir per molecule of the gas. 



Gas. 


Molecular 
Formiila. 


m 


Gas. 


Molecular 
Formula. 


m 


Acetylene, 


■ G^H^ 


26 


Marsh gas. 


- CH^ 


16 


Aethylene, - 


■ C,H^ 


28 


Nitric oxide, - 


- NO 


30 


Ammonia, 


■ NHt 


17 


Nitrogen, 


• N, 


28 


Bromine, 


Br, 


159-5 


Nitrous oxide. 


- h\0 


44 


Carbonic acid, 


CO, 


44 


Oxygen, 


- 0, 


32 


Chlorine, 


CI, 


7075 


Phosphuretted hyd 


. PH, 


34 


Cyanogen, 


■ C,JV. 


52 


Sulphuretted hyd. 


H^ 


34 


Hydrochloric acid. 


Ha 


36 375 


Sulphurous acid. 


• 80^ 


64 


Hydrogen, 


■ H, 


2 


Water vapour. 


- H^O 


18 
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Examples. 

Ex. 1. The analysis of an acid gave in a hundred parts 48*648 
parts of (7, 8-108 of H, and 43-243 of 0. The molecular weight 
of the acid is 74 ; calculate its chemical formula. 
Let its composition be 

l?MofC + gMofO+l Mofi?; 
but its composition is given as 

48-648 M of C + 43-243 M of + 8-108 M of 5^; 
therefore p = VrVs® = 6 = ^ of 12, 

and ff^VrW- 

Now 8108)43243(5 

40540 



2703)8108(3 
8109 

/. ^ = 5 + i = V- 
Hence C^ H 0^ or Cg H^ 0^. 

Now, if Cg H^ Oi were the molecular formula of the acid, its 
molecular weight would be 

3xl2 + 6xl + 2xl6Miy, 
i.«., 74 Mir, 

which is the given value. 

Ex, 2. The density of hydrogen is 1, and its molecular weight 
is 2 ; the density of marsh gas is 8, what is its molecular weight ? 
The composition of marsh gas is CH^; let its molecule be 
C^H^ Then 

nl2 + 47il M of C54per V = 2M ofiTper V; 
but 8 M of CH^ per V = M of ^per V, 

therefore 7i(12 + 4) = 16, 

i.e., 71 = 1. 

Hence the molecular weight oi CH^is 16 M|p 
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Ex. 3. What weight of sulphur is contained in 10 litres of sul- 
phuretted hydrogen at 1,000 mm. and 27* C. 
32 gm. of5=gm. of fl, 
1 gm. of ^3*= 11-2 litres at 0° and 760 mm., 
1 litre at 0° and 760 mm. = tVA(1 + JVs)litres at 27** and lOOO mnL, 
10 litres at 27' and 1000 mm.; 

32 X 10 X 1000 X 273 .« 

11-2x760x300 ^' 
i,e,y 34 gm. of S. 

Ex, 4. The atomic heat of potassium is 6*2 ; what is its specific 
heat ? 

6-2 M^ of water = atom of K, 
39 Mir = atom ofK; 



" 39 

i,e.f 'IBM of water = M of iT. 



^M,,ofwater=M^ofiir, 



EXERCISE LV. 

1. Calculate the deasity of carbon dioxide from the following data, assuming 
the temperature and pressure to remain constant. 

Weight of globe full of air, . - - . 948 grammes. 
Weight of globe exhausted, - - - - 933*5 „ 
Weiglit of globe full of carbon dioxide, - - 955*54 „ 

2. Find the volume per gramme (1) of oxygen at 15" C. and 770 mm., (2) of 
nitric oxide at 20° C. and 760 mm. 

3. What is the weight of carbon in 1000 litres of carbon dioxide under the 
standard conditions of temperature and pressure ? 

4. If 100 cubic inches of ammonia were completely decomposed by the electric 
spark, what space would its constituents occupy ? 

5. State the percentage by volume of oxygen and nitrogen in the atmosphere, 
and from it derive the percentage by weight, assuming the density of each 
gas to be represented by its atomic weight. Deduce the density of air rela- 
tively to hydrogen. 

6. 200 grammes of silver afforded 314*894 grammes of the nitrate. Assuming 
the formula of the salt to be AgNO^^ and the atomic weights of silver and 
oxygen to be 107*93 and 16 respectively, calculate the atomic weight of nitrogen. 

7. The densities of hydrogen and marsh gas relatively to air are '0692 and 
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*559 respectively. Calculate the molecular weight of marsh gas, assuming that 
of hydrogen to be 2. 

8. The specific gravities of hydrogen and ammonia relatively to air are *0692 
and '595 respectively. What is the molecular weight of ammonia ? 

9. A gas of the empirical formula CH^ is found to possess the density *978. 
Calculate its probable molecular weight. 

10. According to Dumas' determination of the vapour-density of amylic 
alcohol, its molecular weight ought to be 90*949. Give the correct molecular 
weight; and calculate the theoretical and experimental vapour-densities rela- 
tively to hydrogen. 

11. What is the weight of a litre at 0° and 760 mm. of the vapour of a com- 
pound, the normal molecule of which is SO^, 

12. The analysis of an organic silver salt gave 17*34 per cent, of carbon, 1*73 
I>^r cent, of hydrogen, 62*44 per cent, of silver, and 18*47 per cent, of oxygen. 
One molecule of the salt contains two atoms of silver. Calculate its formula. 

13. The atomic heat of silver is 6*04, and the atomic weight 108. Find the 
specific heat of the metal. 

14. Find the specific heat of chlorine in the solid state from the following 
numbers : — 

Molecular weight of JTC^, 74*6 

Specific heat of iTC^, 171 

Atomic weight of JT, 39*1 

Specific heat of iT, '1655 



SECTION LVL— COMBINATION. 

Art. 267. — Chemical Equation. As an example of a chemical 
equation we may take the one which represents the complete 
combustion of marsh gas — 

CE^-\-20^^C0^ + ^H^0. 
As each formula involved is in its molecular form, the equation 
expresses not only the relative masses but also the relative 
volumes of the substances, provided the substance is in the form 
of vapour. It is equivalent in meaning to the two following — 
1 V of C£r^ + 2 V of 0, = 1 V of (7^2 + 2 V of ^,0; 
16 M of C^4 + 64 M of 02 = 44 M of (702 + 36 M of ^^O, 
ie,, 4Mofa5^+16Mof02=ll Mof002+ 9 M of ^jO. 

X 
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From these equations we can derive rates of the form 
1 VofCOj^VofCS"^, 
11 Mof(70, = 4Mofafl-^. 
In the case of a complete equation, the value of M for any 
element on the one side must be equal to the value of M for the 
same element on the other side. Hence, if there are n elements in- 
volved, we can derive n equations which are sufficient to determine 
n unknown numbers. 

Art. 268. — Heat of Combination. When two substances com- 
bine chemically, there is simultaneously a transformation of 
energy previously existing in a potential form. This energy may, 
by suitable arrangements, be changed into that of an electric 
current, or it may be changed directly into heat. The amount of 
heat developed during the production of unit of mass of the sub- 
stance is called the heat of comMnation, and is expressed in the 
form 

k H developed = M of substance formed. 

Art. 269.— Calorific Power; Calorific Intensity. When the 
process of combination is ordinary combustion, the heat of com- 
bination is measured with reference to the substance burned. It 
is called the calorific power of the combustible, and is expressed 
in the form 

A; H = M of combustible substance. 
By the calorific intensity is meant the number of units by which 
the temperature of the product is raised above that of the 
elements before combustion. 

The calorific power of fuel is sometimes expressed by the 
number of pounds of water which can be raised from a given 
temperature to 100° C. and evaporated under the pressure of 
one atmosphere by the combustion of one pound of the fueL 
This rate is called the evaporating pQwer of the fuel. 
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Heat op Combination with Oxygen. 
k kgm. of water by deg. Cent. =kgm. of combustible. 



COMBQSTIBLE. 



Product. 



X;/10S 



Combustible. 



it/10« 



Carbon, 


CO, 


79 


Marsh gas, . 


. 130 


Wood-charcoal, . 


. 


81 


Alcohol, 


. 69 


Gas-coke, , 




80 


Wood, . 


. 27 to 29 


Graphite, . 


, 


78 


Coal, . 


64 to 83 


Diamond, . 


• 


. 78 


Coal gas. 


. 106 


Hydrogen, . 


H,p 


346 


Petroleum, . 


. 114 


Sulphur, 


SO2 


22 


Turpentine, . 


. 107 



Examples. 

Ex 1. If air contains 23 per cent, of its weight of oxygen, how 
many pounds of carbon must be burnt in order to remove all 
the oxygen from 500 pounds of air ? 
6001b. of air 
231b. of = 100 lb. of air, 
12 1b. of C= 2x16 lb. of 0; 

i.e., 43 lb. of carbon. 

Ex. 2. How many grammes of oxygen are needed to burn 
completely 100 grammes of bisulphide of carbon. 

The process of combustion of the bisulphide is given by the 
chemical equation 

CS, + 30, = CO^ + 2SO^ 
Hence 3 x 2 x 16 gm. of C^ = 12 -f 2 x 32 gm. of CS.j, 

100 gm. of Ca^^; 

100 X 6 X 4 



i.e.f 



3_g^gm.ofO, 
126 gm. of oxygen. 
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Ex. 3. One hundred volumes of a hydrocarbon at 0** and 760 
mm, require for their complete combustion 200 volumes of 
oxygen, and furnish 100 volumes of carbonic acid. Find the 
fonnula of the hydrocarbon. 

Let it be CJl^ ; then 

1 V of CJ/^ + 2 V of 0, = 1 V ofCO, + x M of 5,0. 
As the mass of each element is the same after as before, we 
deduce 

n=ly m^2x, i=2 + x; 
from which m = 4, 

Hence formula is CH^. 

Ex. 4. 0*31 grammes of an organic acid yields on combustion 
0-62 grammes of carbonic acid and 0-2536 grammes of water. 
Find the formula of the acid, and name an acid having the formula. 

Let the empirical formula be C^H^O, 

It is given that 
31 gm. of CJI.O + aj gm. of = 62 gm. of CO^ + 25-36 gm. of H^O. 
In CpHgO we have 

therefore the quantity of C is 

31j?12 



gm. 



^12 + 5'+16 
But the quantity of C is also 

62 X 12 
12 + 32^ ' 

Hence ^^ ^ — r^ = ^, 

^12 + g'+16 

from which plO = q+l6, (1) 

By equating the quantities of H, we obtain in a similar manner 

2p = q. (2) 

From these equations we obtain ^ = 2, and q = 4:; hence the 

formula is C^Hfi, 

Acetyl aldehyde has that composition. 
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Ex. 5. What volume of oxygen, measured at 27" and 740 mm., 
can be obtained from 54 grammes of mercuric oxide. 

The mode in which mercuric oxide decomposes at the tem- 
perature mentioned is stated by the equation 

HgO = Eg + 0, 
which means 

216 gm. of HgO =^200 gm. of Eg + 16 gm. of 0. 
Hence 2 gm. of = 27 gm. oiHgO, 

64 gm. of HgO ; 
.', 4 gm. of oxygen. 
Now 1 gm. of H= 16 gm. of 0, 

11-2 litres of H at O'' and 760 mm. = gm. of 5", 

11^(1 + ^%) litres at 27 and 740 = litre at and 760 ; 

. 760x300xll-2x4i.. fin 

" 740x273x16 ^*^^^°^^' 

i.e., 3*2 litres of oxygen. 

EXERCISE LVI. 

1. The combustion of hydric sulphide in air is represented by the equation 

BilS + Oa - ff^O + SOi ; 
how much sulphurous acid and how much water can be formed from 100 grammes 
of hydric sulphide ? 

2. How many grammes of phosphorus will be required, when completely 
burnt, to take the whole of the oxygen out of one kilogramme of air ? 

3. How many litres of oxygen in the standard state are required to bum 
completely, first, 120 grammes of sulphur, second, 165 granmies of phosphorus ? 

4. How many litres of carbon dioxide would be produced by the complete 
combustion of 100 grammes of marsh gas ? 

5. What volume of oxygen, measured at 15* 0. and 1000 mm. pressure, is 
required for the complete combustion of ten grammes of phosphorus ? 

6. How much phosphuretted hydrogen, by weight and by volume, could be 
furnished by 31 grammes of phosphorus, supposing aU the phosphorus to be 
converted into the gas? 

7. How many volumes of oxygen are needed to bum completely 20 volumes 
of defiant gas, and what is the volume of carbon dioxide produced? 

8. If two volumes of marsh gas, weighing 16 grammes, be burnt in excess 
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of air, bow many volumes of carbon dioxide are produced ; and what is the 
weight of the other compound formed at the same time ? 

9. A mixture of 200 volumes of marsh gas and 400 volumes of oxygen 
measured at 300* 0. is collected over dry mercury. After an electric spark 
has passed through the mixture, what total volume and what gases will 
remain, the temperature being unchanged? 

10. If a pound of carbon be burned in air at the pressure of one atmosphere, 
and the temperature 62° F., calculate the mass and volume of the air required 
for complete combustion. 

11. How many litres of dry atmospheric air, at 740 mm. and 15' C, are 
required to bum completely one Utre of defiant gas at the same temperature 
and pressure. What is the weight of the carbonic anhydride and of the water 
produced by the combustion ? 

12. What amount of air is required to bum completely 3*25 cubic feet of 
olefiantgas? 

13. A quantity of sulphur, weighing 4 grammes, is burned in a close glass 
vessel containing 28*5 litres of pure dry air at 27' and 760 mm. What is the 
volume of the resulting gaseous mixture at 0* and 760 mm., and what is its 
composition per cent.? 

14. One volume of a gaseous hydrocarbon, measured at 100', yields on com- 
bustion double its volume of carbon dioxide, and three times its volume of steam 
at the above temperature. Required the formula and the molecular weight 
of the gas. 

15. If one litre of defiant gas were completely broken up by chlorine, how 
much hydrochloric acid would be produced, and what weight of carbon would 
be deposited? 

16. What volume of oxygen can be obtained by heating 37*3 grammes of 
black oxide of manganese, first alone, second with strong sulphuric acid ? 

17. The combustion of one cwt. of coal is able to convert 84 gallons of water 
at 68° into steam at 250° ; what is the calorific power of the fuel? 

18. A specimen of coal contains 80 per cent, of carbon and 4 per cent of 
hydrogen xmcombined with oxygen. How many gramme-degrees of heat are 
generated by the combustion of one gramme of this coal? 

19. The area of the piston of a high-pressure engine, having a single cylinder, 
is 200 square inches, and the length of, the stroke is 3 feet. If the average 
pressure behind the piston exceed that in front of it by 25 pound-weight per 
square inch, and if the fly-wheel make 100 revolutions per minute, what is the 
horse-power of the engine ? 

20. If the above engine consume 300 pounds of coal per hour, what percentage 
of the heat generated in the furnace is converted into useful work? Take 6,400 
as the calorific power of the coal. 
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SECTION LVII.— EQUIVALENCE. 

Art. 270. — Acid and Base. The equivalence between an acid 
and a base has the form 

A; M of acid = M of base, 
and it connects quantities of matter having equal but opposite 
powers of changing the colour of test paper. 

Suppose \ M of acid A = IA of base Xy 
and h^ M of acid -B= M of base X , 
then we deduce 

[kjk-^ M of acid -B = M of acid -4} per M of X 
The quantities connected have equal acidity with respect to the 
base X, 
Similarly, if 

q^ M of base X = M of acid A, 
and q^ M of base 1^= M of acid A ; 
then {qjq^ M of base F= M of base Z}per M of A, 
Here the quantities connected have equal basic power with re- 
spect to the acid A. 

It is found that ^/^ is the same for all bases, and q^jq^ the same 
for all acids. 

Art. 271. — Salt. Most salts can be viewed as composed of an 
acid and a base. Take, for example, sulphate of potasL' Its 
composition can be expressed by K^O^SO^, which means, when 
fully expressed, 

94 M of Z^O + SO M of ;S'03=174 M of K2SO4. 
Now, it is found that the value of the ratio of combination 

47/40 M oiK^O^M of SO^ 
is either identical with, or bears a simple relation to, the value of 
the acid-equivalence between K2O and SO^. 

Art. 272.— Metal and Salt-radical. A salt may also be 
viewed as a compound of a metal and a salt-radical. Thus the 
composition of cupric sulphate may be expressed by 

63 M ofCu + dQ M of 5^4=159 M of CuSO^, 
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The composition of hydric sulphate is 

2 M of 5^+96 M of ^0^ = 98 M oiH^O^. 
Hence we deduce 

63 M of Cu per M oi S0^^2 M of B" per M oi SO^. 
or {36-5 M of Ctt - M of JT}per M of SO^. 

This rate expresses the number of mass-units of Cu which re- 
place one mass-unit of hydrogen in the sulphate. It is found 
that the number for any other salt is either 36*5 or a multiple of 
it Hence the general truth may be expressed by 

{n 36*5 M of Ow = M of if} per M of salt-radical 
By the " equivalent " of a salt-radical is meant the ratio of com- 
bination of the salt-radical with hydrogen as 
48Mof504=Mof5. 

Art. 273. — Bate of ElectrolysiB. When a salt, dissolved in 
water, is placed in a voltaic circuit, it is decomposed by the cur- 
rent primarily into metal and salt-radical. The rate of deposition 
of the metal is proportional to the current ; hence we have a rate 
of the form 

h M of metaJ per T = ampere. 
Its actual value in the case of hydrogen is 

104 15x10"® gm. per sec. = ampere. 
Let two salts, A and B, be placed in series in the circuit, and let 
their rates of electrolysis be respectively 

k^lA oi A metal per T = ampere, 
and ^2 M of jB metal per T = ampere. 

Now, the strength of the current is the same at each cross-section 
of the circuit, and the time is the same, therefore 

{k^ki M of -B metal = M of ^ metal} per T. 
It is found that hjk^ is identical with the value of the rate of re- 
placement of the metals. 

Examples. 
Eq^ 1. The equivalents of lithium and of sodium being 7 and 






Second part. 



EQUIVALENCE. 329 

23, find what volume of hydrogen gas at. 27' and 1 metre will be 
produced by the action of 100 grammes of each metal upon 
water. 

100 gm. oiU 

1 gm. of J3"= 7 gm. of ii, 
11*2 litres at 0" and 760 mm. =gm. of H, 

7?^ ^^^^ litres at 27"* and 1000 mm. = litre at 0** and 760 mm.; 
1000 273 

.-. 100x11^x7^x300 y 

7 X 1000 X 273 

i.e., 134 „ 

100 gm. of Na 

7 gm. of i^ = 23 gm. of Na, 
1 34 litres of B" = 100 gm. of Li ; 

.-. i^!i_! litres of H, 

i.e., 41 „ 
Ex. 2. What weight of silver will be precipitated as chloride, if 
22-38 litres of hydrochloric acid are absorbed by a solution of 
argentic nitrate ? 

AgNO^ + HCl = AgCl + HNO^ 
.'. 108 gm. of ^^ = 36-5 gm. of HCl, 
36-5 gm. of HCl per litre = 2 gm. of H per litre, 
•0896 gm. of H per litre; 

108 X -0896 p . V4. f TTni 

.*. gm. of Ag per utre of HGly 

22-38 litres of JTCT; 
54 gm. of silver. 
Ex. 3. A current of 10 amperes is passed for 20 minutes through 
solutions of cuprous chloride and of cupric chloride, placed in 
series ; how many grammes of copper will be precipitated in each 
solution ? 
In the case of the cuprous chloride, 

104 X 10"^ gm. of H per sec. = ampere 
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63 gm. of Ow = gnL of ZT, 
10 amperes ; 
.•. 104 X 63 X 10-« gm. of Cw = sec. 
600 sec. 
.-. 104 X 63 X 6 X 10-* gm. of Cu, 
i,e,, 3-9312 „ 

In the case of the cupric chloride, we name 
V gni. of Cu = gm. of H, 
and the rest of the data are the same ; hence 1*97 gm. of Cu. 



EXERCISE LVII. 

1. If 78 milligrammes of potassium be thrown into water, 2 miUigrammes of 
hydrogen will be absorbed. What weight of caustic potash will be formed ? 

2. The equivalents of potassium, rubidium, and caesium being 39, 85, and 133 
respectively, what volume of hydrogen at 27*' and 1000 mm. will be prodaced by 
the action of 100 gm. of each metal upon water ? 

3. How many cubic ceutimetres of hydrogen, at the normal temperature and 
pressure, are evolved, when 39 mg. of potassium and 40 mg. of calcium are thrown 
into water ? 

4. The action of sodium on water is represented by the equation 

JVaj + 2 jyjO-2 iTaJrO + jr,; 
how much water is required to take part in this reaction to obtain 22 '38 litres of 
hydrogen at 0" and 760 mm. 

5. How many litres of chlorine gas, at 0^ and 760 mm., are required for the 
exact liberation of the iodine contained in 10 gm. of iodide of potassium ? 

6. How many litres of hydrogen, at 750 mm. and 25^, can be obtained by dis- 
solving 100 gm. of magnesium in hydrochloric acid ? 

7. What volume of hydrogen, at 12'' and 750 mm., is disengaged when 100 gm. 
of zinc dissolve in dilute sulphuric acid ? 

8. How much nitrate of silver can be obtained from one pound of metallic silver, 
and how much nitric acid {HNO^) is necessary for the reaction ? 

9. One kg. of a dilute sulphuric acid is found to dissolve 130 gm. of zinc. Find 
the percentage of strong acid in the dilute acid. 

10. By dissolving 0*4442 gm. of metallic cobalt in an acid, 177*4 c.c. of hydrogeD 
at 10^ and 750 mm. are obtained. The specific heat of cobalt is 0*107 ; calculate 
its atomic weight. 

11. How many grains of carbonic acid will combine with 100 grains of calcic 
oxide to form calcic carbonate ? 

12. How many litres of ammonia, at 15** and 740 mm., are required to neu- 
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tralize 100 gm. of pxire sulphuric acid {H^SO^, and what is the weight of the neu- 
tral salt produced ? 

13. The analysis of the silver salt of a monobasic acid gave the following num- 
bers — 

Carbon, 28*3; Silver, 51*6; Hydrogen, 4*3; Oxygen, 15 '8. 
Calculate the formula of the salt. 

14. How much oxygen can be obtained from 100 gms. of potassium chlorate 
by heating to a red heat ? 

15. How many litres of ammonia, at 10° and 75 cm., can be obtained from 100 
gms. of pure sal ammoniac ? 

16. How much marble is required for the preparation of 67*14 litres of carbonic 
acid at 0° and 760 mm. ? 

17. What weight, theoretically, of sulphur is required to produce 100 tons of 
sulphuric acid? 

18. How much potassic carbonate is required for the complete precipitation of 
100 grammes of calcic chloride ? 

19. What volume of sulphuretted hydrogen, at 0° and 76 cm., can be obtained 
from 10 grammes of ferrous sulphide ? 

20. If 1,000 grains of a potable water contains 0*228 grain of lime, estimated as 
carbonate, what must be its degree of hardness ? ' 

21. If the current of a battery of 10 Grove's cells connected in series is sent 
through each of two voltameters placed in the circuit containing solutions of 
cupric sulphate and silver nitrate respectively ; how much copper and how much 
silver will be deposited, while 3*25 gms. of zinc is dissolved in the battery ? 

22. How much copper and silver would be deposited during the solution of the 
above quantity of zinc, if the battery were arranged in two parallel series, each 
of 5 cells, instead of in a single series of 10 cells ? 

23. The same electric current is passed successively through solutions of 
cuprous chloride and cupric chloride. How much metal is in each solution pre- 
cipitated for every 500 c.c. of chlorine evolved? 



APPENDIX. 



Art. 42. — The proposal of the Chancellor of the Exchequer, 
mentioned at page 49, has been carried. 

Art. 46. — Switzerland and Italy have agreed to leave the Latin 
Union, and to adopt a gold standard. 

Page 104. — An International Conference, which met at Wash- 
ington, has decided to adopt the meridian of Greenwich for the 
origin of longitude. 



ANSWEKS TO THE EXEECISES. 



EXEBCISB L 



I. 20'83£ ; 938,880 farthings. 


7. 


31(/.; 28. did.; £1 Ss. ^d.; £14 


2. 197*708 shillings; £61 14«. 6Jd. 




38. lOid. 


3. 2-779£ ; 8073£. 


8. 


2-5 fl.; 1-25 fl.; 25 mils ; 166 


4. £12 3«. Sid,; £17 18«. 3K 




mils; 12-5 mils. 


5. £11 3fl. 7c. 7m.; £7 6fl. 3c. 7m.; 


9. 


Id.; 2id.; 4|cZ.; 28. Sd.; 4s, 


£8 7fl. 7c. 6m. 


10. 


£45 78. nd. 


6. £1 108. 9d,; £4518. ll^d. 


II. 


98'878£ ; 1756*44 shillings. 


EXERC 


;ISE 


XL 


I. 3,600£. 


15. 


9 pence per dozen. 


2. £14 3«. 10i<2. 


16. 


2 shillings per dozen. 


3. £337 108. 


17. 


28. 2%d. per cwt. 


4. £119«. 6rf. 


18. 


6J to 7 pence per lb. 


5. 52,894,143 letters; £330,588 79. 


19. 


5*. per first-class passenger, and 


lOid. 




208 passengers; 38. 9c?. per 


6. £2,067 7«. 8i(Z. 




second-class passenger, and 304 


7. £400 19*. Old 




passengers; 2*. Qd. per third- 


8. 10£ per ox, and 15£ per cow. 




class passenger, and 488 pas- 


9. 30 men. 




sengers. 


10. 7 months. 


20. 


A had 9 units of money for every 


II. 273 miles. 




2 that B had. 


12. 21 shillings. 


21. 


3 lbs. of butter. 


13. 10 pence per lb. 


22. 


No. 


14. 50 shillings per 100 loads. 


23. 


£74 11«. per ton. 


EXERC] 


[SE 


m. 


I. £S28,8d. 


8. 


27«. 7K 


2. 3*7 per cent. 


9. 


1 per cent. loss. 


3. 666 quarters. 


10. 


48*6 per cent. ; 182 yards. 


4. £156; 120 per cent. 


II. 


400 acres. 


5. £12 13«.+perhead. 


12. 


30 per cent loss. 


6. 13 shillings. 


13- 


18£. 


7. 800 lbs. 


14. 


350 apples. 
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EXERCISE IV. 



100 gallons. 



pa + qh + rc 



2. 


37 + per cent. 


II. 


110 ^ + ^ + ^ percent. 


3. 


84-3 lbs. nitre; 15*8 lbs. charcoal; 




m ^. 


4. 


11-8 lbs. sulphur. 
£1 6«. M. per acre. 


12. 


V 100/ a + b + c + d 


5. 


3 gallons of water per 20 gallons 




ling per lb. 




of pure milk. 


13. 


{l + m + n){p+q + r) 


6. 


6 lbs. of 2nd per 7 lbs. of 1st; 19 




= 3 (/^j + w^+wr). 




lbs of 3rd per 7 lbs. of 1st. 


14. 


44 peaches = 9 shillings. 


7. 


£263 10*. lOt^. 


15. 


66 per cent. 


8. 


5 shillings in the pound. 


16. 


2 lbs. of the cheap tea to 1 lb. 


9. 


15 shillings per pound. 




of the dear. 


lO. 


Il6. 6<i. per pound. 


17. 


£7 10«.to^;£9to5;£74«.toC. 




EXERC 


JISE 


V. 


I. 


875£. 


12. 


6 J per cent, per year. 


2. 


1,200£ at 10 % ; 1,800£ at 6 7^. 


13. 


4J per cent. 


3. 


£616 \As. 


14. 


£98313*. 4(?.; £983 12*. Hd 


4. 


5 years. 


15. 


£2,161 9«. 6rf. 


5. 


£4 16«. 4c^. 


16. 


£1,847 9*. 2d. 


6. 


£2 12«. Qd, 


17. 


£23 6*. 8c?.; £71 4*. 6d. 


7. 


5 months. 


18. 


£2 8*. 6d. 


8. 


36J per cent, per year. 


19. 


£242 2*. 


9. 


6J per cent, per year. 


20. 


4*. 9d. 


10. 


£9 %8, profit. 


21. 


906£. 


II. 


He borrowed at 5 per cent, and 


22. 


24th September. 




lent at 5i per cent. 


23. 


33 per cent. 




EXERC 


[SE 


VL 


I. 


56^. 14«.; 437Z. 11«. 8(Z. 


9. 


249/. 17*. 


2. 


411 U, Od 


10. 


126/. 2*.; 108/. 18*. Id. 


3. 


The former, by 3«. Qd, 


II. 


124/. 2*. Id. 


4. 


23H. 10«. M. 


12. 


£2,051 and £1,949. 


5- 


42H. 17«. 2rf. 


13. 


£1,000. 


6. 


133/. 28, \M. 


14. 


26-years. 


7. 


16 years. 


15. 


497/. 14*.; 381/. 9*. 


8. 


2,262 million pounds. 


16. 


£1,763. 
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17. 


13,077 dollars. 


21. 


£3,291. 


18. 


£3,133. 


22. 


£100,000. 


19. 


42 years. 


23. 


32 years. 


2a 


6J per cent. 








EXERCISE VII. 


I. 


£1,041 13«. 4^.; £41 13«. 4d. 


13. 


2f years. 


2. 


£324 per year. 


14. 


£5 additional per year. 


3. 


£9,776. 


15. 


3*265 per cent. ; 3*5 per cent 


4. 


97i£ca8h=100£ stock. 


16. 


£3 10«. 8d.; £12«. Id. 


5-' 


£80 IOj. 6d. lost; £3 4». per 


17. 


£3 6«. U. in both cases. 




year less. 


18. 


£210. 


6. 


£^5 additional per year. 


19. 


6*64 per cent. 


7. 


133i£ cash per 100£ stock. 


20. 


6 J per cent loss. 


8. 


£64 12s. less. 


21. 


2*7 per cent. 


9. 


£7 10?. 


22. 


£5 gam. 


10. 


90A. 


23. 


£2,967 per wesk. 


II. 


106£ per share. 


24. 


£2, 600,000! 


12. 


$32 per year. 

EXERCI 


25. 
SE ^ 


£12,240,000. 

nil. 


I. 


£182 7«. Id, 


7. 


£48 188. 


2. 


halfpenny = 1 cent., penny = 2 


8. 


£216 138. U. 




cents, threepenny = 6 cents. 


9. 


923-08 roubles. 




fourpenny = 8 cents, shilling 


10. 


£2,056 ll8. 2ci. 




=24J cents, florin = 48^ cents, 


II. 


907 roubles =100 florins. 




half-crown = 60^ cents, half- 


12. 


360,000 francs. 




sovereign = 2$ 42^ cents, sov- 


13. 


5^ per cent. 




ereign -4$ 85 cents. 


14. 


$948. 


3. 


£8,219 48.; 207,288 francs. 


15. 


113-001 grains. 


4. 


5-182franc per dollar; '810 mark 


16. 


1,000 pounds troy. 




per franc. 


17. 


155. 


5- 


1,977 francs 53 centimes. 


18. 


4-8|$per£. 


6. 


£39,651,000. 


19. 


£872. 




EXERC 


ISEIX. 


I. 


87*49 yards ; 36*58 metres. 


4. 


36 hundredths of English inch 


2. 


516-6 km. 


5. 


16,822 Parisian feet. 


3. 


l'5i link -foot 


6. 


2,709 cm. 
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7. 762 English feet. 

8. 150 feet. 

9. 6 fr. 20 c. per metre. 



10. 11/10, 12/11, 359/329, 2525/2314 
metre per yard. 

1 1. 1/10560 inch scale=inch real. 





EXERCISE X. 


I. 


7*2 degrees ; 8 grades. 


II. 


66 feet. 


2. 


63-662 grades ; l/7r= -31831. 


12. 


6*4 yards; 14*3 yards. 


3. 


19-577 yd. 


13. 


727 feet. 


4. 


2 radians. 


14. 


40 feet. 


5. 


•7854 radians ; 257*8 degrees. 


15. 


246*8 miles. 


6. 


326° 15'; 236° 15'. 


16. 


•5236 radian per mile arc; 1*9 


7. 


13 points; 146^ degrees. 




mile radius. 


8. 


7908+ miles. 


17. 


1 '852 kilometre = sea-mile. 


9- 
10. 


69*05 statute miles = degree. 
1/3 L rise -L span. 

EXERC 


18. 
ISE 


•9 inch longer. 
XL 


I. 


151025, 78909, and 82243 sq. km. 


14. 


417 feet. 


2. 


39 -370 inches = metr^. 


15. 


*395 mile. 


3. 


836 sq. metres. 


16. 


35*43 poles. 


4. 


518 million persons. 


17. 


5 feet 3 inches. 


5- 


124 fr. 52 c. per hectare. 


18. 


61 feet 6 inches. 


6. 


7*48 francs per sq. metre. 


19. 


la. 4d, per square foot; 6c?. per 


7. 


83i acres. 




foot long. 


8. 


760,320 blocks. 


20. 


7J cents per yard. 


9- 


1,452 feet. 


21. 


3 feet square ; 14 feet square. 


10. 


9,876 feet ; 34,566 feet. 


22. 


16 rounds. 


II. 


44 feet long by 33 feet broad. 


23. 


£861,980. 


12. 


123-45 feet X 246*9 feet. 


24. 


2783 yards; 3080 yards. 


13. 


69*57 yards. 








EXERCI 


SE 


XIL 


I. 


22-96 acres. 


7. 


30 acres. 


2. 


2*0234 hectares. 


8. 


4-33 acres. 


3. 


121 yards ; 40 yards. 


9. 


£6 \8, 2rf. 


4. 


20 acres. 


10. 


427 square feet. 


5. 


53,044 square yards. 


II. 


424*12 mm.; 14314 square mm. 


6. 


330 square feet. 


12. 


191 cm.; 28,652 square cm. 
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13. 
14. 

15- 

16. 

17. 



I. 
2. 

3. 

4. 
5. 
6. 

7. 
8. 

9. 



265 dekametres ; 832*52 deka- 

metres. 
28*274 square inches; 80*214 

circular inches. 
'35 square inch. 
222 square feet. 
29,452 square feet. 



18. 

19. 
2a 
21. 
22. 



43*7 acres. 
6*062 square miles. 
2i mile per inch. 
16,000 sq. ft. =8q. inch. 
1/13200 inch per inch ; 4 tenths 
foot per mile. 



EXERCISE Xm. 



28*32 litre = cubic foot. 

10315 Winchester bu8hels= 100 

Imperial bushels. 
18*708 gallons ; 245*34 litres. 
1 gill nearly. 

643*8 bushels ; 157 hectolitres. 
34«. 6c?. per quarter. 
•4125 francs per litre. 
1 '344 farthings per hour, 
t^^feet 



10. 
II. 
12. 
13. 
14. 



15. 



16,384 bricks. 

34f cubic inches. 

15*9 francs per hectolitre. 

22 pence per gallon. 

1*598 too little per 100 calca- 
lated, 3*222 too little per lOU 
calculated, 4*871 too little per 
100 calculated. 

10 079 inches. 



EXERCISE XIV. 



I. 
2. 
3. 

4. 
5. 
6. 

7. 
8. 



1 *18 cubic feet. 
3*1416 square yards. 
4*6 feet. 

17 -feet. 

9 square feet. 

268 thousand million cubic inches; 

1,331 thousand 
1*76x10* cubic feet. 

2 L altitudes L radius. 



9. 4*57 feet. 

10. V^/V*" V of sphere= V of cul^e. 

11. 1/1600 square inch=square ft; 
1/64000 cubic inch=cubic ft. 

12. 144ir^ cubic inches ; 

36ir{l+ J4^i^+l}wi, in. 

13. 62,204 cubic feet. 

14. 188*5 cubic inches. 



EXERCISE XV. 



365 '24 + mean solar days. 

4'' 30™. 

2 16 A.M., 24 A.M., 7 20 p.m., 

1 22 p.m., 435 a.m. 
5,000 men. 
2\ hours. 
4 to 3. 

22-3 minutes. 
5i days. 



9. 
10. 



14 minutes. 
10-9 hours. 



u. A takes 2 V3L days ; and 

similarly for B and C. 

12. 14-8 days. 

13. 30 minutes 1 second later. 

14. 1/4, 7/29, 8/33, 31/128, 132/545 

days. 
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EXERCISE XVI. 



1 . 1-46 ft. per sec. ; '6818 mile per 

hour. 

2. 88 feet per second. 

3. 2*99 X 10^ metres per second. 

4. 27*7 cm. per second. 

5. 186,000 miles per second. 

6. 91 miles by former = 81 miles 

by latter, 

7. 12*18 nautical miles per hour. 

8. 22-7 miles per hour. 

9. 1 "40 metres per second. 

10. 6 17 metres per second. 

11. 11 to 13, 22, 55 to 66, and 88 

miles per hour. 



12. -14687, -244, -45458, '463, and 

2*048 kilometres per second ; 
14687, 24400, 45458, 46300, 
and 204800 centimetres per 
second. 

13. 5*44 miles per hour. 

14. 18*1 miles per hour 

15. 1 hour 20 minutes. 

16. 8^ hours. 

17. 4 miles per h., 3 J miles per h. 

18. 4 minutes. 

19. a6c/(6 + c) miles. 

20. 195 miles. 

21. 17 *8 knots per hour ; 20 '5 miles 

per hour. 



EXERCISE XVII. 



I. 


60 miles. 


12. 


2. 


1,854 miles. 


13. 


3. 


A takes 16i, B takes 13i hours. 


14- 


4. 


4*29 miles per hour. 


15. 


5. 


In 8 hours, at 38 miles distance. 


16. 


6. 


1 minute. 


17. 


7. 


By 106 yards. 


18. 


8. 


970 yards. 




9. 


5*3 yards. 


19. 


10. 


19 yards. 


20. 


II. 


4 minutes 50i seconds. 


21. 



A, by 214 yards. 

A 160, and B 120 yds. per min. 

20 miles per hour. 

7*' 12", A.M. 

90 miles. 

7 hours nearly; 20 hours nearly. 

20 cars per hour meet ; 4 cars 

per hour overtake. 
6 miles per hour ; ^ mile. 
1 division of vemier= -052 inch. 
1 division of vernier =19 mins. 



EXERCISE XVIII. 



1. 2 hours 11 minutes. 

2. . 21 miles, 2 miles per hour. 

3. 4^ hours. 

4. 30 ^±5, and 30 ^ miles per 

ao ab 

hour. 

5. 28 feet W, SO** 8, per second. 



6. 8*94 knot N, 26° JSl per hour. 

7. 8*7 min.; up the stream at 30". 

8. 200 feet. 

9. 15*7 knots per hour, from be- 

tween NW, and WNW. 
10. 15*7 knots per hour from W, 

26° -y. 
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EXERCISE XIX. 



I. 


•10472 radian per Bee. =rev. per 


10. 


4 yards and 5 yards. 




min. 


II. 


7*5 hours. 


2. 


10 minutes 55 seconds. 


12. 


5 : 112 : 2800. 


3. 


75 degrees, 83{ grades, 1-309 


13. 


15'=min.; 15"=sec. 






14. 


7*3 feet per second. 


4. 


1 min. lijf sec. after XII. 


15. 


25,000 miles; 520 miles p 


5. 


(n+2)/ll hoars after n o'clock ; 




hour. 




IX. 


16. 


740 miles per hour. 


6. 


24 seconds. 


17. 


12 miles per hour. 


7. 


5*6 minates past XTI. 


18. 


1*3 minutes gained per hour. 


8. 


At W. 


49. 


8 hours 45 minutes. 


9. 


9 hours. 


20. 


9 miles ; 4^ hours. 




EXERCI 


SE 


XX. 


I. 


18 km. per min. per min. 


12. 


370 feet ; 2,318 feet of falL 


2, 


200 yards per min. , 1 2,000 yards 


13. 


5*37 feet per sec. 




per min. per min. 


14. 


864 feet ; 464 feet per sec. 


3. 


L and T; mg. 


15. 


161 feet per sec.; 402 feet. 


4. 


38,640 yards per min. per min. 


16. 


225 feet ; 2^ sec. 


5. 


197 feet. 


17. 


98 feet per sec. 


6. 


629 feet. 


18. 


121 feet. 


7. 


5 seconds. 


19. 


2J sec. ; 42 feet. 


8. 


126-5 ft. per sec. 


20. 


10,800 yards per min. per mic 


9. 


6-21 feet; 155 feet. 


21. 


2*5 feet backwards per sec. 


10. 


2 5 seconds. 


22. 


3 feet per sec. per sec. 


II. 


1 '25 second. 







EXERCISE XXI. 



I. 


6-5 sec; 87*6 feet per sec. 


8. 


113 feet per sec. 


2. 


8-05 feet ; 120| feet. 


9. 


4tol. 


3. 


2 feet per sec. per sec. 


10. 


720 feet per sec. 


4. 


4 '4 feet forwards; '16 feet down- 


II. 


2 sec. ; 147 feet. 




wards. 


12. 


10/ir feet per sec. 


5. 


100 feet. 


13. 


1600ir2 cm. per sec. 


6. 


210 feet. 




80t cm. per sec. 


7. 


3i sec; 325 feet. 







per sec; 



i 
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EXERCISE XXn. 



1. 1-21528 pound troy; -91146 02. 

troy. 

2. 48-5 lb.; 11-34 kgm. 

3. -984 cwt.; -984 tons. 



4. 37i shillings per cwt.; 37 ?£ per 

ton. 

5. 4*34 pence per lb. 

6. 39-688 shillings per cwt. 

7. 15 fr. 28 ct. per kilogramme. 



EXERCISE XXIIL 



I. 


50-8 kgm. = cwt. 


12. 


4,752 tons. 


2. 


351,860,000 cubic feet; 


13- 


292 inhabitants per sq. mile. 




21,991,250,000 lbs. 


14. 


739 lb. 


3- 


62,099 cubic inches. 


15. 


42. 


4- 


174 lb. per cubic ft. 


16. 


6 '7 lb. per fathom. 


5. 


2,760 kgm. 


17. 


40, 10, 2-64. 


6. 


-016019 gm. per cc. 


18. 


265,000 bricks. 


7- 


•01602 cubic ft. per lb. 


19. 


145,030,000 lb. per sq. mile per 


8. 


30,000 cubic feet 




inch ; 226,600 lb. per acre 


9. 


15,274 tons. 




per inch. 


10. 


23 04 ounces. 


20. 


2-2136 lb. 


II. 


•028 ton per cub. ft.; 432 lb. 
per sq. inch per ft. 


21. 


44-27 cwt. 



EXERCISE XXIV. 



I. 


10-27 lb. 


II. 


12s. \0d, per gallon. 


2. 


9,800 cubic inches of oxygen = 


12. 


3 V of silver per V of copper. 




cubic inch of mercury. 


13. 


7*5 oz. gold; 2-5 oz. quartz; 


3. 


81 to 16. 




1 V of gold per 3 V of 


4- 


25-65 ounces. 




quartz. 


5- 


•9 cubic foot. 


14. 


15 cc. 


6. 


•92, -94, 1-14, 1-46. 


15. 


1 V of first per V of second. 


7. 


5-66 and 534 lb. per 100 lineal 


16. 


«lVi + «2^2+...+«„Vn 




feet. 




Vi + V^ +...+ Vn 


8. 


-97. 


17. 


716 gm. per cc. 


9. 


^■'^ V of water per V of pure 


18. 
19. 


1/30 sq. inch nearly. 
29-5 lb.; 3561b. 




milk. 


20. 


51 ft. 


0. 


857 cubic cm. 


21. 


6 and 1. 
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EXERCISE XXV. 



1 . At 4 inches from centre of smaller. 

2. At the centre ; at five-sevenths 

of the line joining the cor- 
ner with the centre. 

3. Mid point of central piece. 

4. In the principal piece at one- 

fourth of its length from the 
cross piece. 



6. 



Four tenths of the perpendicular 
from the mid point of the cen- 
tral piece to the cross piece : 
five-fourteenths of the centnil 
piece from its extremity. 

Along axis at ( \/3 + 1 )/3 inch from 
the mid point of the lower 
piece. 

3*24 inch above base in axis. 



EXERCISE XXVI. 



I. 


6 to 8. 




wards per sec; 2,720 lb. by 


2. 


750 feet. 




ft per sec. 


3* 


64ft per sec; 10,752 lb. by ft. 


6. 


183 lb. by ft. per sec. per cub. ft 




per sec. 


7. 


64 to 5. 


4. 


1,421 lb. by ft. per sec. 


8. 


63,000 lb. by ft per sec. 


5. 


694 ft. upwards per sec. ; 6,940 lb. 


9- 


3-1 ft per sec 




by ft. per sec. ; 272 ft. down- 


10. 


1-2 ft per sec 




EXERCISE XXVII. 


I. 


9,800 cm. ; 980 cm. per sec. 


13. 


980 cm. per sec. per sec. 


2. 


96 poundals. 


14. 


3-8 oz. 


3. 


12*9 ounces. 


15. 


•355 oz.; -5 ft 


4- 


161 poundals ; 5 lb. 


16. 


•976ft per sec per sec; 33*2 


5. 


5,000 sec. 




poundals. 


6. 


51 lb. weight. 


17. 


32 poundals. 


7. 


16 ft. per sec; 8 ft.; 960 ft. 


18. 


6 sec. 


8. 


90,000 ft 


19. 


3-22 ft per sec. i>er sec: 40-25 


9. 


1/120 poundaL 




feet. 


10. 


l/x/32-2sec 


20. 


1-25 lb. weight; 6 ft per sec. 


II. 


3 M per 2 M. 




per sec. 


12. 


16-1 ft per sec 








EXERCISE XXVIII. 


I. 


Weight diminished to ^-J* 


5. 


2-7 dynes; 2^34 dynes. 


2. 


44 poundals. 


6. 


17*4 dynes. 


3. 


1-093 lb. 


7. 


About 67'. 


4. 


v'S : 1 : 2. 


8. 


9-17 lb. weight 



!C!5a 



ANSWERS TO THE EXERCISES. 
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9. 10 pounds. 

10. By 2*5 ton weight. 

11. 3 lb. weight. 

12. 81b. and 6 lb. 



13. 150 lb. nearly. 

14. 60^ 

15. 60*6 ft. per sec. 

16. 107, 61, and 81 lb. weight. 



EXERCISE XXIX. 



I. 


197 lb. weight. 


15. 


•27. 


2. 


210 to 1. 


16. 


1*13 radian per sec. 


3. 


94*75 poundals. 


17. 


720ir9 and 144^2 poundals. 


4- 


900 poundals. 


18. 


10*8 poundals. 


5. 


ll/15gr. ton weight. 


19. 


264 gm. weight. 


6. 


5,475 poundals. 


20. 


Weight and tension of 5^3 lb. 


7. 


10,300 poundals. 


21. 


10-4 inch. 


8. 


98-97 lbs. 


22. 


993*9 mm. 


9. 


•72 ft. 


23. 


32-24 poundals per lb.; -12 beat 


10. 


84^ 




per sec. 


II. 


•584 dyne per gramme. 


24, 


19-94 ft. 


12. 


60t poundal per foot. 


25. 


39 yds. 


13. 


At 3/8 and at 4/9 of rod from 


26. 


31 -78 ft. per sec. per sec. 




larger mass. 


27. 


43 sec. 


14. 


8*6 inch. 


28. 


8-2 turns. 



EXERCISE XXX. 



I. 


8*86. 


15. 


Neither. 


2. 


2*98; 4*76 gm. 


16. 


2-5. 


3. 


2,080 grain weight. 


17. 


•5, 1-25. 


4. 


17-62 gm. 


18. 


•2 


5- 


9*011 cubic inches. 


19. 


10^73 inch in side. 


6. 


•89 oz. olive oil = oz. sea water. 


20. 


ItolO. 


7. 


1-42. 


21. 


6*2 lb. in mercury; 5*8 lb. 


8. 


23-68 cubic inches. 




water. 


9. 


2-4 cubic feet. 


22. 


5 inches. 


10. 


-4 inch in lower. 


23. 


132 cubic inches. 


II. 


•0819 inch. 


24. 


w (1 - «)/«. 


12. 


-875; -97. 


25. 


32,000 cubic feet. 


13. 


257 ft. 


26. 


2-6. 


14. 


10-4 gm. 


27. 


12 V of silver =6 V of copper. 
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PHYSICAL ARITHMETIC, 



EXERCISE XXXI. 



1. 479 and 6*9 X 10^ dynes per sq. 

cm. 

2. 120 lb. weight 

3. 152 lb. weight. 

4. 650-23, 678-17, 70611 mm. 

5. 53*53 inch of water. 

6. 8 X 10* dynes per sq. cm. 

7. 10,330 kgm. per sq. metre. 

8. 89 lb. per sq. inch. 

9. 174 lb. weight. 

10. 13*49 lb. per sq. inch. 

11. 69 feet. 

12. 2*63 cm. 



13. 31-7 feet. 

14. -15 inch. 

15. 17-5 lb. 

16. 448 feet. 

17. *41 lb. weight per sq. inch. 

18. 9,375 lb. weight. 

19. 2,625 lb. weight. 

20. 93,750 and 132,200 lb. weight. 

21. 1*2 kgm. 

22. 656-25 lb. 

23. 929 kgm. 

24. 37*4 lb. weight. 



1. 5*15 miles. 

2. 4 and 36 inches. 

3. 8-2 grains. 

4. 22-5 cubic feet. 

5. 66 feet. 

6. Constant. 

7. -000078 cubic inch. 

8. 17*3 cubic inches. 



EXERCISE XXXn. 

9. 68 cubic inches. 



10. 50*7 cm. 

11. 1*72 feet. 

12. 1/3 V3 atmosphere. 

13. *43 of original pressure. 

14. '62 M per V = M per V original 

15. *68 M = M original. 

16. 5-4 feet. 



EXERCISE 

1. 7*23308 foot-pounds; *138254 

kilogrammetre. 

2. 405,000 foot-pounds. 

3. 3,360 foot-pounds. 

4. 12-5 foot-pounds; 2*5 lb. weight. 

5. 4*55 X \{fi foot-pounds. 

6. 4 -44 X 10^ foot-pounds. 



xxxm. 

7 . 1 -983 X W f oot-pouii ds. 

8. 36,945 foot-pounds. 

9. 1,200 foot-pounds. 

10. 24 ft. -lb. 

11. 7,516 ft. -lb. per stroke. 

12. 32-2 lb. 



EXERCISE XXXIV. 



1 . 24,000 f oot-poundals. 

2. 64 to 125. 

3. 27,000,000 foot-poundals. 

4. 36,064 foot-poundals. 



5. 131,250 foot-poundals. 

6. 431,500 foot-poundals. 

7. 22,065,120 foot-poundals. 

8. 180,320 foot-poundals.. 



ANSWERS TO THE EXERCISES. 
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9. 834,783 foot-pounds. 


23- 


9-3 ft per sec; 654Z.660. 


10. 1,248 foot-poundals. 


24. 


607 kilogrammetres. 


II. 2-03 ton weight. 


25. 


17,578 poundals. 


1 2. 2-409 X W foot-poundals; 1 '643 


26. 


(^/3-l)/l. 


poundalH. 


27. 


1,690 ft per sec. 


13. 21,683 poundals. 


28. 


6-25 X lOi^ergs; 3-125 x lO^^ergs 


14. 66-8 feet. 


29. 


1,160 pound by foot square. 


15. 6,666 poundals. 


30. 


2-93 X l(fi foot-pounds. 


16. 2,332 lb. weight 


31. 


40,894 foot-poundals. 


17. 1*49 feet. 


32. 


18,867 foot-pounds. 


18. 8-5 lb. weight. 


33. 


1 ft.; 2 ft. per sec. 


19. 2,067 feet. 


34. 


33*7 radian per sec. 


20. 169,165 poundals. 


35- 


2-84 feet 


21. 181 ft. 

22. ph/iq-'p) feet. 


36. 


^f 


EXERCIS 


E X 


XXV. 


I. '987 horse-power. 


7. 


67,200 ft.-lb.; 4*1 horse-power. 


2. 1'014 force de cheval = horse- 


8. 


89*6 gallons 


power. 


9. 


146 horse-power. 


3. 4,562 kilogrammetre per min. 


10. 


4 horse-power. 


4. 6*8 horse-power. 


II. 


21 inch. 


5. 110,880,000 ft.-lb. 


12. 


68*4 revolutions per minute. 


6. 1-98 X 107ft.-lbs; 120 horse-power. 






EXERCIS] 


E x: 


KVL 


I. 7° approx. 


10. 


44 to 7. 


2. 46-7 lb. weight 


II. 


3 lb. weight. 


3. 222 lb. weight 


12. 


20 lb. weight 


4. 3,240 lb. weight 


13. 


•5cwt.;18ft 


5. 19*4 revs, per sec. 


14. 


Icwt 


6. 7,634 lb. weight 


15. 


1 F, power = 7 F, weight 


7. 1-39 lb. weight 


16. 


lto30. 


8. np/lOl knots per hour. 


17. 


1,209 lb. weight 


9. 100 lb. weight. 


18. 


221b.; 2,400 foot pounds. 


' EXERCISE 


XXXVIL 


I. 26,880 inch-pound. 


3. - 


115*4 grains. 


2. 3/2. 


4. i 


2,916 gm.; 127/126. 



344 



rHYSIGAL ARITHMETIC. 



5. 112-88 lb. 


16. 1-6 ft. from fulcrum towards A. 


6. 23-21 inchea. 


17. At the fulcrum. 


7. 8401b. 


18. 2 ft. from other end. 


8. 701b. 


19. At 3 ft. from end, ajid at its 


9. -9 inch in front of axle. 


mid point. 


10. 24,5001b. 


20. 5 ft. from A, 


II. 11*8 lb. weight per sq. inch. 


21. 41b. and 6 lb. 


12. 10*5 lb. weight per sq. inch. 


22. 14 lb. 


13. 4 ft. 


23. 2V2 lb. weight. 


14. 7*6 ft. from end. 


24. 201b. 


15. 8 and 9 lb. weight. 




EXERCISE XXXVm. 


I. Increased in ratio of 16 to 9. 


4. 2 sec. 


2. 30 lb. weight;. 


5. -0089 ft. per sec. per sec. 


3. 200 per cent. 




EXERCIS] 


S XXXIX. 


I. 117*8 degs. Cent.; 180 degs.Fahr. 


7. 169, 95, 676. and 640'* P. 


2. 672 and 392^ F. 


8. - 38-99, 194, 455, and 2,732*' F. 


3. 260, 204-4, 149, 93*3, and 37-8'' C. 


9. -40. 


4. 16-6rC.; 39-rF. 


10. -25-6. 


5. 164, 30, 21-1, and -34-4'' C. 


1 1. 41 and 5, 50 and 10, 59 and 15, 


6. .332, 412, 467, 1,021, 1,091, and 


68 and 20. 


1,530'' C. 


12. 320* F. 


EXERC] 


[SEXL. 


I. 1-06x10^ ergs. 


7, '22 deg. Fahr. 


2. 3-968 lb. by deg. Fahr. = kgm. 


8. 67,320,000 ft. lb.; 87,200 lb. of 


by deg. Cent. 


water by deg. Fahr. 


3. 70^ C. 


9. 1,356,800 metre. 


4- 212-5 lb. of water by deg. Cent. 


10. 6, 116,000 ft -lb. = lb. of coal. 


5. 9-07 lb. of water by deg. Fahr. 


II. 66| per cent 


6. 2-614 lb. of water by deg. Fahr. 




EXERCI 


3E XLI. 


I. 96-8" C. 


4. 20-5''C. 


2. 5 degs. Cent. 


5. 24-3'' C. 


5. 712'' 0. 


6. 283* C. 



ANSWERS TO THE EXERCISES. 
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7 


'114 M of water = M of iron. 


12. 26-7" C; 9-12 gm. of water. • 


8 


6-6 lb. 


13. 157 foot-pounds = lb. of iron by 


9 


•096 M of water = M of metal. 


deg. Cent. 


lO 


20-8° 0. 


14. 5 degs. Fahr. 


II 


•443 M of water = M of sub- 


15. Would be 934 degs. Cent. 




stance. 


16. 100 ft. per sec. 




EXEK^ISE XLII. 


I. 


79 lb. of water by deg. Cent. = 


8. 4*4 lb. water and '1 lb. ice, at 




lb. of ice. 


O^C. 


2. 


2/3 lb. 


9. -091. 


3- 


8oz. 


10. 71 -5° C. 


4. 


10 oz. 


II. -47. 


5. 


2-5 lb. 


12. 1^9 gm. 


6. 


79-28 kgm. of water by deg. 


13. 49-rc. 




Cent. = kgm. of ice. 


14. 7,900 gm. 


7- 


100" C. 

EXERCIg 


;e xliii. 


I. 


•061 cubic ft. per cubic ft. 


8. 80 and 81-33 cc; '00017 V per 


2. 


60-024 ft. 


V per deg. Cent. 


3. 


•24 inch in excess or defect. 


9. -000074 inch per inch per deg. 


4- 


10-0036 yds. 


Cent. 


5. 


•024 ft. 


10. -000347 V per V per deg. Cent. 


6. 


2 L of brass = 3 L of steel. 


II. 1/1110. 


7- 


4-85 X 10* lb. of water by deg. 


12. 29^48 inch. 




Cent. 


13. 98-64* C. 




EXERCIS 


>E XLIV. 


I. 


764 cubic inches. 


6. 16-4 litres. 


2. 


423 cubic inches. 


7. 1,020 cubic inches. 


3. 


209-8 cc. 


8. 459" F.; 219'' R. 


4- 


450 •S cubic inches. 


9. 180-04 gm. 


5- 


130'' C. 

EXERCIJ 


3E XLV. 


I. 


4^68 gramme-degree. 


6. 28-8 pound-degree per sq. ft. per 


2. 


4^31 X 10^ gramme-degree. 


hour. 


3. 


6 '23 X 10^ gramme-degree. 


7. 1 -09 gramme-degree per sec. per 


4. 


1-89x10* lb. of water by deg. 


sq. cm. = deg. Cent, per cm. 




Cent, per hour. 


8. 14, 13-6, 64, 13-5. 


5- 


3-06 X 10* gramme-degree. 
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1. 9-31. 

2. 6736 C0,8. units. 

3. 48 oscillations per minute. 

4. 49 : 36 : 25. 

5. -0461 ft. -grain-sec. unit = C 0.8, 

unit. 



EXERCISE XLVI. 
6. 3-47 



7. 1-16 dynes per CO,S. pole. 

8. -00019. 

9. 6M0'. 

10. 3*26 gm. by cm.". 

11. 'nS2C0.S, unit. 



EXERCISE XLVII. 



1. 1,000 C,0.8. units. 

2. 8 to 5. 

3. 18*3 and 36*7 units of quantity. 

4. 350 CO.S, units. 

5. 1 to 5 ; 5 to 1. 

6. '0764 CG.S, units per sq. cm. 



7. 100 to 1. 

8. 2 W final = 5 W original. 

9. 3,4,5. 

10. 25 to 24. 

11. 1,2, 3,4,5, 6, 7, 8,9, 10. 

12. '00601 calories. 



EXERCISE XLVIII. 



VlO/100000 for quantity and cur- 
rent ; 1/100 for capacity. 

VlO/1000 for quantity and cur- 
rent ; 100 for capacity. 

2-790 X 10-^ 8-504 x 10-8, 
3-281 X 10-2. 

1/1000. 

10 units of current = ampere. 

735-75 watts = cheval vapeur. 

10 joules = kilogrammetre. 



8. 

9. 
10. 
II. 
12. 

13. 
14. 

15. 
16. 



•18 horse-power. 
7-31 amperes. 
-0195 ampere. 
•0379 watt. 
20-3 volts. 
5 ohms. 
9-84 xlO«. 
7*2 amperes. 
3,600,000 joules. 



EXERCISE XLIX. 



3 to 10. 

91 microhms. 

384 to 343. 

100 to 1. 

10-8 ohms. 

6-5 ohms per mile. 

3-164 metres. 

7,682 ohms. 

4-5x10"^ metre. 



10. 


1,622 CG.S. unit = cm. per sq. 




cm. 


II. 


2-72x1010 miles. 


12. 


2-1 ohms. 


13. 


1/109, 1/1009, 1/1099, 1/llOS. 


14. 


4,795 ohms. 


15. 


16-7 ohms. 


16. 


5 to 7. 


17. 


1 to 10. 



AJfSW£RS TO THE EXERCISES. 
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i8. 

19. 
20. 
21. 


In series. 
•048 ampere. 
In multiple arc. 
Internal resistance equal to ex- 
ternal. 


22. -0015, -0082, and '0062 ampere. 

23. 1 '65 watts. 

24. 10 ft. from copper end. 

25. 100. 

1 




EXERCISE L. 


I. 

2. 
3. 

4. 


1*1 and 4*9 feet per wave. 
1*33 feet per wave. 
1^ mile. 
134 ft. 


5. 4-8, 9-5, and 14-4 sec. 

6. 36-3 vibrations. 

7. 467 yd. 

8. 1,091 and 909 vibrations per sec. 




EXERCISE LI. 


I. 
2. 
3* 

4- 
5- 


349 metres per sec. 
4*65 sees, after one. 
35 inches per vibration ; 17i 

inches. 
512 vibrations per second. 
34*4 vibrations per sec. 


6. 69 vibrations per sec. 

7. 182 vibrations per sec. ; by 1 

vibration per sec. 

8. 118 vibrations per sec. 

9. 937 ft. per sec. 




EXERCISE LII. 


I. 

2. 
3. 
4- 
5- 
6. 


16tol. 

16 to 9. 

1-02 ft. 

5 candles. 

30 earth-quadrants per sec. 

5*07 X 10" vibrations per sec. 


7. 314 X 10' metres per sea 

8. 9/8. 

9. 3o^ 

10. 28"^; will be reflected internally. 

11. -045, -041, -077. 

12. -63 ; 1-30. 



EXERCISE Lin. 



I. 


1ft. 


7. 


15 ins. from lens on same side. 


2. 


9 and 4i inches from mirror. 


8. 


•05 and 18 inches. 


3- 


37° from normal. 


9. 


1^ and 2 ft. on othei: side, 


4- 


6 inches and 3 ft. 6 inches below 




ima£;e true ; 5 and ^V ^^- ^^ 




surface of water. 




same side, image virtual. 


5- 


16 ft. 


10. 


1 ft. 6 in. 


6. 


4 inches. 


II. 


At infinity. 
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EXERCISE LIV. 



30 M of ^ + 14 M of Fc + 18 M 
of C+21 Mof -y=92 Mof 
ferrocyanide ; 23 M of Ka 
+ 32M of 6^+24 M of = 
79 M of hyposulphite. 
75 gm. 

(1) 46-6 M of Ft, (2) 9-8 M of Mg. 
63-3 „ S, 130 „ S, 
71-5 „ O. 
6-7 „ H. 
(1) 85 M of Hg, (2) 73-9 M of Hg, 
16 „ CI, 261 „ a, 
(3) 26-7 M of C. 
2-2 „ H, 
71-1 „ O. 



I. 

2. 

3. 
4- 

5. 
6. 

7. 
8. 

9- 
lo. 



5- 


76-3 M of Hg + 54 M of JV^ -i- 




18-3 M of 0. 


6. 


88-86 M of + 11-14 M of // 




= 100 M of H^O. 


7. 


C.Hfi. 


8. 


NaPO^ 


9. 


AgyO,. 


10. 


CuFeS^, 


II. 


400 c.c. of oxygen. 


12. 


88-9 M of 0+ 111 Mof //. 


13. 


CH^O is empirical formula. 


14. 


34-7 V of + 65-3 V of S. 



1*965 gm. per litre. 

670 and 694 cc. per gm. 

537 gm. 

200 cubic inches. 

21 Vof + 79VofiV; 23 M of 

+ 77 MofiV'; 14-42. 
14 Mir per atom. 
16 Mj7 per molecule. 



EXERCISE LV. 

18. 17 Mjr per molecule. 



9. 28 Mir per molecule. 

10. 87-81 MjT per molecule ; 43*9 

and 45*5. 

11. 3-58 gm. 

12. Ag^C^H^O^, 

13. '056 M of water = M of silver. 

14. -177. 



EXERCISE LVI. 



188 gm. of 5'0„ 53 gm. of H^O. 
178 gm. 

83-8 and 140 litres. 
140 litres. 
7*23 litres. 
36 gm. ; 22-3 litres. 
60 and 40 volumes. 
2 volumes ; 36 gm. 
600 volumes ; COj and H^O. 
11-6 lb.; 153 cubic feet. 
14-3 litres ; 3-6 gm. of CO2 and 
l-6gm. of i^jO. 



12. 46-43 cubic feet. 

13. 26 litres ; 10 gm. of O + 21 gm. 

of fi'Oj+ 69 gm. of JV. 

14. C^Hq; 30. 

15. 4 litres ; 1 -075 gm. 

16. 4*7 and 6-9 gm. 

17. 8,400 lb. of water by deg. Fahr. 

= lb. of coal. 

18. 7,704 gramme-degrees. 

19. 91 horse-power. 

20. 6-8 per cent. 



ANSWERS TO THE EXERCISES, 
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EXERCISE LVII. 



I. 


56 milligrammes. 


12. 


49-4 litres; 135 gm 


2. 


24, 11, and 7 litres. 


13. 


AgCsffoO^, 


3. 


22-34 c.c. 


14. 


39 gm. 


4. 


36 gm. 


15- 


44 litres. 


5. 


•675 litres. 


16. 


300 gm. 


6. 


101 litres. 


17. 


32-65 tons. 


7. 


36-2 litres. 


18. 


60 gm. 


8. 


1-57 and '58 lb. 


19. 


2-54 litres. 


9. 


19-6 gm. of H^O^^ 100 gm. of 


20. 


15-96 degrees. 




liquid. 


21. 


•317 and 1-08 gm. 


10. 


58-76. 


22. 


-634 and 2*16 gm. 


II. 


114 grains. 


23. 


2-82 and 1-41 gm. 



INDEX. 



a., 79. 

Abatement, 29. 
Abbreviations, 64. 
Absolute refractive index, 300. 

systems of units, 62, 65, 109, 
126, 159, 192, 257, 264, 271. 

units of force, 159. 

zero of temperature, 220, 248. 
Absorptive power, 313. 
Acceleration, 125, 126, 132. 
Acidity, 327. 
Acre, 78. 

Activity, 202, 274. 
Adjacent, 72. 
Aeolotropic, 241. 
Along, 72. 
Altitude, 80. 

American standard time, 104. 
Amount at simple interest, 28. 

at compound interest, 34. 

of an annuity, 36. 
Ampere, 271. 
Angle, units of, 68. 

solid, 87. 

of repose, 167. 
Angular velocity, 121. 
Annuity, 36. 

amount of, 36. 

perpetual, 37. 
government, 44. 

reversion of, 37. 
Apparent dilatation, 242. 

rotary power, 302. 
Approach, rate of, 113. 
Approximation, 55. 
Arbitrary units, 268. 
Arbitrated rate of exchange, 57. 
Are, 78. 

Atmosphere, height of homogeneous, 
188. 



Atmosphere of pressure, 188. 
Atom, 316. 
Atomic heat, 317. 

weight, 316; table, 310. 
Averace sijeed, 126. 
Avoirdupois pound, 138, 141. 

Banker's discount, 29. 
Barter, 12. 
Basicity, 327. 
Binary units of angle, 69. 
Boltzmann, Prof., 266. 
Boyle's law, 188. 
Brightness, 298. • 

British Association Committee, 65. 
272, 273, 274, 

system of units, 62, 109, 126, 
159, 192. 

unit of heat, 223. 
Brokerage, 45. 
Bronze coins, British, 4. 

French, 51. 
Bulkiness, 143. 
Buoyancy, 176. 
By, 80, 156. 

c, 64. 

Cable, capacity of, 272. 
Calendar, 102. 
Calorie, 223. 

small, 223. 
Calorific intensity, 322. 

power, 322. 
Candle, standard, 298. 
Capacity, units of, 92. 

electric, 265. 

thermal, 226. 
Carcel burner, 298. 
Cent., 9, 51. 
Centesimal units of angle, 69. 
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Centi-, 64.' 

Centigrade scale, 219. 

Centime) 50, 52. 

Centre of mass, 153 ; table, 154. 

Centrifugal force, 170. 

C.G.S. system, 65, 109, 126, 144, 

160, 190, 257, 264, 277. 
Chain Rule, 6, 7, 12. 
Change of length, 66. 

price, 13. 

speed, 126. 

surface, 88. 

volume, 97. 
Chemical equation, 321. 
Circle, area of, 85. 

area of sector, 84. 

ratio of circumference to dia- 
meter, 70. 
Circular measure, 70. 
Clausius, Prof., 257. 
aerk-Maxwell, 60, 143, 153, 252, 

271. 
Co-efficient of expansion, 239. 
for water, 242. 

of friction, 166. 
Coin proper, 2. 

token, 4. 
Coinage, British, 2. 

proposed decimal, 9. 

colonial and foreign, 52. 

French, 50. 

German, 52. 

international, proposed, 9. 

Scandinavian, 53. 

of United States, 51. 
Combining weight, 309 ; table, 310. 

of a compound, 312. 
Comite International, 64. 
Comparative time, table, 104. 
Comparison of scales of tempera- 
ture, 220. 

of yard and metre, 65. 
Compass, points of, 69. 
Composition of an acceleration, 132. 

of forces, 166. 

of a mixture, 22. 

of a substance, 309, 312. 

of a vector, 72, 73, 127. 

of a velocity, 118. 
Compound interest, 34 ; table, 38. 
Compressibility, 201. 



Condenser, capacity of, 266. 
Conductivity, electric, 277; table, 
278. 

thermal, 251 ; table, 252. 
relative, 253. 
Cone, surface of, 86. 

volume of, 96. 

centre of mass, 154. 
Congress of Electricians, 66, 271, 

273, 298. 
Consols, 44. 

Continued fractions, 55, 71. 
Continuous quantity, 10. 
Contracted multiplication, 40. 
Contraction, rate of, 240. 
Convergent, 56, 71. 
Conversion, 6, 110, 224. 
Cosecant, 72. 
Cosine, 72. 
Cotangent, 72. 
Coulomb, 271. 
Couple, 209. 

moment of, 209. 
Course of exchange, 56. 
Cubical expansion, 241. 
Current, 157. 
Curvature, 73. 

radius of, 73. 
Cylinder, surface of, 86. 

volume of, 96. 

d., 64 ; da., 64. 
Day, 101. 

relation to year, 102. 

civil, nautical, astronomical, 103. 
Deci-, 64. 

Decimal units of value, 9. 
Decimalization of British money, 8. 
Decime, 50. 

Declination, magnetic, 259. 
Deduction of approximate rates, 55. 
Deflecting force, 170. 
Degree of angle, 68. 

of temperature, 219. 
Deka-, 64. 
Density, 143 ; table, 149. 

electric, 264. 

linear, 144. 

relative, 148. 

surface, 144. 

of water, 144, 176. 
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Deviation, rate of, 132. 
Dilatation, 241. 

apparent, 242. 
Dime, 51. 
Dimensions, 133, 196, 251, 252, 257. 

of electrical units, 281. 
Dip, 259. 

Discontinuous, 13. 
Discount, bankers', 29. 

compound interest, 35. 

simple interest, 29. 

of snares, 43. 
Discrete, 10. 
Dispersion, 3bl. 

Dispersive power, 301 ; table, 301. 
Dividend, 43. 

Division, notation for, 6, 80. 
Dollar, 51, 52. 

Dynamical equivalent of heat, 223. 
Dyne, 160. 

Eagle, 61. 

Electric capacity, 266. 

conductivity, 277 ; table, 278. 

density, 264. 

resistance, 273. 
of a substance, 276. 
in terms of linear density, 
278. 
Electricians, Congress of, 66, 271, 

273, 298. 
Electricity, unit of, 263. 

electromagnetic, 270. 

electrostatic, 263. 
Electrolysis, 328. 
Electromagnetic, 263. 

unit of quantity, 270. 

units, dmiensions of, 281. 
Electromotive force of cells, 272. 
Electrostatic, 263. 

unit of quantity, 263. 

units, dimensions of, 281. 
Elements, magnetic, 260. 

of the sun and planets, 216. 

chemical, 310. 
Ellipse, 86. 
Ellipsoid, 97. 
Empirical formula, 311. 
End-measure, 61. 
Energy, kinetic, 195. 

of a charge, 267. 



Energy of rotation, 196. 

unit of, 192, 222. 
Epoch, 103. 
Equated time, 29. 

Equivalence, 6, 11, 13, 18, 28, SO, 
148, 321, 327. 

partial, 23, 118, 309. 

between yard and metre, 65. 
Equivalent amounts of stock, 45. 

chemical, 327. 

distance, 154. 

masses with respect to heat, 22S. 

radius, 196. 

time, 30. 

of heat, 223. 
Erg, 192. 

Everett, Prof., 188, 291. 
Exchange, 50. 

course of, 56. 

bill of, 56. 
Exchequer bills, 44. 
Expansion, linear, 239 ; table, 240. 

cubical, 241 ; tables, 243, 247. 
Extensibility, 291. 

F, 159. 

FacUity, 105, 279. 

Fahrenheit scale, 219. 

Farad, 272. 

Fineness, 2. 

Fixed price, 55. 

Focal length of lens, 306. 

of mirror, 306. 
Foot-pound, 192. 
Foot-poundal, 192. 
Force, 159. 

absolute units, 159. 

astronomical unit, 214. 

centrifugal, 170. 

composition of, 166. 

deflecting, 170. 

moment of, 208. 
Force-de-cheval, 202. 
Foreign money, 52. 
Formula, empirical, 311. 

molecular, 312. 
F.P.S. system, 62, 109, 126, 159, 

192. 
Fraction, continued, 55, 71. 
Franc, 50, 62. 
Frequency, 287. 
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Frequency of a stretched string, 293. 

of an organ pipe, 293. 
Friction, 166. 

Fandamental unit, 60, 101, 138, 219. 
Fands, 44. 
Future value, 34. 

G, 38; g, or gm., 142; flr., 176, 161. 

Gallon, 92. 

Gas, expansion of, 246. 

pressure of, 188. 

specific heats, 229 
Gauss, 258. 
General unit, 60. 

of length, 60. 

of time, 101. 

of force, 159. 

of mass, 138. 

of electricity, 263. 
German money, 52. 
Gold coins, British, 2. 

French, 51. 

German, 53. 

Scandinavian, 53. 

of United States, 51. 
Government stocks, 44. 
Grade, 69. 
Gradient, 73. 

of electromotive force, 277. 

of temperature, 251. 
Gramme, 141. 
Gramme-degree, 223. 
Gravitation, law of, 214. 

units of force, 160. 

units of work, 192. 
Gravity, intensity of, 161, 176, 216. 
Gregorian year, 102. 
Gyration, radius of, 196. 

H, 222 ; h, 64. 
Harmonic, 293. 
Heat, 222. 

dynamical equivalent of, 223. 

latent, 234. 

specific, 227. 

total, 235. 

of combination, 322. 
Heaviness, 176. 
Hectare, 79. 
Hecto-, 64. 
Hemisphere, centre of mass of, 154. 



Homogeneous atmosphere, 188. 
Horizontal intensity, 259, 261. 
Horse-power, 202. 

Illuminating power, 298. 
Imperial measures of length, 62; 
table, 66. 
standard of length, 60. 

of mass, 138. 
units of surface, 78. 
of volume, 92. 
Impulse, 157. 
Inch of mercury,- 184. 

of rainfall, 145. 
Inclination, magnetic, 260. 
Independent quantity, 12, 125. 
Inertia, 160. 

moment of, 196. 
Intensity at unit distance, 215. 
of a field, 215. 
electric, 264 
magnetic, 257. 
of a force, 160. 
of gravity, 161. 
of magnetization, 259. 
of a source of light, 297. 
of sound, 288. 
Interest, simple, 27. 

compound, 34 ; table, 3S. 
Isotropic, 241. 

/, 224. 
Joule, 274. 
Julian year, 102. 

k. 64. 

Kilo-,* 64, 178. 
Kilogramme, 140, 142, 176. 
Kilogrammetre, 192. 
Kinetic energy, 195, 127. 

of rotation, 196. 
Knot, 71. 
Krone, 53. 

L, 60, 109 ; /, 93 ; L*, 78. 

Lac, 52. 

Latent heat, 234 ; table, 235. 

Latin monetary union, 50. 

Least current weight, 3. 

Legal tender, 3, 4. 

Lens, 306. 
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Lever, horizontal, 208. 
Leyden jar, capacity of, 265. 
light, 297. 
Linear density, 144. 

expansion, 239. 
Line-measure, 61. 
Liquid, pressure of, 1S4. 

expansion of, 241 ; table, 243. 
Litre, 93. 

Local standards, 140. 
Longitude aud time, 103. 
Long rate of exchange, 57. 
Luminosity, 298. 

M, 138; Mff, 316; fi»., 64. 
Magnetic elements, 260. 

field, 257. 

moment, 259. 

pole, 256. 

potential, 258. 
Magnetization, intensity of, 259. 
Mark, 52. 
Mass, 138. 

imperial standard, 188. 

metric standard, 140. 

units of, 141. 
Mass-vector, 153. 
Mechanical advantage, 204. 

equivalent of heat, 223. 
Mega-, 160. 
Mercury, pressure of, 184. 

resistance of, 278. 
Metre, 62, 65. 
Metric measures of length, 66. 

prefixes, 64. 

standard of length, 62. 
of mass, 140, 177. 

units of surface, 78. 
of volume, 98. 
Mho, 279. 
Micro-, 160. 
Mil, 9. 
Mile, statute, 66. 

nautical or geographical, 71. 
Mill, 51. 
Milli-, 64. 
Milliard, 52. 
Mirror, 305. 
Mixture, composition of, 22. 

price of, 23. 
Modulus of elasticity, 291. 



! Modulus of compressibility, 291. 
of a gas, 292. 
Molecular i&rmnla, 312, 317. 

weight, 317 ; table, 318. 
Molecule, 317. 
Moment of a couple, 209. 

of a force, 208. 

of a magnet, 258. 

of inertia, 196. 

of velocity, 121. 
Momentum, 156. 
Monetaiy unions, 50. 
Money, decimalization of British, 8. 
Multiple circuit, 279. 
Multiplication, contracted, 40. 

word for, 80. 
Myria-, 64. 

Napoleon, 51. 

National debt, 44. 

Nautical units, 71. 

Newton's law of gravitation, 214. 

rule for velocity of sound, 293. 

standard of temperatare, 219. 

third law, 205. 

Ohm, 272. 

the standard, 273. 
Ohm's law, 273, 280. 
Opposite, 72. 
Ordinal, 69, 220. 
I Overtaking, 113. 

j P, 256 ; x, 70. 

I Paper currency, 4. 

I Par, 43. 

I of exchange, 53 ; table, 54. 

' Parallelepiped, 94. 

I Parallelogram, area of, 80. 

Parliamentary standards, 61, 139. 
' Per, 80. 
I Percentage, 19. 

composition, 312. 
I Period of a sound, 287. 

Periodic time, 121 ; table, 216. 

Perpetual annuity, 37. 
government, 44. 
' Pitch, 288. 

Planets, elements of, 216. 

Point, 70. 

Pole, magnetic, 256. 
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Potential, 215. 

electric, 264. 

magnetic, 258. 
Pound, avoirdupois, 138, 142, 144. 

sterling, 2. 

troy, 138, 142. 
Poundal, 159. 
Power, 202. 
Practical electrical units, 257, 258, 

271, 272, 274. 
Prefixes, 64, 160. 
Premium, 43. 
Present value, simple interest, 28. 

compound interest, 34. 
Pressure, 183. 

-height, 188. 

of a liquid, 184. 

of a gas, 188. 

work done by, 192. 
Price, 11. 
Profit and loss, 18. 
Purchase, years', 38. 
Pyramid, vohime of, 96. 

centre of mass, 154. 

Q, 263. 

Quantity, continuous, 10. 

discontinuous, 13. 

independent, 12. 

of electricity, 263. 

Radian, 71. 

Eadlus of curvature, 73. 

of gyration, 196. 
Rainfall, 145. 
Rankine, 143. 
Rarity, 143. 
Rate of change of speed, 125. 

contraction, 240. 

deviation, 132. 

expansion, linear, 239. 
of a gas, 246. 

exchange, direct, 50. 
arbitrated, 57. 

improvement of money, 28, 38. 

interest, compound, 34. 
simple, 27. 

price, 11. 

working, 105. 
Ratio, 19. 

of circle to diameter, 70. 



Ratio of specific heats of a gas, 230. 

of units of electric quantity, 
271. 
Ratio-rate, 28, 71. 
Reaumur scale, 219. 
Reciprocal of a number, 6. 

of a unit, 109, 143, 149, 205, 
251, 279. 
Reduction, 7. 
Refractive index, 300 ; tables, 300, 

301. 
Relative density, 148. 

resistance, electric, 277. 
thermal, 253. 

speed, 113. 
Resistance, 105. 

electric, 273. 
of a substance, 276. 

thermal, 251. 
Retardation, 126. 
Reversion of an annuity, 37. 
Rood, 78, 
Rotary power, 302. 

apparent, 302. 
Rotation, 121. 

kinetic energy of, 196. 

S, 77 ; s., 93. 

Salt, 327. 

Salt-radical, 327. 

Scales of temperature, 219. 

Secant, 72. 

Sector of a circle, 84. 

Semicircle, centre of mass, 154. 

Sexagesimal units, 68. 

Shares, 43. 

Short rate of exchange, 57. 

Sidereal units of time, 101. 

Siemens, 274. 

unit of resistance, 273. 
Signs x and /, 6, 80. 
Silver coins, British, 3. 

French, 51. 
Simple interest, 27. 

harmonic motion, 133, 171. 
Sine, 72. 
Solid angle, 87. 
Solids, expansion of, 239. 
Solubility, 313. 
Solution, 313. 
Sovereign, 2. 
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Specie, 5. 
Specific, 278. 

electric condnctiyity, 278; table, 
278. 

gravity, 148, 176. 

Beat, 227, 229 ; tables, 229. 290. 

indactive capacity, 26S ; table, 
266. 

mass, 148 ; table, 149. 
Speed, 108. 

relative, 113. 

of turning, 121. 

rate of cluuige of, 125. 
Sphere, electric capacity of, 265. 

surface of, 87. 

volume of, S6. 
Standard gold, 2. 

silver, 3, 

time, 103. 

of length, imperial, 60. 
metric, 62. 

of light, 298. 

of mass, imperial, 138. 
metric, 140. 

of temperature, 219. 

of value, 1. 
Steradian, 87. 
Stere, 93. 
Stock, 43. 

government, 44. 
Stokes, Prof., 6. 
Stoney, Prof., 65. 
Strength of a solution, 313. 
Sun, constants of, 216. 
Surface-density, 144. 
Surface, general unit, 77. 

imperial unite, 78. 

metric units, 78. 
System of units, British, 62. 

C.G.S., 65. 

practical electrical, 257, 271. 
Systematic unit, 78, 92. 

T, 101. 

Table of atomic weights, 310. 

bulk of water, 242. 

combining weights, 310. 

comparative time, 104. 

compound interest, 38. 

density, 149. 

dispersive power, 301. 



Table of dimensions of electrical 
units, 281. 

electromotive force of cells, 272. 

electric conductivity, 278. 

elements of sun and planets, 21 C. 

expansion of gaseti, 247. 
of liouids, 243. 
of solids, 240. 

heat of combination, 323. 

latent heat, 235. 

length, 66. 

magnetic elements, 260. 

mass, 141. 

metric prefixes, 64. 

molecular weights, 318. 

money, 52. 

radius of gyration, 196. 

refractive index, 300. 

rotary power, 302. 

specific gravity, 149. 

specific heat of solids and 
liquids, 229. 

specific heats of gases, 230. 

specific inductive capacity, 266. 

surface, 79. 

thermal conductivity, 252. 

volume, 93. 

weights, 141. 

wave-lengths of light, 299. 
Tait, Prof., 108, 202, 299. 
Tangent, 72. 
Temperature, 219. 

absolute zero of, 220, 248. 

gradient of, 251. 

resistance to change of, 251. 

scales of, 219. 

standard of, 219. 
Tension, 183. 
Thermal capacity, 226. 

conductivity, 251 ; table, 252. 

units of heat, 223. 
Thermometric conductivity, 251. 
Thomson, Prof. J., 159. 

Sir William, 202, 258, 279. 
Time, local, 103. 

standard, 103. 
American, 104. 

standard of, 101. 

units, sidereal, 101. 
mean solar, 101. 
Time and longitude, 103. 
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Toise, 62. 
Total heat, 235. 

temperature, 248, 293. 
Triangle, area of, 80. 

centre of mass, 154. 
Troy pound, 138, 142. 

ounce, 139, 142. 
True discount, 29, 35. 

Unions, monetary, 50. 
Unit, absolute, 62, 65. 

general, 60. 

of account, 2. 

of value, 2. 

V, 92. 

Value, principal unit of, 2. 

proposed decimal units, 9. 

standard of, 1. 
Variable price, 65. 
Vector, 71. 

-rate, 118, 132. 
Velocity, 108, 118, 119. 

angular, 121. 

moment of, 121. 

-ratio, 206. 

of Ught, 271, 299. 

of sound, 292. 

virtual, 204. 
Vernier, 114. 



Vibration, 287. 
Virtual velocity, 204. 
Volume, 92. 

imperial units, 92. 

metric units, 93. 
Volt, 272. 

W, 192. 

Water, density of, 144, 176. 

expansion of, 242. 

-equivalent, 228. 
Watt, 202, 274. 
Wave-length, 287. 

of light, 299. 
Weber, 257. 
Weight, 138. 

per volume, 176. 
Weights, table of, 141. 
Wheatstone's bridge, 280. 
Work, 192. 

units of, 192. 

done by a pressure, 192. 

Yard, 60. 

and metre, 66. 
Year, 101. 

relation to day, 102. 
Years' purchase, 38. 
Young's modulus, 291. 
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jects included in the First and Second Divisions of the Schedule of 
subjects for the Cambridge Mathematical Tripos Examination. 
Devised and arranged by Joseph Wolstenholme, D.Sc, kte 
Fellow of Christ's College, sometime Fellow of St. John's C^ege, 
and Professor, of Mathematics in the Royal Indian Esgineefing 
College. New Edition, greatly enlarged. 8vo. i&r. 
EXAMPLES FOR PRACTICE IN THE USE OF SEVEN- 
FIGURE LOGARITHMS. By the same Author. [Inprejfaration. 



SCIENCE. 

(i) Natural Philosophy, (2) Astronomy, (3) 
Chemistry, (4) Biology, (5) Medicine, (6) Anthro- 
pology, (7) Physical Geography and Geology, (8) 
Agriculture, (c) Political Economy, (10) Mental 
and Moral Philosophy. 

NATURAL PHILOSOPHY. 

Airy. — Works by Sir G. B. Airy, K.C.B., formerly Astronomer- 
Royal : — 

UNDULATORY THEORY OF OPTICS. Designed for the Use 
of Students in the University. New Edition. Crown 8vo. dr. 6d. 

ON SOUND AND ATMOSPHERIC VIBRATIONS. With 
the Mathematical Elements of Music. Designed for the Use of 
Students in the University. Second Edition, revised and enlarged. 
Crown 8vo. 9^. 

A TREATISE ON MAGNETISM. Designed for the Use of 
Students in the University. Crown 8vo. 9f. 6d. 
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Airy (Osmond).— a treatise on geometricai; 

OPTICS. Adapted for the Use of the Higher Classes in Schools. 
By Osmund Airy, B.A., one of the Mathematical Masters in 
Wellington College. Extra fcap. 8vo. 3^. 6d, 

Alexander (T,),— elementary afplied^mechanics, 

Being the simpler and more practical Cases of Stress and Strain 
wrought out individually from first principles by means of Ele- 
mentary Mathematics. By T. Alexander, C.E., Professor of 
Civil Engineering in the Imperial College of Engineering, Tokei, 
Japan. Crown 8vo. Part I. 4*. 6d, 
Alexander — Thomson. — ELEMENTARY APPLIED 
MECHANICS. By Thomas Alexander, C.E., Professor of 
Engineering in the Imperial College of Engineering, Tokei, Japan ; 
and Arthur Watson Thomson, C.E., B.Sc., Professor of 
Engineering at the Royal College, Cirencester. Part II, Trans- 
verse Stress ; upwards of 150 Diagrams, and 200 Examples 
carefully worked out ; new and complete method for finding, at 
every point of a beam, the amount of the greatest bending 
moment and shearing force during the transit of any set of loads 
fixed relatively to one another — e.£,y the wheels of a locomotive | 
continuous beams, &c., &c. Crown 8vo. loj. 6d. 

Awdry.-~EASY LESSONS ON LIGHT. By Mrs. W. Awdry. 
Illustrated. Extra fcap, 8vo. 2 J. 6d. 

Ball(R. S.).— EXPERIMENTAL MECHANICS. A Course of 
Lectures delivered at the Royal College of Science for Ireland. 
By R. S. Ball, M.A., Professor of Applied Mathematics and 
Mechanics in the Royal College of Science for Ireland. Cheaper 
Issue. Royal 8vo. los. 6d, 

Chisholm. — THE SCIENCE OF WEIGHING AND 
MEASURING, AND THE STANDARDS OF MEASURE 
AND WEIGHT. By H. W. ChIsholm, Warden of the Standards. 
With numerous Illustrations. Crown 8vo. 4^. dd. {Nature Series') 

Clausius.— MECPIANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R. Buowne, M.A., lato 
Fellow of Trinity College, Cambridge. Crown 8vo. ioj. (id. 

Cotterill.— A treatise on applied mechanics. By 

James Cotterill, M.A., F.R.S.-, Professor of Applied 
Mechanics at the Royal Naval College, Greenwich. With Illus- 
trations. 8vo. [In the press. 

Gumming.— AN INTRODUCTION TO THE THEORY OF 
ELECTRICITY. By Linnaeus Cumming, M.A., one of the 
Masters of Rugby SchooL With Illustrations. Crown 8vo. 
8j. 6d. 
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Daniell.— A text-book of the principles of 

PHYSICS. By Alfred Daniell, M.A., Lecturer on Physics 
In the Sdiool of Medicine, Edinburgh. With Illustrations. 
Medium Svo. 2is, 

Day.— ELECTRIC LIGHT ARITHMETIC. By R. E. Day, 
M.A., Evening Lecturer in Experimental Physics at King's 
College^ London. Pott 8vo. 2s. 

Everett. — units and physical constants. By j. d. 

Everett, F.R.S., Professor of Natural Philosophy, Queen's 
Collate, Belfast. Extra fcap. 8vo. 4s, 6d, 

Gray absolute measurements in electricity 

AND MAGNETISM. By Andrew Gray, M.A., F.R.S.E., 
Chief Assistant to the Professor of Natural History in the Uni- 
versity of Glasgow. Pott 8va y, M. 

Huxley.— INTRODUCTORY PRIMER OF SCIENCE. By T. 
H. Huxley, P.R.S., Professor of Natural History in the Royal 
Sdiool of Mines, &c. iSmo. ft. 

Kcmpe.— HOW TO draw a straight line ; a Lecture 
on Linkages. By A. B. Kempe. With Illustrations. Crown 
8vo. u, dd, {Nature Series,) 

Kennedy.— MECHANICS OF MACHINERY. By A. B. W. 
Kennedy, M.Inst.C.E., Professor of Enmneering and Mediani- 
cal Technology in University College, London. With Illus- 
trations. Crown 8vo. [Intke^ess, 

Lang. — EXPERIMENTAL PHYSICS. By P. R. Scott Lang. 
M. A., Professor of Mathematics in the University of St. Andrews. 
Crown 8vo. [In preparation, 

Martineau (Miss C. A.).— easy LESSONS ON HEAT. 
By Miss C. A. Martineau. Illustrated. Extra fcap. 8vo. 
2J. 6d, 

Mayer. — SOUND : a Series of Simple, Entertaining, and Inex- 
pensive Experiments in the Phenomena of Sound, for the Ute of 
Students of every age. By A. M. Maver, Professor of Physics 
in the Stevens Institute of Technology, &c. With numerous 
Illustrations. Crown 8vo. 2j. 6d, {Nature Series.) 

Mayer and Barnard. — LIGHT : a Series of Simple, Enter- 
taining, and Inexpensive P^xperiments in the Phenomena of Light, 
for the Use of Students of every age. By A. M. Mayer and C. 
Barnard. With numerous Illustrations. Crown 8vo. 2s, 6d, 
{Nature Series,) 
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Newton. — ^PRINCIPIA. Edited by Professor Sir W. Thomson 
and Professor Blackburne. 4to, cloth. 31J. 6d. 
THE FIRST THREE SECTIONS OF NEWTON»S PRIN- 
CIPIA. With Notes and Illustrations. Also a Collection of 
Problems, principally intended as Examples of Newton's Methods. 
By Percival Frost, M.A. Third Edition. 8vo. 12s, 

Parkinson.— A TREATISE ON OPTICS. By S. Parkinson, 
D.D., F.R.S., Tutor and Praelector of St. John's College, Cam- 
bridge. New Edition, revised and enlarged. Crown Svo, 
los, 6d, 

Perry.— STEAM. AN ELEMENTARY TREATISE. By 
John Perry, C.E., Whitworth Scholar, Fellow of the Chemical 
Society, Lecturer in Physics at Clifton College. With numerous 
Woodcuts and Numerical Examples and Exercises. iSmo. 

Ramsay.— EXPERIMENTAL PROOFS OF CHEMICAL 
THEORY FOR BEGINNERS. By William Ramsay, Ph. D , 
Professor of Chemistry in University College, Bristol. Pott 8vo. 
2s, 6d. 

Rayleigh.— THE THEORY OF SO UND. By Lord Rayleigh, 
M.A., F.R.S., formerly Fellow of Trinity College, Cambridge, 
8vo. Vol. I. I2J. 6d, Vol. II. I2J. 6</. 

[Vol. III. in the^ress. 

Reuleaux.— THE kinematics of machinery. Out- 
lines of a Theory of Machines. By Professor F. Reuleaux. 
Translated and Edited by Professor A. B. W. Kennedy, C.E. 
With 450 Illustrations. Medium 8vo. 21J. 

Shann.— AN elementary treatise on heat, in 

relation to STEAM AND THE STEAM-ENGINE. 
By G. Shann, M.A. With Illustrations. Crown 8VO.4J. (>d. 

SpOttisWOOde.— POLARISATION OF LIGHT. By the late 
W. Spottisvvoode, P.R.S.. With many Illustrations. New 
Edition. Crown 8vo. 3J. dd. {Nature Series,) 

Stewart (Balfour). — Works by Balfour Stewart, F.R.S., 
Professor of Natural Philosophy in the Victoria University the 
Owens College, Manchester. 

PRIMER OF PHYSICS. With numerous Illustrations. New 
Edition, with Questions. l8mo. is. {Science Primers.) 

LESSONS IN ELEMENTARY PHYSICS. With numerous 
Illustrations and ChromoUtho of the Spectra of the Sun, Stars, 
and Nebula. New Edition. Fcap. 8vo. 4J. 6d. 
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Stewart (Balfour).— Works by {conHfiUid)-^ 
QUESTIONS ON BALFOUR STEWARTS ELEMENTARY 
LESSONS IN PHYSICS. By Prof. Thomas H. Cork, Owens 
Collie, Manchester. Fcap. 8vo. 2f. 

Stewart— Gee.— PRACTICAL physics, elementary 

LESSONS IN. By Professor Balfour Stewart, F.R.S., and 
W. HAtDANE Gee. Fcap, 8vo. 

Part I. General Phjrsics. [Nearly ready. 

Part II. Optics, Heat, and Sound. [In preparation. 

Part III. Electricity and Magnetism. [In preparation, 

Stokes.— THE NATURE OF LIGHT. Burnett Lectures. By 
Prof. G. G. Stokes, Sec. R.S., etc, Crown 8vo. zs, 6d. 
ON LIGHT. Burnett Lectures. First Course. On the Nature 
OF Light. Delivered in Aberdeen in November 1883. By 
George Gabriel Stokes, M.A., F.R.S., &c.. Fellow of Pem- 
broke College, and Lucasian Professor of Mathematics in the 
University or Cambridge. Crown 8va 2f. (>d. 

Stone.— AN ELEMENTARY TREATISE ON SOUND.. By 
W. H. Stone, M.B. With Illustrations. i8mo. 3^. 6d, 

Tait— HEAT. By P. G. Tait, M.A., Sec. R.S.E., Formerly 
Fellow of St. Peter's College, Cambridge, Professor of Natural 
Philosophy in the University of Edinburgh. Crown 8vo. 6j. 

Thompson.— ELEMENTARY LESSONS IN ELECTRICITY 
AND MAGNETISM. By Silvanus P. Thompson. Pro- 
fessor of Experimental Physics in University College, Bristol. 
With Illustrations. Fcap. 8vo. 4J. 6d, 

Thomson.— THE motion of vortex rings, a 

TREATISE ON. An Essay to which the Adams Prize was 
adjudged in 1882 in the University of Cambridge. By J. J. 
Thomson, Fellow' and Assistant-Lecturer of Trinity CoUege, 
Cambridge. With Diagrams. 8vo. 6s. 

Todhunter.— NATURAL PHILOSOPHY FOR BEGINNERS. 
By I. Todhunter, M.A., F.R.S., D.Sc. 
Part I. The Properties of Solid and Fluid Bodies. i8mo. 51. 6d. 
Part II. Sound, Light, and Heat. i8mo. y. 6d, 

Wright (Lewis). — light ; A COURSE OF EXPERI- 
MENTAL OPTICS, CHIEFLY WITH THE LANTERN. 
By Lewis Wright. With nearly 200 Engravings and Coloured 
Plates. Crown 8vo. 7^. 6</. 
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ASTRONOMY, 

Airy.— POPULAR astronomy, with Illustrations by Sir 
G. B. Airy, K.C.B., formerly Astronomer-Royal, New Edition. 
i8mo. ^.6d, 

Forbes.— TRANSIT OF VENUS. By G. Forbes, M.A., 
Professor of Natural Philosophy in the Andersonian Univenity, 
Glasgow. Illustrated. Crown 8vo. 3J. 6d. {Nature Series.) 

Godfrey. — Works by Hugh Godfray, M.A., Mathematical 
Lecturer at Pembroke College, Cambridge. 

A TREATISE ON ASTRONOMY, for the Use of Colleges and 
Schools. New Edition. 8vo. 12s. 6d, 

AN ELEMENTARY TREATISE ON THE LUNAR THEORY, 
with a Brief Sketch of the Problem up to the time of Newton. 
Second Edition, revised. Crown 8vo. 5^. 6d, 

Lockyer. — Works by J. Norman Lockyer, F.R.S. 
PRIMER OF ASTRONOMY. With numerous Illustrations. 

i8mo. IS. {Science Primers.) 
ELEMENTARY LESSONS IN ASTRONOMY. With Coloured 

Diagram of the Spectra of the Sun> Stars^ and Nebulae, and 

numerous Illustrations. New Edition. Fcap. 8vo. 5^. 6d, 
QUESTIONS ON LOCKYER'S ELEMENTARY LESSONS IN 

^TRONOMY. For the Use of Schools. By John Forbes- 

RI^BERTSON. i8mo, cloth limp. is. 6d. 
THE SPECTROSCOPE AND ITS APPLICATIONS. With 

Coloured Plate and numerous Illustrations. New Edition. Crown 

8vo. 3J. 6d. 

NeWCOmb.— POPULAR astronomy. By S. Newcomb, 
LL.D., Professor U.S. Naval Observatory. With n« Illustrations 
and 5 Maps of the Stars. Second Edition, revised. 8vo. iZs. 
'* It is unlike anything else of its kind, and will be of more iise in circulating a 

knowledgre of Astronomy than nine-tenths of the books which have appeared on the 

subject of late years.**— Saturday Review. 

CHEMISTRY. 

Fleischer.— A SYSTEM OF VOLUMETRIC ANALYSIS. 
Translated, with Notes and Additions, from the Second German 
Edition, by M. M. Pattison Muir, F.R.S.E. With Illustrations. 
Crown 8vo. ^s. 6d. 
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Jones. — ^Works by Francis Jones, F.R.S.E., F.C.S., Chemical 
Master in the Grammar School, Manchester. 
THE OWENS COLLEGE JUNIOR COURSE OF PRAC- 
TICAL CHEMISTRY. With Preface by Professor Roscoe, and 
Illustrations. New Edition. i8mo. 2s, 6d. 
QUESTIONS ON CHEMISTRY. A Series of Problems and 
. Exercises in Inorganic and Organic Chemistry. Fcap. 8vo. 3^. 

Landauer. — blowpipe analysis. By j. landauer. 

Authorised English Edition by J. Taylor and W. E. Kay, of 
Owens College, Manchester. Extra fcap. 8vo. 4/. 6d, 

Lupton.— ELEMENTARY CHEMICAL ARITHMETIC. With 
1,100 Problems. By Sydney Luiton, M.A., Assistant-Master 
at Harrow. Extra fcap. 8vo. 5j. 

Muir.— PRACTICAL CHEMISTRY FOR MEDICAL STU- 
DENTS. Specially arranged for the first M.B. Course. By 
M. M. Pattison Muir, F.R.S.E. Fcap. 8vo. w. 6d, 

Roscoe. — Works by H. E. RoscoE, F.R.S. Professor of Chemistry 
in the Victoria University the Owens College, Manchester. 

PRIMER OF CHEMISTRY. With numerous Illustrations. New 
Edition. With Questions. i8mo. ij. {Science Primers), 

LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC 
AND ORGANIC. With numerous Illustrations and Chromolitho 
of the Solar Spectrum, and of the Alkalies and Alkaline Earths. 
New Edition. Fcap. 8vo. 4^. 6d. 

A SERIES OF CHEMICAL PROBLEMS, prepared with Special 
Reference to the foregoing, by T. E. Thorpe, Ph.D., Professor 
of Chemistry in the Yorkshire College of Science, Leeds, Adapted 
for the Preparation of Students for the Government, Science, and 
Society of Arts Examinations. With a Preface by Professor 
Roscoe, F.R.S. New Edition, with Key. i8mo. 25, 

Roscoe and Schorlemmer.— inorganic and or- 
ganic CHEMISTRY. A Complete Treatise on Inorganic and 
Organic Chemistry. By Professor H. E. Roscoe, F.R.S., and 
Professor C. Schorlemmer, F.R.S. With numerous Illustrations. 
Medium 8vo. 
Vols. I. and II.— INORGANIC CHEMISTRY. 

Vol. I.— The Non-Metallic Elements. 21J. Vol. II. Part I.— 

Metals. iSj. Vol. II. Part II.— Metals. i8j. 
Vol. III.— ORGANIC CHEMISTRY. Two Parts. 

THE CHEMISTRY OF THE HYDROCARBONS and their 

Derivatives, or ORGANIC CHEMISTRY. With numerous 

Illustrations. Medium 8vo. 21s, each. 
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Schorlemmer.— A manual of the chemistry of 

THE CARBON COMPOUNDS, OR ORGANIC CHE- 
MISTRY. By C. Schorlemmer, F.R.S., Professor of Che- 
mistry in the Victoria University the Owens College, Manchester. 
With Illustrations. 8vo. 14J. 

Thorpe. — a series of chemical problems, prepared 
with Special Reference to Professor Roscoe's Lessons in Elemen- 
tary Chemistry, by T. E. Thorpe, Ph.D., Professor of Chemistry 
in the Yorkshire College of Science, Leeds, adapted for the Pre- 
paration of Students for the Government, Science, and Society of 
Arts Examiuatione. With a Preface by Professor RoscOE. New 
Edition, with Key. i8mo. 2s, 

Thorpe and Rucker.— a TREATISE ON CHEMICAL 

PHYSICS. By Professor Thorpe, F.f^.S., and Professor 
RiJCKKR,. of the Yorkshire College of Science. Illustrated. 
8vo. [In preparation^ 

Wright.-— METALS AND THEIR CHIEF INDUSTRIAL 
APPLICATIONS. By C. Alder Wright, D.Sc, &c.,. 
Lecturer on Chemistry in St. Mary's Hospital Medical School. 
Extra fcap. 8vo. 3^. 6d, ' 



BIOLOGY. 

Allen. — ON THE COLOUR OF FLOWERS, as Illustrated in 
the British Flora. By Grant Allen. With Illustiations. 
Crown 8 vo. y,6d. (Nature Series.) 

Balfour. — A TREATISE ON COMPARATIVE EMBRY- 
OLOGY. By F. M. Balfour, M.A., F.R.S., Fellow and 
Lecturer of Trinity College, Cambridge. With Illustrations. In 
2 vols. 8vo. Vol. I. i8j. Vol. 11. 21s, 

Bettany.— FIRST lessons in practical botany. 

By G. T. Bettany, M.A., F.L.S., Lecturer in Botany at Guy's 
Hospital Medical School. i8mo. is, 

Darwin (Charles).— memorial NOTICES OF CHARLES 

DARWIN, F.R.S., &c. By Professor Huxley, P.R.S., G. J. 
Romanes, F.R.S., Archibald Geikie, F.R.S., and W. T. 
Thiselton Dyer, F.R.S. Reprinted from Nature. With a 
Portrait, engraved by C. H. Jeens. Crown 8vo. 2J. td. 
{^Nature Series,) 
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Dyer and Vines.— THE STRUCTURE OF plants. By 
Professor Thiselton Dyer, F.R.S., assisted by Sydney Vines, 
D.Sc, Fellow and Lecturer of Christ's College, Cambridge, and 
F. O. Bower, M. A., Lecturer in the Noniial School of Science. 
With numerous Illustrations. \In preparation. 

Flower (W. H.)— an introduction to the oste- 
ology OF THE mammalia. Being the substance of the 
Course of Lectures delivered at the Royal College of Surgeons 
of England m 1870. By Professor W. H. Flower, F.R.S., 
F.R.C.S. With numerous Illustrations. New Edition, enlarged. 
Crown 8vo. loj. 6^. 

Foster. — Works by Michael Foster, M.D., F.R.S., Professor 

of Physiology in the University of Cambridge. 
PRIMER OF PHYSIOLOGY. With numerous Illustrations. 

New Edition. i8mo. I^. 
A TEXT-BOOK OF PHYSIOLOGY. With Illustrations. Fourth 

Edition, revised. 8vo. 2ij. 

Foster and Balfour.— THE ELEMENTS OF EMBRY- 
OLOGY. By Michael Foster, M.A., M.D., LL.D., F.R.S., 
Professor of Physiology in the University of Cambridge, Fellow 
of Trinity College, Cambridge, and the late Francis M. Balfour, 
M.A., LL.D., F.R.S., Fellow of Trinity College, Cambridge, 
and Professor of Animal Morphology in the University. Second 
Edition, revised. Edited by Adam Sedgwick, M.A., Fellow 
and Assistant Lecturer of Trinity College, Cambridge, and Walter 
Heape, Dempnstrator in the Morphological Laboratory of the 
University of Cambridge. With Illustrations. Crown 8vo. lOf. 6</. 

Foster and Langley. — a COURSE OF elementary 
PRACTICAL PHYSIOLOGY. By Prof. Michael Foster, 
M.D., F.R.S., &c., and J. N: Langley, M.A., F.R.S., Fellow 
of Trinity College, Cambridge. Fifth Edition. Crown 8vo. 1$, 6d, 

Gamgee.— A TEXT-BOOK OF THE PHYSIOLOGICAL 
CHEMISTRY OF THE ANIMAL BODY. Including an 
Account of the Chemical Changes occurring in Disease. By A. 
Gamgee, M.D., F.R.S., Professor of Physiology in the Victoria 
University the Owens College, Manchester. 2 Vols. 8vo. 
With Illustrations. Vol. I. i8j. [VoL II. in thd press. 

Gegenbaur.— ELEMENTS OF comparative anatomy. 

By Professor Carl Gegenbaur. A Translation by F. Jeffrey 
Bell, B.A. Revised with Preface by Professor E. Ray Lan- 
kester, F.R.S. With numerous Illustrations. 8vo. lis. 
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Gray.— STRUCTURAL BOTANY, OR ORGANOGRAPHY 
ON THE BASIS OF MORPHOLOGY. To which are added 
the principles of Taxonomy and Phytography, and a Glossary of 
Botanical Terms. By Professor Asa Gray, LL. D. 8vo. lar. 6^. 

Hooker.— Works by Sir J. B. Hooker, K.C.S.I., C.B., M.D., 

F R S D C L ■ 
PRIMER OF BOTANY. With numerous Illustrations. New 

Edition. i8mo. is. {Science Primers.) 
THE STUDENT'S FLORA OF THE BRITISH ISLANDS- 

New Edition, revised. Globe 8vo. icw. 6d. 

Huxley. — Works by Professor HuxLEY, P.R.S. 

INTRODUCTORY PRIMER OF SCIENCE. l8mo. . is. 

(Science Primers.) 
LESSONS IN ELEMENTARY PHYSIOLOGY. With numerous 

Illustrations. New Edition. Fcap. 8vo. • 4?. 6d, 
QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR SCHOOLS. 

By T. AlcoCk, M.D; i8mo. is. 6d. 
PRIMER OF ZOOLOGY. i8mo. {Science Primers,) 

[In preparation, 

Huxley and Martin. — a course of practical in 

STRUCTION IN ELEMENTARY BIOLOGY. By Professor 
Huxley, P.R.S., assisted by H. N, Martin, M.B., D.Sc. New 
Edition, revised. Crown 8vo. 6s, 

LankeSter. — Works by Professor E. Ray Lankester, F.R.S. 
A TEXT BOOK OF ZOOLOGY. Crown 8vo. [In preparation, 
DEGENERATION : A CHAPTER IN DARWINISM. Illus* 
trated. Crown 8vo. 2s. 6d, {Nature Series,) 

LrUbbock. — Works by Sir John Lubbock, M.P.j F.R.S., 

D.C.L. 
THE ORIGIN AND METAMORPHOSES OF INSECTS. 

With numerous Illustrations. New Edition. Crown 8vo. 3^. 6d, 

(Nature Series.) _^ 

ON BRITISH WILD FLOWERS CONSIDERED IN RE- 

LATION TO INSECTS. With numerous Illustrations. New 

Edition. Crown 8vo. as. 6d, {Nature Series). 

M'Kendrick.— OUTLINES of physiology IN IT5 RE- 
LATIONS TO MAN. By J. G. M'Kendrick, M.D., F.R.S.E. 
With Illustrations. Crown 8vo. 12s, 6d. 

Martin and Moale.— on the dissection of verte- 

BRATE ANIMALS. By Professor H. N. Martin and W. A. 
Moale. Crown 8vo. [In preparation. 

(See also page 22.) 
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MialL— STUDIES IN COMPARATIVE ANATOMY. 
No. I.— The Skiill of the Crocodile : a Manual for Students. By 

L. C. MiALL, Professor of Biology in the Yorkshire Colletre and 

Curator of the Leeds Museum. 8vo. 2/. 61/. 
No. II.—Anatomy of the Indian ^Elephant. By L. C. Miall and 

F. Greenwood. With Illustrations. 8vo. 5^. 
Mivart. — Works by St. George Mivart, F.R.S. Lecturer in 

Comparative Anatomy at St. Mary's Hospital. 
LESSONS IN ELEMENTARY ANATOMY. With upwards of 

400 Illustrations. Fcap. 8vo. 6s, 6c/, 
THE COMMON FROG. With numerous lUustrations, Crowm 

8vo. ^,6d. (ATahtre Series.) 

Miiller.— THE FERTILISATION OF FLOWERS. Bv Pro- 
fessor Hermann Muller. Translated and Edited by D*'Arcy 
W. Thompson, B.A., Scholar of Trinity College, Cambridge. 
With a Preface by Charles Darwin, F.R.S. With numerous 
Illustrations. Medium 8vo. 21s, 

Oliver. — Works by Daniel Oliver, F.R.S., &c., Professor of 
Botany in University College, London, &c. 

FIRST BOOK OF INDIAN BOTANY. With numerous Illus- 
trations. Extra fcap. 8vo. 6s. 6d, 

LESSONS IN ELEMENTARY BOTANY. With nearly 200 
Illustrations. New Edition. Fcap. 8vo. 4J. 6d, 

Parker.— A COURSE OF instruction in zootomy 

(VERTEBRATA). By T. Jeffrey Parker, B.Sc. London. 
Professor of Biology in the University of Otago, New Zealand^ 
With Illustrations. Crown 8vo. %s. 6d, 

Parker and Bettany.— the MORPHOLOGY OF the 
SKULL. By Professor Parker and G. T. Bettany. Illos- 
trated. Crown 8vo. ioj, 6d, 

Romanes.— THE scientific evidences of organic 

EVOLUTION. By G. J. Romanes, M.A., LL.D., F.R.S., 
Zoological Secretary to the Linnean Society. Crown 8vo. 2s. 6d. 
{Nature Series. ) 

Smith. — Works by John Smith, A.L.S., &c. 
A DICTIONARY OF ECONOMIC PLANTS. Their History, 

Products, and Uses. 8vo. 14^. 
DOMESTIC BOTANY : An Exposition of the Structure and 

Classification of Plants, and their Uses for Food, Clothing, 

Medicine, and Manufacturing Purposes. With Illustrations. New 

Issue. Crown 8vo. I2j. 6d, 
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MEDICINE. 

Brunton. — Works by T. Lauder Brunton, M.D., Sc.D., 
F.R.C.P., F.R.S., Examiner in Materia Medica in the Univer>ity 
of London, late Examiner in Materia Medica in the University of 
Edinburgh, and the Royal College of Phyaician^, London. 

A TREATISE ON MATERIA MEDICA. 8vo. iln the press, 

TABLES OF MATERIA MEDICA: A Companion to the 
Materia Medica Museum. With Illustrations. New Edition 
Enlarged. 8vo. lar. 6</« 

Hamilton. — a text-book of pathology. By D. J. 

Hamilton, Professor of Pathological Anatomy (Sir Erasmus 
Wilson Chair), University of Aberdeen. 8yo. [In preparation, 

Ziegler-Macalister. — text-book of pathological 

ANATOMY AND PATHOGENESIS. By Professor Ernst 
ZiEGLER of Tubingen. Translated and Edited for English 
Students by Donald Macalister,M. A., M.B., B.Sc.,M.R.C.P., 
Fellow and Medical Lecturer of St. John's College, Cambridge. 
With numerous Illustrations. Medium Svo. Part I.— GENERAL 
PATHOLOGICAL ANATOMY. I2j. dd. 
Part IL— SPECIAL PATHOLOGICAL ANATOMY. Sections 
I.^Vni. \zs.(id, \?KKil\\. in preparation. 

ANTHROPOLOGY. 

Flower.— FASHION in deformity, as Illustrated in the 
Customs of Barbarous and Civilised Races. By Professor 
Flower, F.R.S., F.R.C.S. With Illustrations. Crown Svo. 
2s, 6d. {Nature Series), 

Tylor. — ^ANTHROPOLOGY. An' Introduction to the Study of 
Man and Civilisation. ByE. B. Tylor, D.C.L., F.R,S, With 
numerous Illustrations. Crown Svo. *js, 6d, 

PHYSICAL GEOGRAPHY & GEOLOGY. 

Blanford.— THE rudiments of physical geogra- 

PHY FOR the use OF INDIAN SCHOOLS ; with 3 
Glossary of Technical Terms employed. By H. F. Blanford^ 
F.R.S. New Ediiion, with Illustrations. Globe Svo. 2s, 6d, 
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Geikie. — Works by Archibald Geikie, F.R.S., Director Geueral 

of the Geological Surveys of the United Kingdom. 
PRIMER OF PHYSICAL GEOGRAPHY. With numcroas 

Illustrations, New Edition. With Questions. iSmo. is. 

{Science Primers.) 
ELEMENTARY LESSONS IN PHYSICAL GEOGRAPHY. 

With numeroas Illustrations. Fcap. 8yo. 4;. ^d» 

QUESTIONS ON THE SAME. is. 6d. 
PRIMER OF GEOLOGY. With numerous Illustrations. New 

Edition. l8mo. is. {Science Primers.) 
ELEMENTARY LESSONS IN GEOLOGY. With IHnstrations. 

Fcap. 8vo. [In prsparoHon. . 

TEXT-BOOK OF GEOLOGY. With numerous Illustrations. 

8vo. 2&f. 
OUTLINES OF FIELD GEOLOGY. With Illustrations. New 

Edition. Extra fcap. 8vo. 3^. 6d, 

Huxley. — PHYSIOGRAPHY. An Introduction to the Shidy 
of Nature. By Professor HuxuiY, P.R.S. With numerous 
Illustrations, and Coloured Plates. New and Cheaper Edition. 
Crown 8vo. 6s, 

AGRICULTURE. 

Frankland.— AGtiicuLTURAL chemical analysis, 

A Handbook of. By Percy Faraday Frankjanb, Eh.D., 
B.Sc, F.C.S., Associate of the Royal School of Mines, and 
Demonstrator of Practical and Agricultural Chemistry in the 
Normal School of Science and Royal Sobool of Mine?, South 
Kensington Museum. Founded upon LeitfadenfUr die Agricultur- 
Chemische Analyse, vow Dr. F. Krocker. Csown 8vo. 7x. 6^. 

Tanner. — Works by Henry Tanner, F.C.S., M.R.A.C., 
Examiner in the Principles of Agriculture under the Government 
Department of Science ; Director of Education in the Institute of 
Agriculture, South Kensington, London; sometime Professor of 
Agricultural Science, University College, Aberystwith. 
ELEMENTARY LESSONS IN THE SCIENCE OF AGRI- 
CULTURAL PRACTICE. Fcap. 8vo. 3J. 6</. 
FIRST PRINCIPLES OF AGRICULTURE. i8mo. is. 
THE PRINCIPLES OF AGRICULTURE. A Series of tetding 
Books- for use in Elementary Schools. Prepared by Henry 
Tanner, F.C.S., M.R.A.C. Extra fcap. 8vo. 

I. The Alphabet of the Principles of Agriculture, td. 
II. Further Steps in the Principles of Agriculture, is. 
HI. Elementary School Readings on the Principles of Agriculture 
for the third stage, is. 
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POLITICAL ECONOMY. 

CoSSa.— GUIDE TO THE STUDY OF POLITICAL 
ECONOMY. By Dr. LuiGi CossA, Professor in the University 
of Pavia. Translated from the Second Italian Edition. With a 
Preface by W. Stanley Jevons, F.R.S. Crown 8vo. 4s, td, 

r awcett (Mrs.). — Works by MiLLiCENT Garrett Fawcett: — 
POLITICAL ECONOMY FOR BEGINNERS, WITH QUES- 
TIONS. Fourth Edition. i8mo. 2j. dd, 
TALES IN POLITICAL ECONOMY. Crown 8vo. 3^. 

Fawcett. — a manual of political economy. By 

Right Hon. Henry Fawcett, M.P., F.R.S. Sixth Edition, 
revised, with a chapter on " Stale Socialism and the Nationalisation 
of the Land," and an Index. Crown 8vo. I2j. 

Jevons.— PRIMER OF POLITICAL ECONOMY. By W. 
Stanley Jevons, LL.D., M.A., F.R.S. New Edition. i8mo. 
I J. {Science Primers,") 

Marshall.— THE ECONOMICS OF INDUSTRY. By A. 
Marshall, M.A., late Principal of University College, Bristol, 
and Mary P. Marshall, late Lecturer at Newnham Hall, Cam- 
bridge. . £xtra fcap. 8var 2s, 6d. 

Sidgwick.— THE PRINCIPLES OF POLITICAL ECONOMY. 
By Professor Henry Sidgwick, M.A., Prselector in Moral and 
Political Philosophy in Trinity College, Cambridge, &c., Author 
of "The Methods of Ethics." 8vo. l6s. 

Walker. — political economy. By Francis A. Walker, 
M.A., PKD., Author of "The Wages Question," "Money," 
" Money in its Relation to Trade," &c. 8vo. lar. 6d, 

MEI4TAL & MORAL PHILOSOPHY. 

Caird.— MORAL philosophy. An Elementary Treatise on. 

By Prof. E. Caird, of Glasgow University. Fcap. 8vo. 

[In preparation. 
Calderwood,— HANDBOOK OF MORAL philosophy. 

By the Rev. Henry Calderwood, LL.D., Professor of Moral 

Philosophy, University of Edinburgh. New Edition. Crown 8vo. 

6s. 

Clifford.— SEEING AND THINKING. By the late Professor 
W. K. Clifford, F.R.S. With Diagrams. Crown 8vo. 3J. 6^. 
{Nature Series,) 
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JevonS. — Works by the hte W. Stanlby Jevons, LUD., M.A., 
F.R.S. 

FRIMER OF LOGIC. New Editido. iSaio. is. {Science 
Primers,^ 

ELEMENTARY LESSONS IN LOGIC ; Deductive and Induc- 
tive, widi copious Questions and Examples, and a Vocabnlary of 
Logical Terms. New Edition. Fcap. 8vo. 3'. dd. 

THE PRINCIPLES OF SCIENCE. A Treatise on Logic and 
Scientific Method. New and Revised Edition. Crown %\o. 
12S, 6J. 

STUDIES IN DEDUCTIVE LOGIC. Crown 8vo. dr. 

Keynes. — formal logic, studies and Exercises in. Including 
a Generalisation of Logical Processes in their application to 
Complex Inferences. By John Neville Keynes, M.A., late 
Fellow of Pembroke College, Cambridge. Crown 8vo. lOf. 6d. 

Robertson.— ELEMENTARY LESSONS IN PSYCHOLOGY. 
By G. Croom Robertson, Professor of Mental Philosophy, &c.» 
U Diversity College, London. \In preparation^ 

Sidgwick.— THE METHODS OF ETHICS. By Professor 
Henry Sidgwick, M.A., Praelector in Moral and Politrcal 
PbilcMopby ia Trinity College, Cambridge^ &c Second Edition. 
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Arnold. — THE ROMAN SYSTEM OF PROVINCIAL AD- 
MINISTRATION TO THE ACCESSION OF CONSTAN- 
TINE THE GREAT. By W. T. Arnold, B.A. Crown 
8vo. 6j. 

"Ought to prove a valuable handbook to the student of P.omaa histaiy/' — 
Guardian. 

Beesly.— STORIES from the history of rome. 

By Mrs. Beesly. Fcap. 8vo. zs. 6</. 

** The attempt appears to us in every way successful. The stories are interesting 
in themselves, and are told with perfect simplicity and good feeling:." — Daily 
News. 

Brook.— FRENCH HISTORY FOR ENGLISH CHILDREN. 
By SA.RAH Brook. With Coloured Maps. Crown 8vo. dr. 
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Clarke.— CLASS-BOOK OF GEOGRAPHY. By C. B. Clarke, 
M.A., F.L.S., F.G.S., F.R.S. New Edition, with Eighteen 
Coloured Maps. Fcap. 8vo. 3J. 

Freeman. — OLD-ENGLISH history. By Edward A- 
Freeman, D.C.L., LL.D., late Fellow of Trinity College* 
Oxford. With Five Coloured Maps. New Edition. Extra fcap. 
8vo. 6s, 

Fyffe.— A SCHOOL history 0/ GREECE. By C. A. 
Fyffe, M.A., Fellow of University College, Oxford. Crown 
8vo. [/« preparation. 

Green. — Works by John Richard Green, M.A., LL.D., 

late Honorary Fellow of Jesus College, Oxford. 
SHORT HISTORY OF THE ENGLISH PEOPLE. With 

Coloured Maps, Genealogical Tables, and Chronological Annals. 

Crown 8vo. %s, 6d, Ninety-ninth Thousand. 
** Stands alone as the one general history of the country, for the sake of which 
all others, if young and old are wise, will be speedily and surely set aside." — 
Academy. 

ANALYSIS OF ENGLISH HISTORY, based on Green's "Short 

History of the English People." By C. W. A. Tait, M.A., 

Assistant-Master, Clifton College. Crown 8vo. ^s, 6d. 
READINGS FROM ENGLISH HISTORY. Selected anl 

Edited by John Richard Green. Three Parts. Globe 8vo. 

IS, 6d, each. I. H-^ngist to Cressy. II. Cressy to Cromwell. 

III. Cromwell to Balaklava. 
A SHORT GEOGRAPHY OF THE BRITISH ISLANDS. By 

John Richard Green and Alice Stopford Green. With 

Maps. Fcap. 8vo. 3^. dd. 

Grove. — a primer of geography. By Sir George 
Grove, D.C.L., F.R.G.S. With Illustrations. i8mo. is. 
{Science Primers,) 

Guest.— LECTURES ON THE HISTORY OF ENGLAND. 
By M. J. Guest. With Maps. Crown 8vo. 6s. 
" It is not too much to assert that this is one of the very best class books of English 
History for young students ever published."— Scotsman. 

Historical Course for Schools — Edited by Edv^'ard a. 

Freeman, D.C.L., late FcUow of Trinity College, Oxford. 
L-GENERAL SKETCH OF EUROPEAN HISTORY. By 
Edward A. Freeman, D.C.L. New Edition, revised jind 
enlarged, with Chronological Table, Maps, and Index. iSmp. 
3^. 6d, 
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Historical Course for Schools. ConHnued-- 

II.— HISTORY OF ENGLAND. By Edith Thompson. New 
Edition, revised and enlarged, with Coloured Maps. i8mo. 
2s, 6d, 

III.— HISTORY OF SCOTLAND. By Margaret Macarthur. 
New Edition. i8mo. 2j. 

IV.-HISTORY OF ITALY. By the Rev. W. Hunt, M.A. 
New Edition, with Coloured Maps. i8mo. y. 6d, 

v.— HISTORY OF GERMANY. By J. SiME, M.A. i8mo. 

VI.— HISTORY OF AMERICA. By John A. Doyle. With 
Maps. i8mo. 4r. 6d. 

VII.— EUROPEAN COLONIES. By E. J. Payne, M.A. With 

Maps. i8ino. 4r. 6(i. 
VIIL— FRANCE. By Charlotte M. Yonge. With Maps. 

i8mo. 3f. 6ii, 

GREECE. By Edward A. Freeman, D.C.L. {In preparation. 
ROME. By Edward A. Freeman, D.C.L. {In preparation. 

History Primers— Edited by John Richard Green, M.A., 
LL.D., Author of "A Short History of the English People." 

ROME. By the Rev. M. Creighton, M.A., late Fellow and 
Tutor of Merton College, Oxford. With Eleven Maps. i8mo. is, 
"The authot has been curiously successful in telling in an intelligent way 
the story of Rome from first to last." — School Board Chronicle. 

GREECE. By C. A. Fyffe, M.A., Fellow and late Tutor of 

University College, Oxford. With Five Maps. i8mo. is. 
** We give our unqualified praise to this little manual/' — Schoolmaster. 

EUROPEAN HISTORY. By E. A. Freeman, D.C.L., LL.D. 

With Maps. i8mo. is, 
'*The work is always clear, and fotxns a luminous key to European history.** 
—School Board Curonicl£. 

GREEK ANTIQUITIES. By the Rev. J. P. Mahapfy, M.A. 
Illustrated. i8mo. is, 

" All that is necessary for the scholar to know is told so compactly yet so fully, 
and in a style so interesting, that it is impossible for even the dullest boy to look 
on this little ¥^ork in the same light as he regards his other school books."— School- 
master. 

CLASSICAL GEOGRAPHY. By H. F. Tozer, M.A. i8mo. is, 
"Another valuable aid to the study of the ancient world. ... It contains 

an enormous quantity of information packed into a small space, and at the same time 

communicated in a very readable shape. "—John Bull. 
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History Primers Continued^ 

GEOGRAPHY. ' By Sir George Grove, D.C.L. With Maps. 
i8mo. is, 

"A model of what such a work should be. . . . We know of no short treatise 
bettor suited to infuse life and spirit into the dull lists of proper names of which 
our ordinary class-books so often almost exclusively consist." — ^Times. 

ROMAN ANTIQUITIES. By Professor Wilkins. IUus- 

trated. i8mo. is, 
** A little book that throws a blaze of light on Roman history, and is, moreover 
intensely interesting."— School Board Chronicle. 

FRANCE. By Charlotte M. Yonge. i8mo. u. 

"_May be considered a wonderfully successful piece of work. ... Its general 
merit as a vigorous and clear sketch, giving in a small space a vivid idea . of the 
history of France, remains undeniable." — Saturday Review. 

Hole.— A GENEALOGICAL STEMMA OF THE KINGS OF 
ENGLAND AND FRANCE. By the Rev. C. Hole. On 
Sheet, is, 

Kiepert— A manual of ancient geography. From 
the German of Dr. H. Kiepert, Crown 8vo. 5^. 

Lethbridge.— A short manual of the history of 

INDIA. With an Account of India as it is. The Soil, 
Climate, and Productions ; the People, their Races, Religions, 
Public Works, and Industries ; the Civil Services, and System 
of Administration. By RoPER Lethbridge, M.A., CLE., 
late Scholar of Exeter College, Oxford, formerly Principal of 
Kishnaghur College, Bengal, Fellow and sometime Examiner of 
the Calcutta University. With Maps. Crown 8vo. 5j. 

Michelet. — ^A summary of modern history. Trans- 
lated from the French of M. Michelet, and continued to the 
Present Time, by M. C. M. Simpson. Globe 8vo. 4f. 6d. 

Ott^.— SCANDINAVIAN HISTORY, By E. C. Ott£. With 
Maps. Globe 8vo. 6s, 

Ramsay.— A school history of rome. By g. g. 

Ramsay, M.A., Professor of Humanity in the University of 
Glasgow. With Maps. Crown 8vo. [In preparation, 

Tait. — analysis of English history, based on Green's 
** Short History of the English People." By C. W. A. Tait, 
M.A., Assistant-Master, Clifton College, Crown 8vo. zs, 6d, 

Wheeler.— A SHORT history of india and of the 

FRONTIER STATES OF AFGHANISTAN, NEPAUL, 
AND BURMA. By J. Talboys Wheeler. With Maps. 

Crown 8vo. I2J. ^ . . , 

«• It is the best book of the kind we have ever seen, and we recommend it to a place 
la every school library."— Eiwcationai. Times. 
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Yonge (Charlotte M.).— a parallel history of 

FRANCE AND ENGLAND : consisting of Outlines and Date:>. 
By Charlotte M. Yonge, Author of "The Heir of Redclyffe," 
&c., &c. Oblong 4to. 31. 6d, 

CAMEOS FROM ENGLISH HISTORY. —FROM ROLLO 
TO EDWARD II. By the Author of "The Heir of Redclyffc." 
Extra fcap. 8vo. New Edition. Ss, 

A SECOND SERIES OF CAMEOS FROM ENGLISH 
HISTORY. — THE WARS IN FRANCE. New Edition. 
Extra fcap. 8vo. 5x. 

A THIRD SERIES OF CAMEOS FROM ENGLISH HISTORY. 
—THE WARS OF THE ROSES. New Edition. Extra fcapc 
8vo. 5^ 

CAMEOS FROM ENGLISH HISTORY— A FOURTH SERIES. 
REFORMATION TIMES. Extra fcap. 8vo. 5^. 

CAMEOS FROM ENGLISH HISTORY.— A FIFTH SERIES. 
ENGLAND AND SPAIN. Extra fcap. 8vo. 5j. 

EUROPEAN HISTORY. Nan-ated in a Series of Historical 
Selections from the Best Authorities. Edited and arranged by 
E. M. Sewell and C. M. Yonge. First Series, 100^—1154. 
New Edition. Crown 8vg. 6s. Second Seiie.^, 1088 — 1228. 
New Edition. Crown 8yo. 6x. 



LONDON: R. CLAY, SONS, AND TAYLOR, PRINTERS. 



This book should be rolurned I 
the Library on or before the last da! 

A fine of five cents a dar ia incurred' 
time" * ^^^^"^ *^* specified 

Please return promptly. 



DUEfEB 13 19J7 



iUL U t9?7 



Pr»yft 460.10 
Ptwslcsl «f1ttiin«tlc. 
Cabot 



OQO^SSTU 



3 2044 091 955 096 



